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Abstract—In this paper,the guaranteed cost control
problem for uncertain discrete-time output probability
density functions(PDFs) with both state and input delay is
investigated .A novel linear matrix inquality (LMI)-based
approach with model transformation is developed ,so that
the closed-loop system is asyptotially stable and a given
performance index is not more than a specified upper bound

for all admissible uncertainties,furthermore ,to ensure that
[ INTRODUCTION

Probability density function (PDF) control aim to control
the shape of the system output probability density functions to
track the shape of the given probability density function for
non-Gaussian and dynamic stochastic systems([1-8]). different
form both the traditional stochastic control and the PDF control,
the PDF control aims at making the statistical information of
the system output PDFs follow those of a target(given) PDF
for non-Gaussian systems.

In the past several decades, Lei Guo and Hong et al.,have
contributed much to the development of the output PDFs
control ,and Many effective methods have also been developed.
But all of the methods were designed by using numerical
solutions.This led to control algorithms with a high
computational load and cannot be guaranteed to be stable for
the output PDF systems.In the paper,it is desirable to design a
controller which is not only stable but also guarantees an
adequate level of performance for uncertain discrete-time

PDFs systems with state-and-input delays.

II PROBLEM STATEMENT

The purpose of the guaranteed cost methods is to choose
control input {u;(t)} as close as possible to a prespecified
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the system output probability density function is made as
close as possible to the given probability density function. A
comparative study of an example problem has show that the
proposed method can guarantee the good performance

index,tracking and robustness.
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probability density function y4(y) ([1,2]),such that the actual
probability density functions of the system output is
made,which is defined on [a,b] and is independent of {u;(t)}, so
as to guarantees not only robust stability but also an adequate
level of performance index as well for uncertain the PDF

systems with both input and state delays. this is equivalent to
choosing {u(t)} such that ./y(y,u(t) is made as close as

possible to /yg(y).

For the above purpose,the following new state vector and
a some new matrix are defined

/Y(y.U(k)) =BV M

Where B(y) = [Bo(y) Ba(y)] V(k) = [V(K) h(V(K))]".
The prespecified probability density function yg(y) can be
expressed in terms of B-spline basis functions to obtain

Ve = | Ba@V, +h(V)B,) = BOY,

Where ¥, = [V, h(V)]"
For the guaranteed cost control of the output PDF,the

(2)

following performance function that contains a measure of
distance between the output PDF and the target PDF is given



J = Zikol( /Y(y,U(k)) =) "Wy u® — frg)

(oo}

+uT(QORu(K)] = Z[XT(k)QX(k) + uT(KRu(K)]
k=0

Where  x(k) = V(k) - V,,Q = BT»)BW) = By

Q>0,R>0 is prespecified weighting matrices that impose an

3)

energy constraint for control. In this paper,equation (3) is
condidered as guaranteed cost function for uncertain
discrete-time the PDF system with both input and state delays.
In this paper, let us assumed that that the following state
space form
x(k+1) = (A+ AA)x(k) + (Ag + AAx(k — d)
+ (B + AB)u(k)
+ (B, + ABp)u(k — h) (4)

V(y,u(9) = BOTE® = By) (Vy +x®)  (5)

Can be used to represent the dynamic relationship between
measured state vector x(k) € R® and control input vector
u(k) € R™. A, Ad, B, and Bd are known real constant matrices
of appropriate dimensions, AA, AAd, AB, and ABd denote real
time-varying matrices matrices representing parameter
uncertainties,d and h represent unknown time-delay integers in
the state and control input. In general, Note that 0 <d <
d*,0 <h < h* with d*and h* being known upper bounds of
the state-and-input delay.

The system uncertainties being norm-bound can be further

expressed as

AA AAq

_ Ea Eb
AB ABh]‘DF[ ]

Ey Ep (6)

Where F € R™ is an unknown marix satisfying FTF <1,
Ea,Eb,Ed,Eh and D are known constant matrices.

Suppose the system state is measurable for feedback, the
purpose of guaranteed cost cotroller design is develop to
design a robust state feedback control law

u(k) = Kx(k)
such that the closed-loop system

x(k+1) = Ax(k)+ Ax(k—d)+B,Kx(k —h) (8)

is asymptotically stable and the closed-loop value of the

)

guaranteed cost function(15) satisfies
] <" ,which J*is specified constant. Where
A, = A+ KB+ AA+ KAB

AZ = Ad + AAd Bl = Bh + ABh (9)
equation (8) can be further expressed as
—x(k+1)+ Ax(K)+ Ax(k—d)+BKx(k-h)=0  (10)
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[II DESIGN OF GUARANTEED COST
CONTROLLER

First,let us introduce a definition

Definition 1. For the stochastic distribution system (4) and
guaranteed cost function (3),if there exist a state feedback
control law u*(k) and a positive scalar J* such that for all F
FTF<1 the
asymptotically stable and the value of the guaranteed cost

satisfying closed-loop  system(8) s
function (3) satisfied J <J*,then J* is said to be a guaranteed
cost and u*(k) is said to be a guaranteed cost control law of the
PDFs system (4) and gauaranteed cost function (3).

Note that the model transformation of system can obtain a
less convervative result. This new method can reduce the
convervatism inherent in the robust performance analysis of
the PDFs system (4)([5,6,8,9]). We now give main results.

Theorem 1. let there exist symmetric positive-definite
matrices P,S,T and N,;,N,, N3, N, such that the following
matrix inquality hold:

P+PT+N/PN, —PA+N PN,

*

n- .
* *
—PA, + N/ PN, ~PB, + N, PN,
'P N, PN 'PB, +N, PN
-:Ai A2+T2 3 AiT 1+ -2|— 4 <O (11)
A PA, +N;PN,-S A PB +N;PN,

*

BIPB,+N]PN,-T

* presents an indicator of terms that are induced by symmetry.

Where E=S+Q—P+K'TK + KTRK + NJPN, +
ATPA, .Then ,for any admissible uncertain matrix F,
u(k)=Kx(k), is a guaranteed cost controller.

Proof. Let us assume that there exits symmetric
positive-definite matrices P,S,T and Ny, N,, N3, N, such that
matrix inqulity holds . And then the Lyapunov function

V (k) = x" (K)Px(K) + i x" (k —i)Sx(k —i)

i=1
h
+> X" (k—i) KTTK Sx(k —i)
i=1
is positive-definite. The corresponding Lyapunov fifference

12

along any trajectory of the closed-loop system (4) is obtained
as following



AV (K)=V (k+1) -V (k) = x" (k +1)Px(k +1)
+ X" (k)(S +K'TK - P)x(k)
—x"(k—=d)Sx(k —d) —x" (k —h)K'TKSx(k —h)
+2[X(k +1)N, + x(K)N, + x(k —d)N,
+ Ku(k —h)N,IP[-x(k +1) + A x(k)
+ AXx(k—d)+B,Kx(k—h)] 13)
Difining vector
x(k+1)
x(k)

x(k—d)
Kx(k — h)

equation (13) can be further updated as follow

P

N S+K'TK-P
=w

NJPN, NJPN, N/PN, NTPN,
*  NJPN, NIPN, NIPN,

* *  NIPN, NIPN,
* * *  NIPN,
P -PA -PA, -PB
.|* APA APA APB ||
* *  APA APB
x x *  BJPB,
P+P"+N/PN —PA +NJPN,
o * E-Q-K'RK
* *
* *
—PA, + N/ PN, ~PB,+N]PN,

APA,+NIPN,  ATPB +NJPN,
AIPA, +NIPN,-S  AIPB +NIPN,
* BY PB,+ N] PN, —T
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Under condition(11),we can obtain

AV (K) < —x" (K)(Q+ KTRK)x(K)
< A Q+ KTRK)[X(K)[* (14)

Where Apin(.) denotes the minimum eigenvalue of matrix
(). From Lyapunov stability theary,we conclude that the PDF
systems (4) are asymptotically stable.

Then ,Equation (14) can be further expressed as

—AV (K) = X" (K)(Q+ K"RK)x(k) @as)

Summing both side of inequation (15) from 0 to oo,we can

obtain
J < x" (0)Px(0) + i XT (—i)Sx(—i)

i=1
+ Zh: X" (—j)H)K'TKx(—j) (@16)
j=1

We can conclude that the result of the theorem is true from
deofinition 1.This completes the proof.

It is noted that the upper bound of the guaranteed cost
function depends on the initial condition. In this paper, we
apply approach adopted in[4,5] to remove this dependence.
Suppose that the initial state of the stochastic distribution
system (4) is arbitrary,but belongs to the set

@ = {x(—i) € R"|x(—i) = ¥6,,6,"6; < 1,i = 1,2,-,d}

Where ¥ is a given matrix and d = max{d*,h*},the cost
bound (16) then lead to

J< A, (PTPP)+dA, , (P'SY)

+hA, ., (P'KTPKW¥)

<A (PTPP)+d*A  (PTSW)
+h*2_ (PTK'PKW) 17)

In the following,we denote that the above sufficient
condition of a memoryless state feedback control law which is
equivalent to the feasibility of LMI.

Theorem 2. There exist symmetric positive—definite
matrices P,S,T such that matrices (11) holds for all admissile
uncertainties if and only if there exist ¢, p,, p3 ps and
positive-definite matrices W, X,M,V and N such that the
following LMI(17) holds:

Furthermore ,the state feedback control law: u(k) =
¥r1x(k) is a guaranteed cost control law,and the
corresponding value of the guaranteed cost fuction satisfies

J<@+hM)A (P T W)+d*1_ (P"M YY) (18)

Poof. Matrix inequality (11) can be written as



- 0 -1 Al +BX AM B,V 0 0 0 0 0 ]
* T N o, NI p,NM  p,NV 0 0O o0 o0 0
* * 2I'+eDD" 0 0 0 0 0 0 0 0
* o * -r 0 0 (Ef+Ex) 17 =T 17 ="
*  x * * —M 0 ME, o o0 o0 0
*  x * * * -V NE, O 0 o0 0 |<0  @n
*  * * * * * —& o o0 o0 0
*  * * * * * * -M 0 0 0
* o * * * * * * vV 0 0
* * * * * * * * * _Q*l 0
* * * * * * * * * * _R—l
2P —pt 0 - A+KB
S+K'TK-P+Q+K'RK R N, N,
=S * % 2P4+gDDT 0
T * * * S+K'TK-P+Q+K'RK
NlT -1 * * * *
T T
+ NZT P[N, N, N, N,]+ AiT P[-1 A A B]<0 T * *
N3 A, * * * *
2 L
N] B] A B 0
the above inequality can be further lead to N, N, 0
Pt 0 -l A A B O
d 0 0 E,+kE |<0  (19)
* PN, N, N, N, s 0 E
* * P 0 0 0 <0 * T E,
* %% 0pS4K'TK-P+K'RK 0 0 % g
* * * * -5 0 )
. . . . 7 By pre-multilying by diag{l I 1 P-1 S-1 T-1 1}
- - and post-multiplying diag{l I 1 P-1 S-1 T-1 1} on

By substitution the representation of matrices A;,A,,B; in both side of LMI (19). At the same time,letting ' =P~ 1,2 =
the above inequality ,it is equivalent to KP~L,M=S"1V=T"1N, =N,N, = p,N,N; = psN,N, =

Pt 0 -l A A B p4N. And applying Schar lemma yield matrix inequality (18).
* PN, N, N, N, If the LMI (17) has a feasible &p;(i=
* * P 0 0 0 1,2,3),T, X, V, M,we can obtain that
* * % Q+S+K'TK-P+K'RK 0 0 u(k) = 2 x(k)
* * ok * S 0 is a guaranteed cost control law for the system(4) and
* * % * * T guaranteed cost function (3).
o Furthermore,the corresponding closed-loop cost function
0 satisfies
<A YIr-19) + d*A YTM-1y
4 F[o 0 0 E,+kE, E, E] = Amax( ) max( )
0 + h Apax(WTT1ETVEr 1)
0 From the LMI (17),we have
0
T _ _ T
0 [ Fxlco
0 X =V
0 Which is equivalent to 2TVE < I, then inequation (18) be
+ L |FT[D" 0 0 0 0 0]<0 ) .
(B, +KkE;) obtained. the proof of the theorem 2 is over.
E,
| IV CONCLUSIONS

We can get easily In this paper,because numerical solutions cannot be

guaranteed to be stable for the output PDFs systems both state
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and input delays ,we develop the PDF guaranteed cost state
feedback control law with model transformation.the existence
condition for the given control law has been derived,and it has
been show that this condition is equivalent to the feasibility of
a certain LMI. Furthermore,based on the above result,a convex
optimization algorithns has been given to optimize gauaranteed
cost control law with model transformation. A comparative
study of an example problem has show that the proposed
method can guarantee the good performance index,tracking
and robustness.
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