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Abstract. Inverted pendulum system is a kind of widely used physical model. In this paper, we 
present a nonlinear control scheme of single inverted pendulum system based on extended state 
observer. First, we establish the dynamic equations of inverted pendulum under a generic horizontal 
force and then linearize the inverted pendulum around the unstable upright position. Second, linear 
extended state observer is designed, which can observe the uncertain part of the system and various 
disturbances. Third, nonlinear feedback controller is designed so that the system has a stronger 
disturbance rejection capability. The experimental results show that the nonlinear control method 
based on extended state observer is effective. Because the designed control algorithm is simple, the 
parameters are easy to be tuning, and control effect is good, it has important reference value for 
similar control system with the inverted pendulum. 

Introduction 

The inverted pendulum is an experiment platform, which can verify the control method and 
theory. The simulation or physical control of inverted pendulum is a typical scheme to test a control 
theory or method. Its control methods have extensive use in military, aerospace, robotics and 
general industrial fields, such as balance control in robot walking, verticality control in rocket 
launching and attitude control in satellite flight etc.  

The goal of controlling the inverted pendulum is that, when it initially begins to deviate from the 
vertical open-loop unstable position, artificial control makes the inverted pendulum in dynamic 
equilibrium. The structure of inverted pendulum has a lot of kinds, but no matter what kind of 
structure, the inverted pendulum is a high order, nonlinear, multi variable, strong coupling system, 
and many techniques already exist for its solution [1-8], for example, PID control, fuzzy control, 
adaptive control, LQR control, sliding mode variable structure control , and so on. 

In this paper, a single linear inverted pendulum system as the research object, the nonlinear 
control scheme is designed based on extended state observer. Extended state observer can observe 
the uncertain part of the system and various disturbances so on. Nonlinear feedback controller has a 
stronger disturbance rejection capability. The simulation results show that this control method is 
very feasible and effective. 

Mathematical model of inverted pendulum 

The inverted pendulum system is composed of horizontal movement electrical car and the single 
inverted pendulum supported by it, as shown in Fig.1. The pendulum is constrained to move on the 
X axis, and the control action is based on the horizontal displacements of the electrical cart. The 
goal of controlling the inverted pendulum is to make it kept in this upright position when it starts 
with some nonzero angle off the vertical position because of external interference. 
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Fig.1. The mechanical model of single inverted pendulum 
Where， M is the quality of the cart, m is the quality of the swing rod， l is the length from 
pendulum mass to swing rod rotation axis, F is the external force adding on the cart,  x  is the 
horizontal displacement of the cart,  is the angle between the swing rod and the vertical direction, 
b is the friction coefficient between the cart and the ground.  

By applying Lagrange’s equations [9], we get the dynamic model of single inverted system: 
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From (1), we can see that the inverted pendulum system is a nonlinear system. But we usually 
focus on the situation of practical interest of small inverted pendulum movements around the 
unstable open loop position. Therefore, we introduce the following approximations.　　　　　 
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 Hence, (1) can be transformed into (3) 
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For (3), the further simplification equation about    is as follows: 
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Nonlinear control of inverted pendulum based on extended state observer 

Design of extended state observer 
The extended state observer by using the method of double channel compensation changes the 

plant's mathematical model, which takes the nonlinear, uncertain, disturbance and dynamic 
coupling as an expansion state, then observes it and gives online compensation [10]. 

Let  1x  equal to ， 2x  equal to 
.
， 3x  equal to  )(f ，then the extended state equation of  (5)  

is designed as follows: 
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The mathematical model of linear extended state observer (6) is designed as follows: 
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Where, 1z , 2z and 3z  are the observations of x , 
.
x and )(f respectively. 1 , 2 and 3  are adjusted 

parameters.  
The characteristic equation of (7) is 32

2
1

3   sss . In general, the characteristic equation form 

of stable good and good transition process is 3)( ws  , which is equal to 3223 33 wswwss  .  

Therefore, the parameter 1 , 2 and 3   can be configured to w3 , 23w and 3w  . Here, w  can be 
tuned according to the system bandwidth.  

Design of nonlinear controller. 

Let F equal to 
3
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The nonlinear error feedback control law can be designed as follows: 
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 is linear interval width.   
The nonlinear function ),,( efal is proved to be very effective nonlinear gain function, small 

error corresponds to a high gain, high error corresponds to a small gain, when the error is small, the 
function can prevent a high gain to void high frequency flutter. A lot of simulation proves that, for 
the nonlinear controller will take "orders" to restrain disturbance [11,12], and the performance of 
the control system is basically unchanged when controller parameter changes in a wide range, the 
controller has strong robustness. 

Simulation experiment 

To verify and compare the control performance of the proposed controller, the inverted 
pendulum simulation system is built in Matlab/Simulink, which is shown in Fig.2.  

The parameters of the inverted pendulum are given as follows: ,5.0 ml 

2/8.9 smg  , smNb  /1.0 , kgmkgM 1.0,2.2  . The initial state of the inverted pendulum are as 

follows： 7)0( x , 0)0(
.

x , rad1.0)0(  , 0)0(
.

 .       

The designed controller parameters are as follows ： 101 k  , 62 k , 5.0 ,  
8000,1200,60,005.0 321   . 
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Fig.2. The simulation block diagram of the system 
The speed sampling frequency is 200Hz. The control force F is limited to 10N. The simulation 

results of linear inverted pendulum stability control are shown as follows. 

Fig.3. Angle response curve without external disturbance 

Fig.4. Control F curve without external disturbance 
Fig.3 shows that the designed linear inverted pendulum stable control system has good dynamic 

performance and steady state performance. Fig.4 is the curve of control F without external 
disturbance, which is restricted to 10N. 
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Fig.5. Angle response curve with external step disturbance 
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Fig.6. Control F curve with external step disturbance 
In Fig.5 and Fig.6, a step disturbance of 1N is given in 10 second. Fig.5 shows that the deviation 

angle of the swing rod increases when step disturbance is given, but the system is again back to the 
vertical stability state with 2 seconds, which achieves a better control effect. Fig.6 is the curve of 
control F with step disturbance. 

Conclusions 

The inverted pendulum is a high order, nonlinear, multi variable, strong coupling system, and the 
real-time stability control of the inverted pendulum system in many areas has extensive use. This 
paper designs extended state observer to observe all sort of disturbances, and establishes a kind of 
nonlinear feedback controller. The simulation results show that the designed controller has better 
control performance and strong disturbance rejection capability, so it may have important reference 
value for similar control system with the inverted pendulum. 
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