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Abstract. In this paper, we investigate a coupled system with integral boundary conditions of
nonlinear fractional differential equations. Using Leggett-Williams theorem, the existence of
solutions is obtained. An example is given to illustrate our result.

Introduction

Fractional calculus has recently evolved as an interesting field of research. Fractional differential
equations also serve as an excellent tool for the description of hereditary properties of various
materials and processes. For more details and examples, see [1-10] and the references therein.
However, as far as we know, few results can be found in the literature concerning a coupled system
of nonlinear fractional differential equations with integral boundary value problems. As a result,
this paper is concerned with the existence of solutions for the following coupled system with
integral boundaryconditions

D2u(t) = f,(t,u(t), v(t), Ku(t), H,v(t)), 0<t<1,

DEv(t) = f, (t,u(t),v(t), K,u(t), H,v(t)), 0<t<l,
u(0)=u'(0)=0, u@) =24, j:u(s)ds, (1)

v(0)=V'(0)=0, v(1) =4, j:v(s)ds.
Where 2<a; <3, 0< A <¢, D, D;? are the Caputo fractional derivative,
k. (t,s):[0,1]x[0,t] > R, h(t,s):[0,2]x[0,t] >R,

(K,x)(t) = j; k. (t,5)x(s)ds, (H.X)(t)= j; h (t, s)x(s)ds,
be continuous functions, and
l —supj k. (t,s)ds <oo, m, —supj h (t,s)ds <oo, i=12.

te[0,1] te[0,1]

Preliminaries

In this section, we introduce definitions and preliminary facts which are used throughout this
paper. These definitions can be found in works [11, 12].
Definition 2.1 The fractional integral of order « >0 of a functiony:(0,0) - R is given by

t)=——| (t—s)*"y(s)d
5yY0=r0 )j (t-s)“"y(s)ds,
provided the right side is pointwise defined on (0,).
Definition 2.2 For a continuous function y:(0,.) — R, the Caputo derivative of fractional Order
a >0 ofis defined as
1 ) -
() Lamer e

Where n=[a]+1, provided the right side is pointwise defined on (0,).

Dy, y(t) =
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(u(t),v(t)) is a solution of the coupled system (1) if and only if (u(t),v(t)) is a solution of the
system of integral equations

u(t) = j';Gl(t, s) f,(s,u(s),v(s), K,u(s), H,v(s))ds,

v(t) = EGz(t, s) f,(s,u(s),v(s), K,u(s), H,v(s))ds,
where G, (t,s) (i=1,2) is the Green's function [1] defined as follows:
7 (L-9)" (o — A+ AS) — (o~ A)(E-9)""
6ey-| (@A
t*(L-5)" (e = 4 + 4$)
(2 = 24)T ()
Lemma 2.1 Fix 2<q; <3, 0<4 <¢,, the Green's function G(t,s)>0, for all t,s<[0,1], and

,0<s<t<],

,0<t<s<1.

satisfied the following inequalities: t“~'G, (1,s) <G, (t,s) S%Gi 4 s),vt,s€(0,1), where

As(L—s)a™
(o = A (e) ,
Let E be a real Banach space and PcE be a cone. The map & is said to be a nonnegative
continuous concave functional on P provided that @:P —[0,+x) is continuous and
Otx+(@1-t)y)>té(x)+1-1)a(y)
forall x,yeP and 0<t<1.

Let O<a<b Dbegivenandlet & be anonnegative continuous concave functional on P . Define
the convex sets P and P(6,a,b) by

P.={xeP, |[x|<r},P(8,a,b)={xeP|a<6(x), | xli<b}.
Lemma 2.2 (Leggett-Williams fixed point theorem [13]) Let P be a cone in a real Banach space
E, T:P. —>P be a completely continuous operator and let ¢ be a nonnegative continuous
concave functional on P such that @(x)<lIx|l for all xeP, . Suppose there exist 0<a<b<d<c
such that
(C1) {xeP(8,b,d)[0(x)>b}=> and 9(Tx)>b for xeP(d,b,d),
(C2) |Tx|<a for lxl<a,
(C3) 6(Tx)>b for xeP(#,b,c) with |Tx|>d,
Then T has at least three fixed point X,X, and X, such that
Ix ll<a, b<6(x,) and |x||>a with 6(x;)<b.
If b=c, then condition (C1) implied condition (C3).

Gi(Ls) = i=12.

Main results

Theorem 3.1 Suppose f, :[0,1]x[0,0) x R® —[0,00) are continuous, there exist

O<a<b< b =d<c

min{e ™, &'}

such that
(Al f, <2 forany te[0,1], 0<u(t)<a, 0<v(t)<a,
77.

Inl

(A2) f, >%,forany telg,l1-¢,], b<u(t)<d, b<v(t)<d,where >0, ¢, >0, & +¢, <1

(A3) f, << forany te[0,1], 0<u(t)<c, 0<v(t)<c, where 7 =%I:Gi(1,s)ds,
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then the coupled system (1) have at least three solutions (u,,v,), (u,,v,), (u;,v;) such that
I (u,v)l<a, b<6(u,,v,) and |(u;,v,)|>a with 6(u;,v;)<b.
Proof. Let X=C[0,1] endowed with the norm|lull=sup |u(t)|. Define E=XxX endowed with

te[0,1]
the norm|l (u,v) ll.=0.5(lull+lvI]), operator T:E —>E.

T(u,v)() = (T, (u,v), T, (u,v))

where
T,(u,Y) = [[Gu(£,5) . (5,u(s), v(5), Ku(s), Hyv(s))ds,

T,(u,v) = I:GZ (t,s) f,(s,u(s),v(s), K,u(s),H,v(s))ds.
Then we define

P={(u,v)|(u,v)eE, u(t)>0, v(t)>0, t<[0,1]}.
Obviously, P isacone in the Banach space E.
Define

9(u,v)=0.5(t inf u@®+ inf (), vy eP.

6 be a nonnegative continuous concave functional on P and
O(u,v)<ll(u,v)ll forall (uv)eP.
Firstly, we will prove that T:P, > P,
For any (u,v)eP,, applying the condition (A3), we get

Ca

T, (u(t), v(t)) = jG (t,s) fds <— jG (1,s)ds <c.
m A
Similarly, we have |T,(u(t),v(t))|<c, that is, [IT(u,v)ll<c, therefore, T:P, - P.. Using the same
method, we can prove that (C2) in lemma 2.2 is satisfied. Applying the Arzela-Ascoli theorem and
standard arguments, we conclude thatT is a completely continuous operator.
Next, we will prove that (C1) in lemma 2.2 is satisfied. Let
b+d b+d
(Ug, Vo) = ( 5 )
Then (u,,v,) e P(¢9,b,d) and é(u,,v,) >b. For any (u,v)eP(8,b,d), applying the condition (A2) and
lemma 2.1, for Vvtelg,1-¢,], We have

dor1

T (u(t),v(t)) =I1G1(t,s) fds > I G,(L,s)ds > & 7%d > b,

hence we get |nf T(u(t) v(t)) >b. Slmllarly, mf T(u(t) v(t)) >b. Thus, é(T(u,v))>b. So (Cl)

inlemma 2.2 is satlsfled.
Finally, we prove that (C3) in lemma 2.2 is satisfied.
Forany (u,v)eP(6,bc) and |T(u,v)|.>d applying lemma 2.1, for vte[s,1-¢,], we have

T, (u(t), v(t) = je(t s) f,ds > & 1[ g,(s) f,ds
> gt supj G, (t,s) f,ds = = I T, (u(t),v(t)) Il
t<[0,1]

Then we get
. |nf T(u(t) v(t)) > g2 IT, (u(t), v) Il

Similarly,
Nf T v) 27T, (u(t), v()) Il

It is easy to see that
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o(T (u,v)) = 0-5{@[&{%]1—1@ (1), v(t) + IE[EHLZ]TZ u®,v)}
>0.5{ g2 T, (u(t),v(t) I +&=H T, (u(t), v(t)) I

>min{e ™, & HIT (u,v) Il > b.
Thus (C3) in lemma 2.2 is satisfied.
Consequently, The coupled system (1) have at least three solutions (u,,v,), (u,,v,) and (u,,v,)
such that
I(u,vy)ll<a, b<6(u,,v,) and |(u,,v,)|>a with 6(u;,v;)<b.

Example
Let us consider the following coupled system

DZ°u(t) = f (t,u(t),v(t), Ku(t),Hv(t)), 0<t<l,
DZEv(t) = f,(t, u(t),v(t), K,u(t), H,v(t), 0<t<l,
u(0)=u'(0)=0, u(l)=15 j:u(s)ds,
v(0)=V'(0)=0, v(1)=1.6 Iolv(s)ds.
where
Ku(t) = j;sin(t —sju(s)ds, K,u(t)= .[(: cos(t —s)u(s)ds,
Hv(t) = .[;e("s)v(s)ds, H,v(t) = J: e®1)y(s)ds,

u(t)

A

, te[0,1], 0<u<0.2, 0<v<0.2,

£2192,5000=02) "\ 1511 02<u<1 02<v<l,
™ Ui

t
40.2 N K,u(s) . H,v(s) . cost e
m 2en, 2en, 2en,  2en,

, te[0,]], 1<u<81, 1<v<8L

UO 0], 0<u<02 0<v<02,
7,
£,2002,5000=02) " 101 0.2<u<1 02<v<l
7, m,
; 01t
sSint_& 1[04, 1<u<81, 1<v<sl,
4n, 4e"n,

n,, 1, is defined in theorem 3.1, let a=0.2, b=04"°, d=1 c=81 [¢,1-£,]=[0.4,0.8] , using
theorem 3.1, we know that the above coupled system has at least three solutions.
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