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Abstract

In this paper, we have studied
some properties of imprecise numbers,
namely, interval numbers and triangu-
lar fuzzy numbers. Also we studied the
imprecise matrices of different kinds.
Using the operations defined on them,
we have proposed the orthogonality of
such matrices and some theorem for
those type of orthogonal matrices.
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1. Introduction

It is well known that the matrix for-
mulation of a mathematical formulae,
gives extra advantage to handle/ study
the problem. When some problems are
not solved by classical matrices, then
the concept of fuzzy matrices are use-
ful.

Fuzzy matrices were introduced for
the first time by Thomason [6], who
discussed the convergence of powers of
fuzzy matrix. Fuzzy matrices play an
important role in science and technol-
ogy. Some properties on determinant
and adjoint of square fuzzy matrices

are presented by Ragab [4]. Triangu-
lar fuzzy matrices were introduced by
Shyamal and Pal [5] and they presented
some important properties for them.
Triangular fuzzy matrices (TFMs) are
formed by triangular fuzzy numbers
(TFNs). Like interval numbers, var-
ious ordered relations for triangular
fuzzy numbers are available in liter-
ature, which was presented by Kauf-
mann and Gupta [1].

In this article, we introduce the no-
tion of orthogonality of interval ma-
trices and triangular fuzzy matrices
and also we discuss some properties of
them.

2. Different types of imprecise
matrices

Different types of imprecise matrices
are defined by several authors.

2.1. Interval matrix

Before introducing the definition of
an interval matrix (IM), we shall give
some information about interval num-
ber. In our daily life, we have to
face some problems such as some data
or numbers can not be specified pre-
cisely or accurately due to the error
of the measuring technique or instru-
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ments, etc. In such cases, interval num-
ber may be used.

Definition 1 Interval Number: An
interval number is defined as A =
[aL, aR] = {a : aL ≤ a ≤ aR} where,
aL and aR are the real numbers called
the left end point and right end point
respectively of the interval A.

Another way to represent an interval
number in terms of midpoint and width
is as follows:

A = 〈m(A), w(A)〉, where, m(A) =

midpoint of A =
aR + aL

2
and w(A) =

half of the width of A =
aR − aL

2
.

A crisp real number k may be con-
sidered as a degenerate interval [k, k] =
〈k, 0〉.

Let A = [aL, aR] and B = [bL, bR]
be two interval numbers. Different bi-
nary operations between A and B are
defined as below.

(i) Addition: A+B = [aL + bL, aR +
bR]. Alternately, in mean -width no-
tations, if A = 〈m1, w1〉 and B =
〈m2, w2〉 then, A−B = 〈m1+m2, w1 +
w2〉

(ii) Multiplication: The product of
two interval numbers A = [aL, aR]
and B = [bL, bR] is given by AB =
[min{aL.bL, aR.bL, aL.bR, aR.bR},
max{aL.bL, aR.bL, aL.bR, aR.bR}].

If A and B both are positive, then
AB = [aL.bL, aR.bR].

The negation of an interval num-
ber A = [aL, aR] is given by −A =
[−aR,−aL]. The subtraction of two in-
terval numbers A = [aL, aR] and B =
[bL, bR] is given by

A−B = [aL − bR, aR − bL].
Alternately, in mean-width nota-

tions, if A = 〈m1, w1〉 and B =
〈m2, w2〉 then A−B = 〈m1−m2, w1 +
w2〉.

Definition 2 Interval matrix
(IM). A matrix of order n × n is
said to be an interval matrix if all its
elements are the interval numbers.

As for classical matrices, we shall de-
fine some operations on interval ma-
trices. Let A = (aij) and B = (bij)
be two interval matrices of same order.
Then we have the following,
(i) A⊕B = (aij + bij)
(ii) A�B = (aij − bij

(iii) If A = (aij)m×n and B = (bij)n×p,
then AB = (cij)m×p, where cij =

n∑
k=1

aikbkj ; i = 1, 2, . . . m and j =

1, 2, . . . p
(iv) AT = (aji) (the transpose of A)
(v) kA = (kaij), where k is a scaler.

We now define special types of inter-
val matrices corresponding to special
types of classical matrices.

Definition 3 (i) Pure Null IM: An
interval matrix is said to be a pure null
interval matrix if all its elements are
zero. i.e., all its elements are 〈0, 0〉.
This matrix is denoted by O.
(ii) Fuzzy null IM: An IM is said to
be a fuzzy null IM if all its elements are
of the form aij = 〈0, ε〉, where ε �= 0.
(iii) Pure unit IM: A square IM is
said to be a pure unit IM if aii =
[1, 1] = 〈1, 0〉 and aij = [0, 0] = 〈0, 0〉,
i �= j, for all i, j. It is denoted by I.
(iv) Fuzzy unit IM: A square IM is
said to be a fuzzy unit IM if aii = 〈1, ε1〉
and aij = 〈0, ε2〉, for i �= j and i, j ∈
1, 2, . . . n where ε1, ε2 �= 0.

2.2. Triangular fuzzy number
matrix

Triangular fuzzy number matrices are
special kind of fuzzy matrices. We dis-
cuss about some properties of them as
given in [5].
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The point m, with membership
grade 1, is called mean value and α, β
are the left and right hand spreads
of M respectively. A triangular fuzzy
number (TFN) is said to be symmet-
ric if both its spreads are equal, i.e., if
α = β and is denoted by M = 〈m, α〉.

Some arithmetic operations on TFNs
are given below. Let M = 〈m, α, β〉
and N = 〈n, γ, δ〉 be two TFNs.
Different binary operations between
M and N are defined as below.
(1) Addition: M + N = 〈m, α, β〉 +
〈n, γ, δ〉 = 〈m + n, α + γ, β + δ〉.
(2) Scaler multiplication: Let λ be a
scaler. Then λM = 〈λm, λα, λβ〉 when
λ ≥ 0 and λM = 〈λm,−λβ,−λα〉.
when λ ≤ 0. In particular
−M = 〈−m, β, α〉.
(3) Multiplication: In connection with
the TFNs it can be shown that shape
of the membership function of M.N
is not necessarily triangular but if the
shape of M and N are small compared
to their mean values m and n, then
the shape of membership function
is closed to be a triangle. A good
approximation is given as follows.
(a) When M ≥ 0 and N ≥ 0
(M ≥ 0 if m ≥ 0), then
M.N = 〈m, α, β, 〉.〈n, γ, δ〉 �
〈mn,mγ + nα,mδ + nβ〉.
(b) When M ≤ 0 and N ≥ 0,
then M.N = 〈m, α, β〉.〈n, γ, δ〉 �
〈mn,nα−mδ, nβ −mγ〉.
(c) When M ≤ 0 and N ≤ 0,
then M.N = 〈m, α, β〉.〈n, γ, δ〉 �
〈mn,−nβ −mδ,−nα−mγ〉.

When the spreads are small com-
pared with mean values the following
is a better approximation.
〈m, α, β〉.〈n, γ, δ〉 � 〈mn,mγ + nα −
αγ,mδ + nβ + βδ〉 for M > 0, N > 0.

Definition 4 Triangular Fuzzy
Matrix (TFM): A triangular

fuzzy matrix of order m × n is
defined as A = (aij)m×n where
aij = 〈mij , αij , βij〉 and αij , βij ≥ 0.

As for classical matrices, we define
the following operations on TFMs.

Let A=(aij) and B=(bij) be two
TFMs of same order. Then we have
the following.
(i) A + B=(aij + bij).
(ii) A−B = (aij − bij).
(iii) For A = (aij)m×n and
B = (bij)n×p,
A.B = (cij)m×p, where cij =

n∑
k=1

aik.bkj , i = 1, 2, . . . , m; j =

1, 2, . . . , p.
(iv) AT = (aji) (The transpose of A).
(v) kA = (kaij), where k is a scaler.

In connection with TFMs corre-
sponding to special classical matrices,
we now define special types of TFMs.
However, because of fuzziness we will
have more than one type TFM corre-
sponding to one type of classical ma-
trix.

Definition 5 Pure unit TFM: A
square TFM A=(aij)n×n is said to be
a pure unit TFM if aii = 〈1, 0, 0〉
and aij = 〈0, 0, 0〉 for i �= j, i, j ∈
{1, 2, . . . , n}. This matrix is denoted by
I.

Definition 6 Fuzzy unit TFM: A
square TFM A = (aij)n×n is said to
be a fuzzy unit TFM if aii = 〈1, ε1, ε2〉
for i = j and aij = 〈0, ε3, ε4〉 for
i �= j; i, j ∈ {1, 2, . . . , n}, where ε1.ε2 �=
0, ε3.ε4 �= 0.

Definition 7 Pure triangular
TFM: A square TFM A = (aij)
of order n × n is said to be a pure
triangular TFM if either aij = 〈0, 0, 0〉
for i > j or aij = 〈0, 0, 0〉 for i < j,
where i, j ∈ {1, 2, . . . , n}.
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A pure triangular TFM A = (aij)
of order n× n is said to be pure upper
triangular TFM when aij = 〈0, 0, 0〉 for
i > j and is said to be a pure lower
triangular TFM if aij = 〈0, 0, 0〉 for i <
j.

Definition 8 Fuzzy triangular
TFM: A square TFM A = (aij) of
order n × n is said to be a fuzzy tri-
angular TFM if either aij = 〈0, ε1, ε2〉
for i > j or aij = 〈0, ε1, ε2〉 for i < j;
i, j ∈ {1, 2, 3, . . . , n} and ε1.ε2 �= 0.

Definition 9 Symmetric TFM: A
square TFM A = (aij) of order n × n
is said to be a symmetric TFM if A =
AT , i.e., if aij = aji for all i, j, where
AT represents the transpose of A.

Definition 10 Pure skew symmet-
ric TFM: A square TFM A = (aij) of
order n×n is said to be pure skew sym-
metric if A = −AT and aii = 〈0, 0, 0〉,
i.e., if aij = aji for all i �= j and
aii = 〈0, 0, 0〉.

Definition 11 Fuzzy skew Sym-
metric TFM: A square TFM (aij) of
order n × n is said to be fuzzy skew
symmetric if A = −AT and (aii) =
〈0, ε1, ε2〉, i.e., if (aij) = (aji) for all
i �= j and aii = 〈0, ε1, ε2〉, where
ε1, .ε2 �= 0.

3. Orthogonality of different
types of imprecise matrices

Let A = (aij)n×n be a real square
matrix of order n and In be the real
unit matrix of nth order. Then A is
called an orthogonal matrix if A.AT =
AT .A = In where AT represents the
transpose of A and ‘.’ denotes the mul-
tiplication of real matrices.

Now we may define different types of
imprecise orthogonal matrices in simi-
lar manner.

3.1. Pure and fuzzy orthogonal
interval matrices

Let B be an interval matrix of order
n × n. Then B is said to be orthog-
onal if B.BT = BT .B = In, where In

denotes pure unit interval matrix of or-
der n×n and the operation ‘.’ denotes
the multiplication of interval matrices.

Theorem 1 There exists no purely or-
thogonal interval matrix other than the
pure unit Interval matrix.

Let B be an interval matrix of or-
der n × n. Then if B.BT = In or
BT .B = In, where In is fuzzy unit
IM of nth order then B is called a
fuzzy orthogonal IM, i.e., If B.BT or
BT .B is of the form (aij)n×n where
aii = 〈1, ε1〉 and aij = 〈0, ε2〉 for all
i �= j ;i, j ∈ 1, 2 . . . n and where ε1 �= 0
and ε2 �= 0.

Theorem 2 If A and B be any two
interval matrices then det(A)det(B) �=
det(AB).

Lemma 1 If a, b are two real numbers
and x be an interval, then (a + b)x =
ax + bx, if a ≥ 0, b ≥ 0 and (a + b)x �=
ax + bx, otherwise.
i.e., in general, for n real numbers
ai, i = 1, 2 . . . n and for an interval x,

(
n∑

i=1

ai)x =
n∑

i=1

aix if ai ≥ 0 for all

i = 1, 2, . . . n; and (
n∑

i=1

ai)x �=
n∑

i=1

aix,

otherwise.

Theorem 3 If A be a real square ma-
trix, such that AAT = cI, where c is
a non-zero real number and I is the
unit matrix of the order of A; and x
be an interval number such that x2 =
1
c [1− ε, 1 + ε], 0 ≤ ε ≤ 1, then A = xA
is a fuzzy orthogonal interval matrix.
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Proof. Let, A = (aij)n×n.
Then A.AT = (bij)n×n where, bij =

n∑
k=1

aikajk.

Since, A.AT = cI,

then bij =
{

c, if i = j
0, if i �= j

Thus, for a non-diagonal element
bpq of A.AT , there exist two index sets
Λ1 and Λ2 such that
bpq =

∑
k=Λ1

apkaqk −
∑

k=Λ2

apkaqk where

∑
k=Λ1

apkaqk =
∑

k=Λ2

apkaqk.

Now, Ā = xA = (xaij)n×n = (āij)n×n

(say).
and Ā.ĀT = (b̄ij)n×n where,

b̄ij =
n∑

k=1

āikājk.

Now, for a diagonal element b̄ii of
Ā.ĀT ,

b̄ii =
n∑

k=1

xaik.xaik =
n∑

k=1

x2a2
ik =

x2
n∑

k=1

a2
ik (using lemma 1, since

a2
ik ≥ 0 ).

= x2bii = 1
c [1−ε, 1+ε].c = [1−ε, 1+ε].

For the non-diagonal element b̄pq of
Ā.ĀT

b̄pq =
n∑

k=i

xapkaqk.xapkaqk =

n∑
k=1

x2apkaqk

=
∑

k=Λ1

x2apkaqk −
∑

k=Λ2

x2apkaqk.

Let,
∑

k=Λ1

x2apkaqk = [γ, δ].

Then,
∑

k=Λ2

x2apkaqk is also equal to

[γ, δ], so that b̄pq = [γ, δ]− [γ, δ] = [γ−
δ, δ − γ] = [−ε1, ε1], where, ε1 > 0.
Hence, the theorem.

3.1.1. Orthogonal TFM

Let A = (aij) be a TFM of order n×n,
where aij = 〈mij , αij , βij〉 is the ijth
element of A,mij is the mean value of
aij and αij , βij are the left and right
spreads of aij respectively and also
αij , βij ≥ 0. Depending upon the kind
of unit matrix, orthogonal TFM can be
defined in the following two ways.

Definition 12 Purely orthogonal
TFM: If A.AT = AT .A = In where
In is the pure unit matrix of nth order,
then A is called purely orthogonal
TFM.

Theorem 4 There exists no purely or-
thogonal TFM other than the pure unit
TFM.

Definition 13 Fuzzy orthogonal
TFM: If A.AT = In or AT .A = In,
where In is a fuzzy unit TFM of
nth order, then A is called a fuzzy
unit orthogonal TFM. If A.AT or
AT .A is of the form (aii)n×n, where
aii = 〈1, ε1, ε2〉 and aij = 〈0, ε3, ε4〉
for all i �= j; i, j ∈ {1, 2, 3, . . . , n} and
where ε1.ε2 �= 0 and ε3.ε4 �= 0.

Theorem 5 If A is a fuzzy orthogonal
TFM then, A.AT �= A.AT , in general.

Theorem 6 Let A be fuzzy orthogonal
TFM. The diagonal elements of A.AT

and AT .A are of the form 〈1, αii, βii〉
for i ∈ 1, 2, . . . n and other elements are
of the form 〈0, γij , δij〉 for i �= j and
i, j ∈ 1, 2, . . . n.

Theorem 7 If A is a fuzzy orthogonal
TFM, then det(A.AT ) is of the form
〈1, α, β〉.

Theorem 8 If A and B be any two
TFMs then det(A).det(B) �= det(AB),
in general.
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Lemma 2 Multiplication is not dis-
tributive over subtraction in triangu-
lar fuzzy numbers, i.e., a.(b − c) �=
a.b − a.c, in general, for any three tri-
angular fuzzy numbers a, b, c.

Theorem 9 If A, B be two triangular
fuzzy matrices then det(A).det(B) may
not be equal to det(A.B). If they are
distinct, then they differ only by their
spreads but the mean will be the same
in both.

Proof. To prove the theorem we use
the above lemma. If A = (aij)n×n

and B = (bij)n×n where aij ’s and
bij ’s are triangular fuzzy numbers, then

det(A) =
n∑

j=1

Sgnσj

n∏
i=1

aiσj(i) , where

σj ’s are all possible permutations over
{1, 2, 3, . . . , n}.

Clearly, det(A) is the sum of n tri-
angular fuzzy numbers. Let Pj =

Sgnσj

n∏
i=1

aiσj(i) . Now since Sgnσj is

either 1 or −1 then some of the Pj ’s
will be negative so that the sum det(A)
contains some subtractions.

Similarly, if B = (bij)n×n then
det(B) =

∑n
j=1 Qj where Qj =

Sgnφj

∏n
i=1 biφj(i) , where φj runs over

all permutations in {1, 2, 3, . . . , n}.
Here also some Qj ’s will be negative.

Again, A.B =
( ∑n

k=1 aik.bkj

)
=

(Cij) (say).
Then, det(A.B) =∑n
j=1 Sgnψj

∏n
i=1 ciψj(i) where

ψj runs over all permutations in
{1, 2, 3, . . . , n}. Thus det(A.B) con-
tains addition and subtraction of only
n triangular fuzzy numbers. Since

det(A) =
n∑

j=1

Pj and det(B) =
n∑

j=1

Qj

then det(A).det(B) is the product
of two expressions each containing n

number of triangular fuzzy numbers
among which some are negative.

Thus using the above lemma the
proof of theorem follows.

Theorem 10 If A is an orthogonal
TFM, then det(A) is of the form
〈1, α, β〉.

4. Conclusion

In this article the orthogonality of
IMs and TFMs are investigated. At
present, we are trying to find out the
eigenvalues and eigenvectors of TFMs
and other properties.
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