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Abstract

Well-known notions of equivalence such
as trace equivalence and bisimulation
have been used to compare workflow
processes; they describe the equiva-
lence of processes whose activities are
identical in each step. Possessing ex-
actly the same activity in each step is
quite rigorous, and sometimes we may
meet processes which fail to fit this
condition but which have quite simi-
lar behavior. To characterize this kind
of looser equivalences, we introduce an
approximate version of trace equiva-
lence and bisimulation in this paper.
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1. Introduction

Workflows (also known as workflow
processes or business processes) are ac-
tivities involving the coordinated exe-
cution of single activities (task or work-
task) performed by different processing
entities. In the last two decades, work-
flow system ability of providing an au-
tomated support to the management of
business processes has increasingly be-

come well recognized as a competitive
factor for a company [1]. With rapid
increases in application domains that
use workflow management systems, a
large number of workflow modeling lan-
guages such as Petri nets, process al-
gebra, BPEL, and YAWL have been
developed. Even in a given modeling
language, it is often possible to de-
fine multiple models of the same work-
flow. Given the co-existence of differ-
ent modeling languages and different
models of a workflow, there is a need
for some formal techniques that can be
used to compare these process models.

In the literature, some well-known
notions of equivalence such as trace
equivalence [2], strong and weak bisim-
ulations [3, 4], and branching bisimu-
lation [3, 5] have been used to com-
pare workflow processes. These equiv-
alences aim to answer when two work-
flows are the same with respect to some
criterion; for example, two workflows
may be identical under trace equiva-
lence but are different when consider-
ing stronger notions of equivalence such
as bisimulation. It is worth noting that
most equivalence notions provide a bi-
nary answer (i.e., two workflows are
equivalent or not). It has been ar-
gued by Alves de Medeiros et al. [6]
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that these exact equivalences seem too
rigid since in real-life applications, one
needs to differentiate between slightly
different models and completely differ-
ent models. As a result, they used the
degree of similarity, a number between
0 and 1 to quantify the differences of
two workflows. Notably, rather than
directly comparing two workflows, the
processes are compared with respect to
some typical behaviors.

In concurrency theory, different pro-
cess models that cannot be related
by behavioral equivalences are typ-
ically compared through approxima-
tion of some equivalence, which usu-
ally gives rise to a quantitative no-
tion of similarity (see, for example,
[7, 8, 9, 10, 11]). In this paper, we pur-
sue the approximate equivalence ap-
proach by introducing the notions of
λ-approximate trace equivalence and
λ-approximate bisimulation. Roughly
speaking, the exact trace equivalence
and bisimulation express the equiva-
lence of workflow processes whose ac-
tivities are identical in each step. The
approximate versions try to compare
two workflow processes which are more
or less similar in the sense that when-
ever a process makes an activity the
other one can make an activity differ-
ent from but very similar to the activ-
ity the first process made. The smaller
the value of λ, the higher the degree to
which the two workflow processes are
equivalent.

2. Workflows

In this section, we introduce the no-
tions of abstract workflow and concrete
workflow, which are a slight extension
of the ones in [3]. Like [3], we fo-
cus on the workflows abstracted at the
level of control flow. Recall that in
[3], the behavior of a workflow is de-

scribed by a transition tree, which is
a connected, rooted, edge-labeled, and
directed graph without cycles. Since
the transition tree having no cycles is
unequal to dealing with iterative or ar-
bitrarily long behavior, it is not ca-
pable of representing the behavior of
replication operator in [13]. In light of
this, we would like to describe the be-
havior of a workflow with a rooted la-
beled transition system, i.e., a rooted,
connected, edge-labeled, and directed
graph. Formally, we extend the corre-
sponding definitions in [3] as follows.

Definition 1. An abstract workflow
(or AW for short) is defined as a
quadruple (S,A,−→, s0), where

(1) S is a (possibly infinite) set of
states.

(2) A is a (possibly infinite) set of ac-
tivity identifiers.

(3) −→⊆ S × A × S is a transition
relation.

(4) s0, a member of S, is the initial
state.

The activity identifiers in A such as
“Check credit”, “Receive goods”, and
“Get patient information”, provide the
activities offered to the environment
which may consist of users and appli-
cations that interact with the workflow
system. As usual, we use the more
intuitive notation s

a
−→ s′ instead of

(s, a, s′) ∈−→. Clearly, Definition 1
is independent of the language used to
describe workflows.

As explained in [3], an abstract
workflow abstracts from the data that
is supplied by the external environ-
ment. Therefore, it is necessary to in-
troduce the notion of concrete work-
flow, which takes this information into
account by labeling the edges with a
pair of activity identifier and externally
supplied information.
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Definition 2. A concrete workflow (or
CW for short) is defined as a five-tuple
(S,A, I,−→, s0), where

(1) S is a (possibly infinite) set of
states.

(2) A is a (possibly infinite) set of ac-
tivity identifiers.

(3) I is a (possibly infinite) set of in-
put data.

(4) −→⊆ S×(A×I)×S is a transition
relation.

(5) s0, a member of S, is the initial
state.

The input data in I represent units
of information that can be supplied by
the environment of the system for the
completion of an activity. Examples of
such data are a simple boolean value
such as for the activity “Check credit”
or a complex data structure such as
for “Get patient information”. As be-
fore, we use the more intuitive notation

s
(a,i)
−→ s′ instead of (s, (a, i), s′) ∈−→.

3. Exact equivalences

In this section, we recall the notions
of exact trace equivalence and bisimu-
lation. A reasonable first attempt at
defining a behavioral equivalence for
workflow processes might be to relate
two system descriptions exactly when
the rooted labeled transition systems
for them have exactly the same traces
(see, for example, [2]). Before for-
malizing these notions we first review
some concepts from the theory of fi-
nite strings. If A is a set, then A∗

consists of the set of (possibly empty)
finite strings of elements of A. We use
ε to represent the empty string. Let us
define traces (cf. [3]) and trace equiva-
lence as follows.

Definition 3. LetW = (S,A,−→, s0)
be an AW and s = a1a2 · · ·an ∈ A

∗ be

a string of activity identifiers. We say
that σ is a trace of the AW if there are
states s1, s2, . . . , sn such that si−1

ai−→
si for each 1 ≤ i ≤ n. Denote by T (W )
the set of all traces ofW . Two AWsW1
andW2 are said to be trace equivalent,
denoted W1 ≈W2, if T (W1) = T (W2).

Unfortunately, as is often argued
in concurrency theory, trace equiva-
lence suffers from severe deficiencies
for workflow processes due to non-
determinism [3]. The trouble with
trace equivalence and non-determinism
is that even though two AWs have the
same traces, they may go through in-
equivalent states in performing them.
(This situation cannot occur in deter-
ministic systems.) In particular, trace
equivalent systems may have differ-
ent deadlocking behavior. This ob-
servation suggests that an appropri-
ate equivalence for workflow processes
ought to have a recursive flavor: ex-
ecution sequences for equivalent sys-
tems ought to “pass through” equiva-
lent states. This intuition underlies the
definition of bisimulation (cf. [3]).

Definition 4. Let Wi = (Si,A,−→,
si0) be an AW, where i = 1, 2. A rela-
tionR ⊆ S1×S2 is called a bisimulation
if for any (s1, s2) ∈ R and a ∈ A,

(1) s1
a
−→ s′1 implies s2

a
−→ s′2 for

some s′2 with (s′1, s
′

2) ∈ R;

(2) s2
a
−→ s′2 implies s1

a
−→ s′1 for

some s′1 with (s′1, s
′

2) ∈ R.

Bisimilarity, denoted ∼, is the union
of all bisimulations. Two states are
called bisimilar if they are related by a
bisimulation. Two AWsW1 andW2 are
said to be bisimilar, denotedW1 ∼W2,
if their initial states are bisimilar.

Intuitively, if two workflows are
bisimilar, then it is possible for each
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to simulate, or “track”, the other’s be-
havior. More specifically, for a rela-
tion to be a bisimulation, related states
must be able to “match” transitions of
each other by moving to related states.
Bisimulation has some pleasing proper-
ties. For example, two bisimilar work-
flows must have the same “deadlock
potential”; ∼ implies ≈ and coincides
with it if the rooted labeled transition
systems for them are deterministic in
the sense that every state has at most
one outgoing transition per activity.

Remark 1. Definitions 3 and 4 for
AWs can be directly applied to CWs
by replacing label a with (a, i). We do
not state them there due to the lack
of space. Moreover, the results estab-
lished in Sections 4 and 5 are also di-
rectly applicable to CWs, so we omit
the corresponding results for CWs.

It should be pointed out that the ex-
act trace equivalence and bisimulation
are too rigid in the sense that they dif-
ferentiate similar activities strictly. For
instance, consider two CWsW1 andW2
that are nearly the same except for one
activity: the former has the activity
(a, i), while the latter has the activ-
ity (a, i′). However similar their input
data i and i′, it always holds by defini-
tion that W1 �≈W2 and W1 �∼W2.

4. Approximate trace
equivalence

Taking similarity of elements into ac-
count and using metric to describe
the similarity are widely recognized
in some fields of Computer Science
such as metric semantics, process cal-
culus, and pattern recognition (see, for
example, [12] and the bibliographies
therein). For our purpose, we would
like to follow the approach proposed
by the Cao and Ying in [12]. Let us

start with some basic notions on met-
ric space.

Definition 5. A (1-bounded) metric
space is a pair (X, d) consisting of a
nonempty set X and a function d :
X×X −→ [0, 1] which satisfies the fol-
lowing conditions:

(M1) d(x, y) = 0 if and only if x = y,

(M2) d(x, y) = d(y, x) for all x, y ∈
X , and

(M3) d(x, z) ≤ d(x, y) + d(y, z) for
all x, y, z ∈ X .

The distance d(x, y) measures the
similarity between x and y. The less
the distance, the more similar the two
elements. It is well-known that for any
nonempty setX , we can define a metric
d, called discrete metric, on X . Hence,
every nonempty set can be viewed as a
metric space.

Let (X, d) be a metric space, x0 ∈ X ,
and λ ∈ [0, 1]. The set B(x0, λ) = {x ∈
X : d(x0, x) ≤ λ} is called the λ-ball
about x0; for a subset A of X , by the
λ-ball about A we mean that the set
B(A, λ) = ∪x∈AB(x, λ). We extend d
to a pair x,A, where x ∈ X and A ⊆
X , by defining

d(x,A) =

{
inf
a∈A
d(x, a), if A �= ∅

1, if A = ∅.

Further, the Hausdorff metric
dH(A,B) for a pair A,B ⊆ X is
defined as 0 if A = B = ∅, and oth-
erwise max{sup

a∈A

d(a,B), sup
b∈B

d(b, A)}.

The Hausdorff metric is one of the
common ways of measuring resem-
blance between two sets in a metric
space; it satisfies (M2) and (M3) in
Definition 5, but it does not satisfy
(M1) in general.

Let W = (S,A,−→, s0) be an AW
and d be a metric on A which makes A
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into a metric space. We extend natu-
rally d to d′ on A ∪ {ε} as follows:

d′(a, b) =

⎧⎨
⎩
d(a, b), if a, b ∈ A
0, if a = b = ε
1, otherwise.

This makes A∪{ε} into a metric space.
We now endow A∗ with the Baire

metric induced by d′. Let s =
s1s2 · · · sl(s) and t = t1t2 · · · tl(t) be two
activity strings in A∗, and l(s, t) =
max{l(s), l(t)}. If l(s) �= l(t), say
l(s) < l(t), we take si = ε for each
i > l(s). We then define

d̃(s, t) =

l(s,t)∑
i=1

1

2i
d′(si, ti).

It is easy to verify that d̃ does give rise
to a metric on A∗. As mentioned ear-
lier, Hausdorff metric does not give rise
to a metric space in general. However,
if we consider the powerset P(A∗) of
A∗ with the Hausdorff metric induced
by d̃, it follows from Proposition 1 in
[12] that (P(A∗), d̃H) is a metric space.
Since T (W ) ∈ P(A∗) for any work-
flow with the activity identifier A, we
may use d̃H to measure the similarity
of their trace sets. We can now intro-
duce the key notion.

Definition 6. Let Wi = (Si,A,−→,
si0), i = 1, 2, be an AW and d a metric
on A which induces the Hausdorff met-
ric d̃H on P(A∗). Given λ ∈ [0, 1], we
say thatW1 andW2 are λ-approximate
trace equivalent, denoted W1 ≈λ W2, if
d̃H(T (W1), T (W2)) ≤ λ.

Clearly, the less the value λ, the
more similar the trace sets of two work-
flows.

Proposition 1. Let Wi = (Si,A,−→,
si0), i = 1, 2, 3, be an AW and d a met-
ric on A which induces the Hausdorff
metric d̃H on P(A∗). Then we have
the following.

(1) W1 ≈0 W2 if and only if W1 ≈
W2.

(2) W1 ≈λ W2 if and only if W2 ≈λ
W1.

(3) If W1 ≈λ W2, then W1 ≈λ′ W2 for
any λ′ ≥ λ.

(4) If W1 ≈λ W2 and W2 ≈λ′ W3,
then W1 ≈λ+λ′ W3.

Proof. It is easy by Definition 6 and
the properties of metric space.

The assertion (1) in Proposition 1
shows us that λ-approximate trace
equivalence is really a generalization of
the exact trace equivalence.

5. Approximate bisimulation

In this section, following [10, 11] we
introduce an approximate version of
bisimulation for workflow processes.
Like the above approximate trace
equivalence, we assume that there is a
metric d on the activity identifier set A
of an AW.

Definition 7. Let Wi = (Si,A,−→,
si0) be an AW, where i = 1, 2, and let
d be a metric on A. Given λ ∈ [0, 1],
a relation R ⊆ S1 × S2 is called a
λ-approximate bisimulation if for any
(s1, s2) ∈ R and a ∈ A,

(1) s1
a
−→ s′1 implies s2

b
−→ s′2 for

some s′2 such that (s′1, s
′

2) ∈ R and
d(a, b) ≤ λ;

(2) s2
a
−→ s′2 implies s1

b
−→ s′1 for

some s′1 such that (s′1, s
′

2) ∈ R and
d(a, b) ≤ λ.

Two states are called λ-approximately
bisimilar if they are related by a
λ-approximate bisimulation. Two
AWs W1 and W2 are said to be
λ-approximately bisimilar, denoted
W1 ∼λ W2, if their initial states s10
and s20 are λ-approximately bisimilar.
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Intuitively, if two workflows are λ-
approximately bisimilar, then it is pos-
sible for each to approximately sim-
ulate, or “track”, the other’s behav-
ior. It should be pointed out that the
smaller the value of λ, the higher the
degree to which R is a bisimulation.

The following fact indicates that the
class of λ-approximate bisimulations
is closed under arbitrary unions. In
this way, we can get the largest λ-
approximate bisimulation.

Proposition 2. If Ri is a λi-
approximate bisimulation for any i ∈ I,
then

⋃
i∈I Ri is a sup{λi : i ∈ I}-

approximate bisimulation. In partic-
ular, if every Ri is a λ-approximate
bisimulation, then so is

⋃
i∈I Ri.

Proof. It is straightforward from Defi-
nition 7.

Similar to Proposition 1, λ-approxi-
mate bisimulations have the following
properties.

Proposition 3. Let Wi = (Si,A,−→,
si0), i = 1, 2, 3, be an AW and d be a
metric on A. Then we have the follow-
ing.

(1) W1 ∼0 W2 if and only if W1 ∼
W2.

(2) W1 ∼λ W2 if and only if W2 ∼λ
W1.

(3) If W1 ∼λ W2, then W1 ∼λ′ W2 for
any λ′ ≥ λ.

(4) If W1 ∼λ W2 and W2 ∼λ′ W3,
then W1 ∼λ+λ′ W3.

Proof. It is also easy by Definition 7
and the properties of metric space.

The assertion (1) in Proposition 3
shows that λ-approximate bisimulation
has the standard bisimulation as a spe-
cific case. Not only that, the notion
of instance relation proposed in [3] can

also be considered as a λ-approximate
bisimulation. To see this, let us recall
the notion of instance relation from [3].

Definition 8. An instance relation
between an AW (S1,A,−→, s10) and a
CW (S2,A × I,−→, s20) is a relation
H ⊆ S1 × S2 such that (s10, s20) ∈ H
and for any (s1, s2) ∈ H ,

(1) if s1
a
−→ s′1 then s2

(a,i)
−→ s′2 for

some s′2 with (s′1, s
′

2) ∈ H ;

(2) if s2
(a,i)
−→ s′2 then s1

a
−→ s′1 for

some s′1 with (s′1, s
′

2) ∈ H .

In order to view an instance rela-
tion as a λ-approximate bisimulation,
let us specify a metric d on A∪ (A×I)
as follows. Given λ0 ∈ (0, 1), for any
(x, y) ∈ A ∪ (A× I), define

d0(x, y) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0, if x = y
λ0, if x = a and y = (a,

i), and vice versa
λ0, if x = (a, i), y = (a,

j), i �= j
1, otherwise.

There is no difficulty to verify that d0
is a metric on A ∪ (A × I). As a re-
sult, we get immediately the following
observation.

Proposition 4. Let H be an instance
relation between an AW (S1,A,−→
, s10) and a CW (S2,A × I,−→, s20).
Then H is a λ0-approximate bisimula-
tion for any λ0 ∈ (0, 1).
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