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Abstract

Assume that n is any positive integer. The brother
tree BT'(n) iz an interesting family of 3-regular planar
bipartite graphs recently proposed by Kao and Hsu. In
any BT(n), we prove that there exist three internally-
disjoint spanning paths jolning x and y whenever z
and y belong to different partite sets. Furthermore,
for any three nodes z,y, and #z of the same partite set,
there exist three internally-disjoint spanning paths of
BT{n) — {z} joining z and .

Keywords: hamillonian, connectivity, container.

1 Introduction

In this paper, for the graph definitions and notations
we follow [2]. G = (V,E) is a graph it V is a finite
get and F is a subset of {(,%) | (v, v) iz an unordered
pair of ¥V'}. We say that V' is the node set and F is the
edge set of G. For any node x of V, deg(z) denotes
its degree in 5. A graph G is cubic if degy(z) = 3 for
any node r € V(&). Let dg(z,y) denote the distance
between two nodes z and y in a graph G, and D(G)
denote the diameter of 3. A bipartite graph &' = (V1 U
Va, E) with bipartition V1 and V5 is a graph G = (V, F)
such that V is the disjoint union of ¥; and V5, and every
edge of & Joins a node In V] and a node In V5. We will
use white to refer to a node in V7 and black to refer to
anodein Va. A path P joining v and v 1s represented
by {vo,v1,%2,...,v5}. The internal nodes of P, I(P),
is the set {v; | 0 < i < k}. Paths P, Pa, ..., P are
internally-disjoint spanning of G, if I(F;) NI(F;) =0
when ¢ #£ 4, and P, U R U...UPF, spans G.

The connectivity of G, &(G), is the minimum num-
ber of nodes whose removal leaves the remaining graph
disconnected or trivial. Let G = (V, E) be a graph
with connectivity () = k. A k-container C(z,y) in
a graph 7 is a set of k internal node-disjoint paths
between z and %. It follows from Menger's Theorem
[6] that there exists a k-container between any pair of
nodes in a k-connected graph. In this paper, we are in-
terested in another type of container. A k*-container
'(x,y) in a graph G is a k-container such that every

node of & is on some path in C(z,y). In [1], Albert,
Aldred, Holton and Sheehan first studied those cubic
3-connected graphs and proved that there exists a 3*-
container between any pair of nodes. Such graphs are
called globally 3% -connected graphs.

Since every globally 3*-connected graph is cubic, it
containg an even number of nodes. Assume that G =
(V1UVa, E) is a cubic 3-connected bipartite graph with
bipartition V1 and V5 such that |Vi| > |Va| > 2. Let
z and ¥ be any two distinct nodes in V5. Assume that
there exists a 3*-container C(z,y) = {1, Fo, P53} in
(7. Suppose that there are a; nodes of V; in F; for
i = 1,2,3. Obvicusly, there are a; + 1 nodes of V5
in P; for ¢ = 1,2,3. Hence, there are a; + as + a3
nodes of V] incidence with P, U P U Ps; and there are
a1+ 1)+ e+ 1)+ (as+1)—4d=0a1+az+az—1
nodes of V5 incidence with P4 U P, U P;. Therefore,
any cubic 3-connected bipartite graph is not globally
3*-connected.

For this reason, we say that a cubic bipartite graph
G =(VLUVa, F) is globally bi-3*-connected if there ex-
ists a 3*-container between any pair of nodes of the
different partite sets. Obviously, |Vi| = |V5| in any
globally bi-3*-connected graph with bipartition V37 and
V5. Furthermore, a globally bi-3*-connected graph is
hyper if there exists a 3*-container C'(z,y) in G — {2}
for any three nodes x, v, and z of the same partite set
of 7. The concept of globally bi-3*-connected and hy-
per globally bi-3*-connected was proposed by Kao et
al. [5]. Tt is proved that G — {e} iz hamiltonian for any
e € F{G) if G is globally bi-3*-connected. Moreover,
G —{z,y} is hamiltonian for any z € Vj and y € Vo if G
is hyper globally bi-3* -connected. Kao et al. also pro-
posed a family of hyper globally bi-3*-connected graphs
in [4].

Assume that n is any positive integer. The brother
tree BT'(n) is an interesting family of 3-regular planar
bipartite graphs recently proposed by Kao and Hsu [3].
The number of nodes in BT'(r) is 6 - 2® — 4 and the
diameter is 2n + 1. In [3], it is proved that BT'(n) is
hamiltonian, and remains hamiltonian if any edge is
deleted. Moreover, BT'(n) remains hamiltonian when
a pair of nodes (one from each partite set) is deleted. In
this paper, we prove that any brother tree BT'(n) is not



Figure 1: (a) BC(2), (b) BC(3), and (c) BC(4).

only globally bi-3*-connected but also hyper globally
bi-3*-connected. To our knowledge, BT'(n) is the only
family of cubic planar bipartite graphs of the smallest
diameter with such nice properties.

In the following section, we give the formal definition
of brother tree and its properties. In section 3, we
prove that any brother tree BY'(n) is globally bi-3*-
connected. In section 4, we prove that any brother
tree BT'(n) is hyper globally bi-3*-connected.

2 Brother trees

Assume that %k i1s an Integer with & > 2. The kik
brother cell BO(k) is the five tuple (G, wi, Tk, ¥k, 25),
where Gy, = (V, E) is a bipartite graph with bipartition
W (white) and B (black) and {wy,z,yr, 2+ is a set
of four distinct nodes, called corner nodes. We can
recursively define BC'(k) as follows:

[1] BC({2) is the 5-tuple (Ga,ws,za,ys,22) where
V(Gs) = {ws,x9,y2,%2,s,t}, and E{G:) =
{(w27 8)7 (87 IQ)? (IQv yQ)r (y27 t)? (tv 22)7 (va 22)7 (87 t)}
[2] The kth brother cell BC(k) with & > 3 is com-
posed of two disjoint copies of (k — 1)th brother
cells: BCU(k — 1) = (Gi_p,wiy, T 1,5 15 %_1)
and BCQ(k - 1) = (G%—law%—la‘r%—l’ yl%—laz%—l)’
a white node zp, and a black node z. To
be specific, V(Gy) = V(G.!lcfﬂ U V(Gifl) U
{'Tk’ zk}’ E(Gk) - E(Gi:—l) U E(G%—l) U {(zk"rﬁlc—l)a
(2k, Iifl)v (Ikrzifl)r (Ikrzgfl)r (y,!i,p wi,l)}, W =
wi o, and v = ¥4

BC(2), BC(3), and BC(4) are shown in Figure 1.
We notethat BC'{(k—1) and BC?(k—1) are isomorphic
for k > 3. This property is referred as the symmetrical
property of BC(k). For this reason, we define the de-
generate case, BC(1), as the 5-tuple (G, w1, 1,91, 1)
ag V(G1) = {wi, 11}, F(G1) = {(w1,11)} such that
1= wy and 71 = 21.

We can also define the brother cell BC(k) from
the complete binary tree B(k), where V(B{k)) =
[1,2,...,2% — 1} and BB(R)) = {(59) | 13/2] = i},
Assume that k Is a positive Integer with k& > 2. The
kth brother cell BC(k) = (G, wk, Tk, Yk, #k) can be
constructed by combining two B(k)’s, the upper tree
B(k), and the lower tree B(k);, and adding edges be-
tween their leaf nodes.

Let n be a positive integer with n > 1. The brother

Figure 2: (a) BT(1), (b) BT(3).

tree, BT(n), is composed of an (n + 1)th brother cell
BCr+1) = (Gri1, Wni1:%ni1s Yyl #ny1) and an
nth brother cell BO*(n) = (Gh,wh,xh,yk, =zh) with
V(Gpy1) NV(G) = 0. To be specific, V(BT (n)) =
V(G )UV(GE) and E(BT(n)) = E(G 1) UE{GEU
{(Zﬂ+17 I;)v (y"ﬂ+17 w;)v (In+17 Z;)r (wﬂ+17 y:a)} BT(l)
and BT'(3) are shown in Figure 2. Obviously, BT'(n)
1s a 3-regular bipartite planar graph with 6 - 2™ — 4
nodes. Because the (n 4 1)th brother cell is composed
of two disjoint nth brother cells and two terminals, the
nth brother tree BT(n) is composged of three disjoint
nth brother cells, BCl(n), BC?(n), BC*{(n) and two
nodes, {Tp11,2ne1}. Moreover, BCY(n), BC?(n) and
BC*(n) are arranged in a cyclic order in BT'(n). Thus
any two nodes of BT'(n) are in the union of BC(n),
BC?(n), BC*(n) and {2,11,%ny1}. For this reason,
we can assume without loss of generality that any two
nodes of BY'(n) are in BC(n + 1). This property is
referred to as the symmetrical property of BT (n).
The following lemmas are proved in [3].

Lemma 1 Assume that BO(n) = (G, wn, Tn, Yn, 7n)
for some integer n > 2.

[1] There exists a hamiltonian path H of BC (n) joining
any node in {wy, .} and any node in {y,, 7, }.

[2] There exist two internally-disjoint spanning paths
P and @) of BC(n) such that P joins wy, and ., ond
) joins vy, and z,.

[8] There exist two internally-disjoint spanning paths
R and § of BC(n) such that R joins wy, and z,, and

S joins ., and Y.

Lemma 2 Assume that n is an integer with n > 2.
Suppose that [ is any node of BC(n). There exists a
hamiltonian path H of BC () — {f} such that H joins
the two corner nodes of a different partite set contain-
ing c.

3 The globally bi-3"-connected
property of BT(n)

Lemma 3 Assume that n is an integer with n > 2.
Let BC(n) = (Gy, Wy, To, Yn, 2n). Suppose that c is a
node of BC(n). Letp and g be the the corner nodes of
the same partite set containing ¢, and v be any corner



node of a different partite set containing c. Then there
exist three internally-disjoint spanning paths Py, Ps,
and Ps such that (1) Py joins ¢ and p, (2} Ps joins ¢
and q, and (3) F3 joins ¢ and 7.

Lemma 4 Assume that n is an integer with n > 2.
Let BC{n) = (Gy, Wp, Tn, Un, #n). Suppose that ¢ and
d are two nodes from different partite set of BC(n). At
least one of the following cases holds:

[A] There exist four internally-disjoint spanning paths
P, B, P, and Py of BC(n) such that (1) both Py and
P, join c and d, (2) P; joins ¢ and some corner node
p of the same partite set as ¢, and (3) Py joins d and
some corner node g of the same partite set as d.

[B] There exist five internally-disjoint spanning paths
Py, B, P;, Py, and Ps of BC{n) such that (1) P, joins
cand d, (2) P> joins ¢ and wy, (3) Ps joins d and v,
and (4) Py joins ¢ and p, ond Ps joins d and q where
{p’ Q} = {zn,zn}

[C] There exist five internally-disjoint spanning paths
P, P, Bs, Fy, and Fy of BC(n) such that (1) both P
and P join ¢ and d, (2) Ps joins ¢ and p, and Py joins
d and g where p € {wy,yn} and g € {T4y, 2, +, and (3)
Fs joins the only node in {wn,ynt — {p} and the only
node in {Ty, 2} — {g}.

Theorem 1 BT'(n) is globally bi-3*-connected for any
postlive integer n.

4 The hyper globally bi-3"-con-
nected property of BT(n)

Lemma 5 Assume thal n s an inleger with n > 2.
Let BC{n) = (Gy,wp, Tn,y Un, #n). Suppose that ¢ and
I are any twe different nodes in the same partite set of
BC(r). Let p and q are corner nodes of the different
partite set containing c. There exists three internally-
disjoint spanning paths Py, Po, and P3 of BC(n)—{f}
such that (1) Pi joins ¢ and p, (2) Pa joins ¢ and q,
and (3) P3 joins ¢ and one of the corner node r of the
same partite set containing ¢ with r £ f.

Lemma 6 Assume that n is an integer with n > 2.
Let BC(n) = (G, %, Tn, Un, #n). Suppose that ¢ and
d are any two different nodes in the same partite set of
BC(n). Then there exist four internally-disjoint span-
ning paths P1, Ps, P3, and Py of BC(n) such that (1)
both Pi and Fs join c to d, and (2) P; joins ¢ and p,
and Py joins d and g where p and g are corner nodes
in the same partite set containing c.

Lemma 7 Assume that n is an infeger with n >
2. Let BC(n) = (G, WnsTpyYn, 2n)-  Suppose that
c,d, and f are three nodes in the same partite set of
BC(n). Then at least one of the following cases holds

in BCO(n) — {f}:

[A] There exist four internally-disjoint spanning paths
Py, B, Ps, and Py of BC{n) — {f} such that (1) both
Py and Py join ¢ and d, and (2) Ps joins ¢ and p ond
Py joins d and g where p € {w,,x,} and g € {y,, #, }
[B] There exist five internally-disjoint spanning paths
P, P, Fs, By, and Ps of BC(n) — {f} such that (1)
Py joins ¢ and d, (2) Pa joins ¢ and wy, (3) P; joins d
and y,, and (4) Py joins ¢ and p, and Ps joins d and
g where {p,q} = {Tp, 20}

[C] There exist five internally-disjoint spanning paths
P, Pa, P3, Fy, ond Ps of BC(n) — {f} such that (1)
both Py and Pa join ¢ and d, (2} P joins ¢ and p and
Py joins d and g where p € {wy, y,} and g € {z,, 2, },
and (3) Ps joins {wy, ¥} — {0} and {zn, 2.} — {g}.

Theorem 2 BT'(n) is hyper globally bi-3*-connected
for any positive integer n.

Proof. We prove this theorem by induction. It
is easy to check the theorem holds for BT(1) and
BT'(2). Assume that the theorem holds for BT'(n — 1)
with n > 3. By definition, BT'(n) is composed of
an (n + 1)th brother cell, denoted by BC{n + 1) =
(G, Wnt1s Tot1, Ynsd, #na1) and an nth brother cell,
denoted by BC*(n) = (G} wh,xh,yh,28). Let o d,
and f be any three nodes of B7'{(n) in the same par-
tite set. We will show that {F, 5, F;} forms a 3*
container between e and d in BT'(n) — {f}. By the
symmetrical property of B1'(n), we consider the fol-
lowing cases (1) e,d, and f are in BC(n+ 1), (2) ¢, d
are in BC(n+ 1), and f is in BC*(n).

Case 1: All g,d, and f are in BC(n+ 1). By Lemma
7, we have following three cases:

[A] There exist four internally-disjoint spanning paths
Ry, Ry, Rg, and Ry of BCO(n 4+ 1) — {f} such that
(1) both Ry and AR5 join ¢ and d, and (2) Rz Joins
e to p and Ry joins d to g where p € {wny1,%np1}
and ¢ € {yny1, %041} Suppose that p = wyp1 and
g = ypt1. By Lemma 1, there existe a hamiltonian
path § joining ), and w}, of BC*(n). Weset Py = Ry,
PQ = RQ, and Pg = <C, Rg, Wyt1, y:“ S, w;, Yn+1, R4, d>
Suppose that p = wyey and ¢ = 2,01, By Lemma
1, there exists a hamiltonian path & joining 3, and

zX of BC*(n). We set 4 = Ry, BB = Hg,
and P3 = <87R37wﬂ+11y;781$;72ﬂ+11R47d>' Sup'
pose that p = z,.7 and ¢ = y1. By Lemma

1, there existe a hamiltonian path S jeining z! and
w) of BC*(n). We set P4 = Ry, o = Ra, and
Py ={c, Ry, 1,22, 8, wk Y1, Hy,d}. Suppose that
p = Tpe1 and ¢ = 2p41. By Lemma 1, there
exists a hamiltonian path & jeining 2} and z} of
BC*(?’E) We set, P]_ = Rl, PQ = RQ, and Pg =
{e, Rs,Tny1, 28, 8,20, 2041, Ba, d).

[B] There exist five internally-disjoint gpanning paths
Ry, Rs, Rs, R4, and Rs of BC(n+1)—{f} such that (1)
F1joins cand 4, (2) Rz joins ¢ and wy 1, (3) Rs joins
d 10 ypnr1, and (4) Hy joins c and p, and Rs joins d and



g where {p,q} = {Tny1, #n1} Suppose that p =z,
and ¢ = #,41. By Lemma 1, there exists two internally-
disjoint spanning paths $1 and S2 of BC™* () such that
(1) 51 joins 2z} and w? and {2) S5 joins ¢ and z}. We
set P]_ = R]_, PQ e (C, Rg,wn+1,y:fl, SQ, zfl,zn_,_l,Rg,,d),
and Ps = {e, Ry, ®ny1, 25, 81, w5, Yny1, B, d). Sup-
pose that p = 2,49 and ¢ = 2,41, By Lemma
1, there exists two internally-disjoint spanning paths
81 and &3 of BC*(n) such that (1) &1 joins 2], and
wt, and (2} So joins v and z}. We set P4 = Ry,
P = (e, Ra,wny1,4), 82,20, Tng1, Rs,d), and P =
<C, R4, Zntls CL":” S]_, w;‘l, Yn+1, Rg, d>
[C] There exist five internally-disjoint spanning paths
R1, Ra, R3, Ry, and R of B (n+1) — {f} such that
(1) both Ry and R, join ¢ and d, {(2) R3 joins ¢ and
p, and R4 joins d to g where p € {wny1,¥ni1} and
g € {Zay1, 2041}, and (3) Rs joins {wpi1,ynt1} — p
and {Zni1, 2011} — ¢. Suppose that p = w, 1 and
g = Znt1. By Lemma 1, there exists two internally-
disjoint spanning paths §; and S5 of BC*(n) such
that (1) &1 joing w) and 25, and (2) So joins ¥}
and z¥f. We gat P, = Ry, B = Ry, and P =
(CpRag ity 1,1 89, Bl Bnaety Ry Wein W e S14 25 By
Ry,d). Suppose that p = wyq1 and g = z,01.
By Lemma 1, there exists two internally-disjoint
gpanning paths 57 and S of BC*(n) such that
(1) 51 joins w! and z¥, and (2) 52 joins ¥
and z}. We set P, = Ry, o = Rs, and
PS = <C, RBawnJrla yjla‘S’Qazjul‘nJrlaRSa yn+law7*m’gl’
x5, #na1, Ry, d). Suppose that p=y,41 and g = 4, 11.
By Lemma. 1, there exists two internally-disjoint span-
ning paths 57 and 55 of BC*(n) such that (1) 51 joins
w) and 2%, and (2) 82 joins v and 2}, Weset P; = Ry,
PQ = RQ, and P3 = <C, Rg,yn+1’ ’LU;:, Sla .’L':l, Zn41s R5,
Wit 1, Yns 92, 20y Ty 1, Fla, d). Suppose that » =
Ype1 and ¢ = zpy1. By Lemma 1, there ex-
ists two internally-disjoint spanning paths 57 and
S of BC*(n) such that (1) 81 joins w} and 2%,
and (2) S joins y* and z!. We set P, = Ry,
PQ = RQ, and Pg = <C, Rg,yﬂ+1,w;,31,z;,a:ﬂ+1,
R5, Wn41, ’y;, SQ, S‘L‘;, Zn41, R4, d)
Case 2: Both ¢ and d are in BC(n +1) and f is in
BC*(n). By Lemma 6, there exist four internally-
disjoint spanning paths Ky, Ka, B3, and Ry of BC(n+
1) such that (1) both Ry and Rs join ¢ and d, (2) Rs
joing ¢ and wy 1, and (3) Ry joins d and z,,1. By
Lemma 2, there exist a hamiltonian path S joining v}
and zf of BC*(n) — {f}. Weset P, = R1, P2 = Ra,
and Fs = {c, Rg, wyy1,9¥5, 5,25, naq, By, d).

The theorem is proved. O
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