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Abstract. In the tunnel engineering, concave edges can be formed by the intersections of roof and 
wall, floor and wall, wall and wall. If joints or fractures inside the rock mass cross the roof and wall 
at the same time, instable non-convex blocks can be formed possibly. However, the theorem of 
finiteness on the convex blocks in the classical block theory does not apply to the non-convex 
blocks. Combined with practical engineering example, all the simple convex blocks near the edge of 
a tunnel can be analysed by enumeration, and all the finite or removable convex blocks will be 
searched out. Thereafter, all the possible finite or removable non-convex blocks will be identified 
according to the principle that the codes of the joints keep the same all the time. The combination of 
convex blocks which are overlapped with each other can also be optimized further. Therefore, the 
non-convex blocks will be represented with several convex blocks which are connected only at the 
cutting planes. The mode and direction of sliding can be analysed with the stereographic projection 
and the visualized block sphere. Finally, the identification of non-convex block on the edges of 
tunnels will be realized. It not only have an active theoretical significance for extending the range of 
application of block theory, but also have the important reference values for protecting the safety of 
tunnels engineering. 

Introduction 
There are a lot of tunnel engineering in highway, railway, water conservancy and other industries. 

The stability of surrounding rock such as roof fall and collapse is an outstanding problem of 
influencing the safety of a tunnel. Therefore, it is an important work for designers to identify the 
instable blocks from the surroundings of the tunnel, and is also one of the core problems in rock 
mechanics.   

The essence of studying the stability of the surroundings in the tunnel is to study the mechanism 
physical and mechanical changes of rocks, and the distribution of stresses after excavation of a 
tunnel in the rock mass. The present methods of studying the stability of surrounding rocks are: the 
calculation of mathematics and mechanics, the analysis of mechanism of deformation and failure of 
rocks, the analysis of geological structures, the classification of stability of the surrounding rocks 
and the simulation experiment method. These methods are mostly to start from the description and 
simulation of boundary conditions and constitutive equations, and to reveal the processes of 
deformations and failures of rocks as their purposes. The main characteristics of these above 
methods are the analysis of stress and strain. The other type of stability analysis is the theory of 
limit equilibrium. Establishing the equilibrium equations of the critical state between the 
deformation and the failure are the main means. The critical sliding forces and the related 
resistances are the two contrary aspects. It is the peculiarity of limit equilibrium analysis to obtain 
the factor of safety [1-3].  

In general, majority of blocks in the walls, roof or floor of a tunnel are convex, and have been 
studied maturely in the classical block theory [4-8]. Concave edges, however, can be formed with 
the intersection of roof and wall, floor and wall, wall and wall. If the joints or fractures inside the 
rock mass cross the roof and walls at the same time, instable non-convex blocks may be formed 
probably, which is not applied to by the theorem of finiteness on the convex blocks in the classical 
block theory [9-10]. According to the analysis of finiteness and removability on the system of 
convex blocks, the purpose to identify the non-convex block in the edge of a tunnel can be realized 
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with the theory of united blocks.  

Combination of the Half-spaces in the Tunnel Edges 
Interpolation function 

The excavation surfaces of a tunnel and the joints or fractures inside the rock mass can be 
abstracted to be planes in space.  

0Ax By Cz D+ + + =                                                (1) 
Space can be cut into two half-spaces by a spatial plane, upper half-space and lower half-space, 

or left half-space and right half-space. 
   0Ax By Cz D+ + + >  or 0Ax By Cz D+ + + <                       (2) 

A convex block can be analyzed by the intersection operation of its surfaces half-spaces; a 
concave intersection of two half-spaces, however, should be operated with union for a non-convex 
one. Concave edges can be formed by the intersection of wall and wall, roof and wall, floor and 
wall inside the tunnel, as shown in Fig. 1. 
Fast non-dominated sorting. 

Concave edges can be formed by the intersection between wall and wall inside the tunnel, so 
convex edges can. In the case of concave edges, as shown in Fig. 2, four vertical concave edges are 
formed with four vertical walls intersected with each other. According to the stereographic 
projection, excavation pyramids in the edges are the unions of solid half-spaces of walls, and are the 
complements of space pyramid. That is to say, the space pyramids in the edges are the intersections 
of empty half-spaces of walls. 

 

  
Fig.1: The floor, roof and walls of a tunnel Fig.2: The excavation pyramid between wall and 

wall 
Define the crowding distance. 

Concave edges are formed by the intersection of horizontal roof or floor and vertical walls inside 
the tunnel, as shown in Fig. 3 and Fig. 4. It can be seen that the areas of space pyramids in Fig. 4 are 
smaller obviously than the ones in Fig. 3. This shows that the probability of key blocks formed by 
the wall and the floor is much lower than the one by the wall and the roof. 

  
Fig.3: The excavation pyramid between roof and 

wall 
Fig.4: The excavation pyramid between floor 

and wall 
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Identification of Non-convex Blocks on the Tunnel Edges 
Finiteness and Removability of United Block 

In the classical block theory, the theorem of finiteness that whether a block is finite is judged by 
the block pyramid is aimed at convex blocks, and does not apply to the non-convex blocks. As the 
non-convex block is concerned, only necessary condition is proved to be right. That is to say, if a 
non-convex block is finite, its block pyramid is empty, and not vice versa. 

Since it is not feasible that whether a block is finite is judged by pyramid, the characteristics of 
the non-convex block can be studied from the view of united block. Two propositions about the 
relationships between united block and its sub blocks have been proved: the identification criteria of 
finiteness and removability. In accordance with the two criteria, the non-convex block in the edges 
of a tunnel can be analyzed and identified. 
Complete Combination of Non-convex Block 

From the experience of practical engineering, the number of joints are no more than five groups 
in site. Along with the limited number of free planes, all the possible convex blocks which may be 
sub blocks of a non-convex block can be analysed with an enumeration method. 

For a block system that consists of  M  sets of joints and N  free planes, all the joints are 
intersected convexly, and the free planes contain concave combinations. The space can be cut into 

( )4 M N+  types of combinations theoretically. In the practical engineering of rock tunnels, only two 
codes 0 and 1 are considered for the joints. For the  free planes with concave combinations, only 
three codes 0, 1 and 2 are considered. The values of M  and N  are usually no more than 5. Then the 

number of codes combinations to be considered is: ( )2 3 2 2 3 1M N M M N× − = − . It can be seen that the case 
of joint blocks without free planes should be excluded.  

The non-convex block is to be viewed as a combination of several convex blocks. Firstly all the 
possible finite convex blocks and removable ones are searched out by enumeration according to the 
theorem of finiteness and removability in the classical block theory. After that, the convex blocks 
can be combined by the rules that the codes of the joints should be the same. Finally, all the 
possible finite non-convex blocks and the removable ones may be obtained in the system of the 
spatial planes. 
Optimized Combination of Non-convex Block 

According to the analysis of enumeration, while a non-convex block is represented by a group of 
convex blocks, these convex blocks are overlapped with each other. An optimized method is to cut 
the rock along with any free plane without the other free planes at that time. Then a convex block 
can be determined from the complete set of convex blocks. Furthermore, the code of the other half-
space of the cutting plane on the remaining block can be deduced according to the code of the 
convex block obtained before. 

The volume of a non-convex block is the algebraic sum of the volumes of all the convex blocks, 
so its surface area is, except that it should be subtracted two times of areas of the cutting planes.  

Case Validation 
Analysis of Convex Blocks in the System of Spatial Planes. 

A system of spatial planes consist of three joints 1P , 2P , 3P  and two free planes 4P , 5P  in an edge 
of a tunnel. The solid half-spaces of 4P  and 5P  are intersected concavely. The location and direction 
of the spatial planes are shown in table 1. 

Table 1: The system of spatial planes in the edge of the tunnel 
iP  iα  iβ  iX  iY  iZ  iϕ  
1P  90  0  1.0 0.0 1.0 30  
2P  45  135  0.0 0.0 1.0 25  
3P  90  270  0.0 -1.0 1.0 35  
4P  30  0  0.0 0.0 0.0 -- 
5P  30  270  0.0 0.0 0.0 -- 
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The number of block pyramids of convex blocks are: ( )3 22 3 1 64− = . According to the theorem of 
finiteness in the classical block theory, fourteen finite convex blocks can be obtained: 00001, 00010, 
00011, 00012, 00021, 00110, 01110, 10001, 11001, 11100, 11101, 11102, 11110, 11120. 

All the possible non-convex blocks are as shown in table 2, according to the principles that the 
codes of joint pyramid keep the same all the time, and the identification criteria of finiteness of non-
convex blocks. 

Table 2: Finite non-convex blocks in the edge of the tunnel 
No. Finite non-convex blocks in the edge of the tunnel 
1  (00001, 00010, 00011, 00012, 00021) 
2  (11100, 11101, 11102, 11110, 11120) 

Optimized Combination of Non-convex Block 
It is known that a non-convex block in the edge of the tunnel is composed of five finite convex 

blocks 11100, 11101, 11102, 11110, 11120. These five convex blocks are overlapped with each 
other. The further optimized combination can be represented with two convex blocks 11102 and 
11110. The shape of the non-convex block can be determined, if all the convex blocks are drawn, 
shown as in Fig. 5. 
Analysis by Stereographic Projection 

The block system in the edge of the tunnel can be analyzed according to the stereographic 
projection. While the free planes are intersected concavely, the union operation should be adopted 
for the solid half-spaces. As for the joints intersected convexly, the operation is intersection. Let the 
direction of projection is (0, 0, 1), the stereographic projection is shown in Fig. 6. 

If gravity is considered only, let the vector of resultant is (0.000, 0.000, -1.000), the mode, the 
direction, the net force of sliding and the factor of safety can be obtained, as shown in Table 3. 

  
Fig.5: The non-convex block on the edge of 

the tunnel Fig.6: Stereographic projection analysis method 

Table 3: The sliding modes, directions, net forces and factors of safety for the joint pyramids 
No. JP modes directions net forces FOS 
1 000 -1 -- +0.000000 0.000000 
2 010 0 (0.000,0.000,-1.000) +1.000000 0.000000 
3 110 1 (-0.000,-0.409,-0.913) -0.999899 0.000101 
4 101 2 (0.422,-0.422,-0.803) +0.377558 0.466079 
5 011 3 (0.409,0.000,-0.913) +0.999878 0.000122 
6 001 12 (0.482,-0.358,-0.800) -0.134274 1.232283 
7 111 13 (0.378,-0.378,-0.845) +0.999777 0.000223 
8 100 23 (0.358,-0.482,-0.800) -0.192192 1.332550 

Conclusions 
Concave edges can be formed by the intersection of roof and wall, floor and wall, wall and wall 

inside a tunnel. If the joints cross over the wall and roof or floor at the same time, an instable non-
convex block may be generated. In accordance with the identification criteria of finiteness and 
removability of united blocks, the analysis of enumeration is conducted at first on the system of 
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spatial planes. All the finite convex blocks and removable ones can be searched out. Then all the 
possible non-convex blocks can be combined on the basis of the principles that the codes of the 
joint pyramids keep the same all the time. As for a determined non-convex block, cutting along the 
free planes, it can be represented with an optimized group of convex blocks which are connected 
only at the cutting planes. The example shows that the method is effective and correct, and will 
provides a valuable references on other complex combinations of free planes in a tunnel. 
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