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Abstract.Orthogonal frequency-division multiplexing (OFDM) system is very sensitive to the 
synchronization errors in digital communications, which should be compensated at the receiver. In 
this paper, we proposed an expectation maximum (EM) based blind carrier frequency offset (CFO) 
estimation algorithm for OFDM signals. By utilizing the second-order cyclostationarity of OFDM 
signals, a blind frequency offset estimation method is introduced as the initialization of EM 
algorithm. Without any prior information of the received signal, this method can realize the blind 
CFO estimation of OFDM after a few iterative process. Simulation results show that the proposed 
algorithm can effectively estimate the CFO at moderate and high signal to noise rate (SNR). 

1. Introduction 
OFDM has been widely recognized as an efficient transmission technique for wireless 

communications [1]. In OFDM systems, each subcarrier has a bandwidth narrow enough to 
experience flat fading, which makes the signal robust against a frequency selective fading channel. 
However, OFDM systems are known to be sensitive to CFO, which destroys the orthogonal 
property among subcarriers and induces intercarrier interference (ICI). ICI also complicates the data 
detection. Therefore, frequency synchronization becomes a critical part in the design of OFDM 
receivers [2].  

Several frequency estimation schemes for OFDM applications have been investigated. 
References [3-10] provide a good sample of the results obtained in this area. In particular, the 
method reported in [3] gives the maximum likelihood (ML) estimator of the frequency offset, based 
on the observation of two consecutive and identical symbols. Reference [4] exploits the redundancy 
associated with cyclic prefix in the OFDM symbols. But this kind of method can only get the coarse 
estimation result. The fine result can be get through expectation-maximization (EM) algorithm.  

EM-based method is a good kind of iterative method, which has been widely used in most areas 
of digital communications. There are kinds of EM methods to estimate the CFO of OFDM which 
need an initial step as a start of iterative process [5-8]. In [5], the authors propose an iterative CFO 
estimator for OFDM systems impaired by narrow band interference. [6] gives a semiblind 
estimation algorithm under unknown double selective channels. This method takes ML to initialize 
the CFO and channel estimation, then iterates the CFO、channel estimation and data detection 
using limited pilot subcarriers. References [7] and [8] aim at the MIMO-OFDM system. Particularly, 
[7] takes ML method to estimate the CFO. In [8] the LDPC decoding result is incorporated to 
iterative process.  

It can be seen that the initial step of the EM-based methods are pilot aided or depend on training 
sequences in existing methods. However, it is difficult to get the training sequence in the 
non-cooperative communication. So the blind CFO estimation is necessary. In this paper, a new 
blind CFO estimation algorithm along with the blind initial step is proposed. Here, we take the 
correlation based method[9] as the initial estimation. This method relies on second-order statistics 
only and exploits the cyclostationarity of the OFDM signal. 

This paper is organized as follows. In Section 2, the pulse shaping OFDM signal model is given 
and we provide the problem statement. Section 3 introduces the new estimators and discusses their 
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properties. Section 4 presents simulation results, and Section 5 concludes the paper. 

2.Signal model 
The baseband equivalent of a pulse shaping OFDM signal is given by 

s(n) = � � xk,lw(k)g(n − lL)ej(2π/N)k(n−lM)
∞

l=−∞

𝑁𝑁−1

𝑘𝑘=0

 

        (1) 
where N is the number of subcarriers, L is the symbol length, g[n] denotes the transmitter pulse 

shaping filter, and xk,l  denotes the data symbols (taken from a finite complex alphabet 
constellation). w(k) is the subcarrier weighting, that is the individual subcarriers are transmitted 
with different powers. We assume that the receiver knows the pulse shaping filter g(n), the 
subcarriers weighting w(k) and the variances σx2. 

Then a cyclic prefix (CP) is inserted at the beginning of each OFDM symbol to prevent 
inter-symbol interference (ISI). The CP added signal is then transmitted through an additive white 
Gaussian noise (AWGN) channel with carrier frequency offsets. At the receiver, assuming perfect 
timing synchronization is achieved, the nth sample of the received signal is given by 

y(n) = ej2πεn/Ns(n) + ρ(n)                      (2) 
where ε denotes the carrier frequency offset as a fraction of the subcarrier spacing. Notice that 

all subcarriers experience the same ε in one OFDM symbol. ρ(n) is the zero mean additive white 
Gaussian noise with power σ2. A block diagram of the transceiver is shown in Figure 1. 

 
Fig.1 Transceiver structure of an OFDM system 

After discarding the CP, the received signal y = [y(0), … , y(N − 1)]T for a whole OFDM 
symbol can be expressed in a vector form as  

𝐲𝐲 = 𝚽𝚽(ε)𝐬𝐬 + 𝛒𝛒
         = 𝚽𝚽(ε)𝐅𝐅𝐻𝐻𝐱𝐱 + 𝛒𝛒                       (3) 

Where Φ(ε) = diag{1, ej2πε/N, . . , ej2πε(N−1)/N}, ρ = [ρ(0), … , ρ(N − 1)]T. F is the FFT matrix 

𝐅𝐅 = 1
√N
�

1
1

1
        exp (−j2𝜋𝜋/N)         ⋯ 1

exp (−j2𝜋𝜋(N − 1)/N)
⋮ ⋱ ⋮

1  exp (−j2𝜋𝜋(N − 1)/N) ⋯ exp (−j2𝜋𝜋(𝑁𝑁 − 1)(N − 1)/N)

� (4) 

After taking FFT, the signal is  
𝐘𝐘 = 𝐅𝐅𝐅𝐅(ε)𝐅𝐅𝐻𝐻𝐱𝐱 + 𝛒𝛒                        (5) 

Here the received signal is partitioned into K adjacent segments, each composed of M elements 
and corresponding to one of the repetitive parts in which the block is divided. Every segment is 
identified by a time index k, with k=0,1,…,K-1, and is passed to an M-point DFT unit. We denote 
by Y(m,k) the mth DFT output of the kth segment and arrange all these quantities into M vectors 
Y(m) = [Y(m, 0), Y(m, 1), … , Y(m, K − 1)]T with m = 0,1, … , M − 1, and we can get 

Y(m) = S(m)eK(ε) + ρ(m)                   (6) 
Where eK(ε) = [1, ej2πε/K, ej4πε/K, … , ej2π(K−1)ε/K]T collects the phase shifts introduced by the 
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CFO. S(m) is the signal component. 

3. The proposed method 

3.1. EM approach 
EM is a general method of determining the ML estimate of parameters of the underlying 

distribution from a given set of data which is incomplete[10].  
Here we view Y = [YT(0), YT(1), … , YT(M − 1)]T  as the incomplete data and define the 

complete data set as the pair (Y,σ2). Also, we denote θ = (ε, S) the parameters to be estimated 
and call θ�i = (ε�i, S�i) their estimate at the ith iteration, whereσ2 = [σ2(0),σ2(1), … ,σ2(M − 1)]T 
and S = [S(0), S(1), … , S(M − 1)]T. EM algorithm iteratively alternates between an E−step, 
calculating the expectation of the log-likelihood function of the complete data given the 
observations and the current estimate θ�i, and an M−step, maximizing that expectation with respect 
to the unknown parameters.  The E-step is 

𝑄𝑄�𝛉𝛉��𝛉𝛉�𝑖𝑖� = E𝛔𝛔2{ln [p(𝐘𝐘|𝛔𝛔2,𝛉𝛉�)]p(𝐘𝐘|𝛔𝛔2,𝛉𝛉�𝐢𝐢)}          (7) 
Where 𝛉𝛉� = (ε�, 𝐒𝐒�) is a trial value of 𝛉𝛉. 

The M-step is 
𝜽𝜽�𝑖𝑖+1 = argmax𝜃𝜃�{𝑄𝑄(𝛉𝛉�|𝛉𝛉�𝑖𝑖)}                    (8) 

The derivations of the E-step and M-step are detailed as follows. 
E-step: 

After skipping irrelevant factors and additive terms, function 𝑄𝑄(𝛉𝛉�|𝛉𝛉�𝑖𝑖) can be equivalently 
replaced by 

Λ�𝛉𝛉��𝛉𝛉�𝑖𝑖� = −
1
𝐾𝐾
�

1
𝜎𝜎�𝑖𝑖2(𝑚𝑚)

�𝐗𝐗(𝑚𝑚) − 𝐒𝐒�(𝑚𝑚)𝐞𝐞K(ε�)�2
𝑀𝑀−1

𝑚𝑚=0

 

       (9) 
Where ‖∙‖ denotes the Euclidean norm of the enclosed vector and 𝜎𝜎�𝑖𝑖2 represents a biased estimate 
of 𝜎𝜎2(𝑚𝑚) at the ith iteration. 

𝜎𝜎�𝑖𝑖2(𝑚𝑚) = 1
𝐾𝐾

[𝜆𝜆 + �𝐗𝐗(𝑚𝑚) − 𝑆̂𝑆𝑖𝑖(𝑚𝑚)𝐞𝐞K(ε�𝑖𝑖)�
2]         (10) 

M-step: 
𝜃𝜃�𝑖𝑖+1 = argmax𝜃𝜃�{Λ�𝛉𝛉��𝛉𝛉�𝑖𝑖�}                  (11) 

Maximizing Λ�𝛉𝛉��𝛉𝛉�𝑖𝑖� with respect to ε� and 𝐒𝐒� produces 
ε�𝑖𝑖+1 = argmax

ε�
{Γ𝑖𝑖(ε�)} 

                   (12) 
With 

Γ𝑖𝑖(ε�) = ∑ 1
𝜎𝜎�𝑖𝑖
2(𝑚𝑚)

𝑀𝑀−1
𝑚𝑚=0 |𝐞𝐞KH(ε�)𝐗𝐗(m)|2               (13) 

and 
𝑆̂𝑆𝑖𝑖+1(𝑚𝑚) = 1

𝐾𝐾
𝐞𝐞KH(ε�i+1)𝐗𝐗(m)                     (14) 

Based on the approach suggested in [11], which allows one to compute ε�𝑖𝑖+1 in closed-form 
without resorting to any peak search procedure, we can rewrite the right-hand-side of (13) in the 
form 

Γ𝑖𝑖(ε�) = 𝑅𝑅𝑅𝑅{∑ 𝑅𝑅𝑖𝑖(𝑘𝑘)𝑒𝑒−𝑗𝑗2𝜋𝜋𝜋𝜋ε�/𝐾𝐾𝐾𝐾−1
𝑘𝑘=0 }              (15) 

where 
𝑅𝑅𝑖𝑖(𝑘𝑘) = ∑ 𝛾𝛾(𝑚𝑚,𝑘𝑘)

𝜎𝜎�𝑖𝑖
2(𝑚𝑚)

𝑀𝑀−1
𝑚𝑚=0                      (16) 

And  
𝛾𝛾(𝑚𝑚,𝑘𝑘) = ∑ 𝑋𝑋(𝑚𝑚,𝑝𝑝)𝑋𝑋∗(𝑚𝑚,𝑝𝑝 − 𝑘𝑘)𝐾𝐾−1

𝑝𝑝=𝑘𝑘            (17) 
𝛾𝛾(𝑚𝑚,𝑘𝑘) is the k-lag sample correlation function over the mth subcarrier. 
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The maximization of Γ𝑖𝑖(ε�) is performed by two steps, including a coarse step and an iterative 
step. In the coarse step, we introduce a blind method based on the second-order cyclostationarity 
which will be detailed as follows. Assume the coarse estimate of the CFO is ε�𝑖𝑖+1

(𝑐𝑐) , and it is 
subsequently refined in the second step by looking for an estimate of the residual error Δε = ε −
ε�𝑖𝑖+1

(𝑐𝑐) . For this purpose, we let 
𝑅𝑅𝑖𝑖

(𝑐𝑐)(𝑘𝑘) = 𝑅𝑅𝑖𝑖(𝑘𝑘)𝑒𝑒−𝑗𝑗2𝜋𝜋𝜋𝜋ε�𝑖𝑖+1
(𝑐𝑐) /𝐾𝐾                (18) 

And rewrite (15) in the equivalent form 
Γ𝑖𝑖(Δε�) = Re{∑ Ri

(c)(k)e−j2πkΔε�/KK−1
k=0 }            (19) 

With Δε� = ε� − ε�𝑖𝑖+1
(𝑐𝑐) . Setting to zero the derivative of (19) with respect to Δε� and assuming 

that Δξ� is small enough, an estimate of Δξ at the (i+1)th iteration is given by 

Δε�𝑖𝑖+1 =
K
2π

∑ k ⋅ Im{Ri
(c)(k)}K

k=1

∑ k2 ⋅ Re{Ri
(c)(k)}K

k=1

 

                   (20) 
The CFO estimate is eventually computed as 

ε�𝑖𝑖+1 = Δε�𝑖𝑖+1 + ε�𝑖𝑖+1
(𝑐𝑐)                         (21) 

And the signal estimatation is get as (14) shows. 

3.2.Initialization step: Blind CFO estimation based on the second-order cyclic cumulant 
 A good initialization is essential to EM algorithm. In the non-cooperative communication 

system, the pilot sequence is hard to get. So a blind parameter estimation algorithm is needed in the 
receiver. Here, we use the high-order cyclic cumulants to get the blind CFO estimation. Then this 
CFO estimation is incorporated into the initialization step of the iterative receiver. 

The highlight feature of digital communication signals is that they have cyclostationarity, the 
cyclic cumulants has been an effective signal processing tool for analyzing the digital 
communication signals. Theoretically, the high-order cyclic cumulants can suppress any noises of 
stationary Gaussian、non- Gaussian or non- stationary Gaussian, so high signal-to-noise can be get 
in the area of high-order cyclic cumulants, which is benefit for the parameter estimation. 

The correlation function of a stochastic process is defined as cy[n, τ] = E{y(n)y∗(n − τ)}, 
where τ is an integer lag parameter. The signal y(n) is said to be second-order cyclostationary (CS) 
with period L if cy[n, τ] = cy[n + L, τ]. The correlation function of the received OFDM signal y(n) 
is given by 

cy[𝑛𝑛, 𝜏𝜏] = 𝜎𝜎𝑥𝑥2Γ𝑁𝑁[𝜏𝜏]∑ 𝑔𝑔[𝑛𝑛 − 𝑙𝑙𝑙𝑙]𝑔𝑔[𝑛𝑛 − 𝑙𝑙𝑙𝑙 − 𝜏𝜏]∞
𝑙𝑙=−∞ + 𝑐𝑐𝜌𝜌[𝜏𝜏]     (22) 

Here 
Γ𝑁𝑁[𝜏𝜏] = ∑ |w(k)|2ej(2π N⁄ )kτN−1

k=0                (23) 
is the N-point inverse discrete Fourier transform (DFT) of |w(k)|2. 
For the general case of OFDM with time-frequency guard regions, cyclostationarity is caused by 

the time-frequency guard regions and by the overlapping nature of the pulse shaping filter. If 
subcarrier weighting is employed,  cy[n, τ]  will contain information on the synchronization 
parameters for all  τ. 

For a fixed lag τ ,  cy[n, τ]  can therefore be expanded into a Fourier series with Fourier 
coefficients given by 

𝐶𝐶𝑦𝑦[𝑘𝑘, 𝜏𝜏] = 1
𝐿𝐿
∑ 𝑐𝑐𝑦𝑦[𝑛𝑛, 𝜏𝜏]𝐿𝐿−1
𝑛𝑛=0 𝑒𝑒−𝑗𝑗(2𝜋𝜋/𝐿𝐿)𝑘𝑘𝑘𝑘, k = 0,1, … , L − 1     (24) 

After derivation, 𝐶𝐶𝑦𝑦[𝑘𝑘, 𝜏𝜏] can be expressed as 

𝐶𝐶𝑦𝑦[𝑘𝑘, 𝜏𝜏] = 𝜎𝜎𝑥𝑥2

𝐿𝐿
𝑒𝑒𝑗𝑗2𝜋𝜋ε𝜏𝜏Γ𝑁𝑁[𝜏𝜏]𝐴𝐴(𝑔𝑔,𝑔𝑔) �𝜏𝜏, 𝑘𝑘

𝐿𝐿
� + 𝑐𝑐𝜌𝜌[𝜏𝜏]𝛿𝛿[𝑘𝑘], 𝑘𝑘 = 0,1, … , 𝐿𝐿 − 1   (25) 

Since σx2, σx,R
2 , σx,I

2 ,g[n],w[k], and ΓN[τ] are known in the receiver, their influence can be 
eliminated by defining 
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C[k, τ] = �
𝐶𝐶𝑦𝑦[𝑘𝑘,𝜏𝜏]

𝜎𝜎𝑥𝑥2

𝑀𝑀Γ𝑁𝑁[𝜏𝜏]𝐴𝐴(𝑔𝑔,𝑔𝑔)�𝜏𝜏,𝑘𝑘𝐿𝐿�
,         [𝑘𝑘, 𝜏𝜏] ∈ ℒ

0        ,                             𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
              (26) 

Where ℒ ≔ {[𝑘𝑘, 𝜏𝜏]|Γ𝑁𝑁[𝜏𝜏]𝐴𝐴(𝑔𝑔,𝑔𝑔) �𝜏𝜏, 𝑘𝑘
𝐿𝐿
� ≠ 0}.𝐴𝐴(𝑔𝑔,𝑔𝑔) �𝜏𝜏, 𝑘𝑘

𝐿𝐿
� = ∑ 𝑔𝑔(𝑛𝑛)𝑔𝑔(𝑛𝑛 − 𝜏𝜏)∞

𝑛𝑛=−∞ 𝑒𝑒−𝑗𝑗2𝜋𝜋𝜋𝜋
𝑘𝑘
𝐿𝐿. Then the 

coarse carrier frequency offset estimation can be retrieved from C[k, τ], 
ε𝑖𝑖+1

(𝑐𝑐) = arg {C[k,τ]C[L−k,τ]}
4𝜋𝜋𝜋𝜋

,     [𝑘𝑘, 𝜏𝜏] ∈ ℒ               (27) 
in practice, the cyclic statistics 𝐶𝐶𝑦𝑦[𝑘𝑘, 𝜏𝜏] can be estimated from a finite data record {𝑦𝑦[𝑛𝑛]}𝑛𝑛=0𝐿𝐿−1  of 
length L according to  

𝐶̂𝐶𝑦𝑦[𝑘𝑘, 𝜏𝜏] = 1
𝐿𝐿
∑ 𝑦𝑦[𝑛𝑛]𝑦𝑦∗[𝑛𝑛 − 𝜏𝜏]𝑒𝑒−𝑗𝑗(2𝜋𝜋 𝐿𝐿⁄ )𝑘𝑘𝑘𝑘𝐿𝐿−1
𝑛𝑛=0           (28) 

Then we have 
ε�𝑖𝑖+1

(𝑐𝑐) = 1
4𝜋𝜋|ℒ ′|

∑ 1
𝜏𝜏

arg {𝐶̂𝐶[𝑘𝑘, 𝜏𝜏]𝐶̂𝐶[𝐿𝐿 − 𝑘𝑘, 𝜏𝜏]}[𝑘𝑘,𝜏𝜏]∈ℒ ′         (29) 

Where 𝐶̂𝐶[𝑘𝑘, 𝜏𝜏] is obtained by replacing 𝐶𝐶𝑦𝑦[𝑘𝑘, 𝜏𝜏] in (26) by 𝐶̂𝐶𝑦𝑦[𝑘𝑘, 𝜏𝜏], ℒ ′ = ℒ {𝑘𝑘 = 0}{𝜏𝜏 = 0}.  

4. Simulation results 
In this section, we provide simulation results demonstrating the performance of the proposed 

estimators. We simulated a pulse shaping OFDM/QAM system with time-frequency guard region, 
N = 8  channels, symbol length M = 16 . All results were obtained by averaging over 200 
independent Monte Carlo trials. Each realization consisted of 1024 data symbols. The subchannel 
weighting vector was chosen as w = [1.1 2.0 1.4 1.33 1.0 0.6 0.8 1.2].  

Fig. 2 shows the frequency MSE as a function of SNR. The number of iterations varies from 1 to 
3 while K is set to 4，ε = 0.0625.  

 
Fig.2 Accuracy of the frequency estimators and K=4 
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Fig.3 Accuracy of the frequency estimators and K=8 

The results of Fig.3 are obtained in the same operating conditions of Fig.2 except for the value of 
K, which is set to 8. Compared with Fig.3, it turns out that the performance of the frequency 
estimators improves with K at moderate and high SNR. 

In Fig. 4, we computed the MSE of the CFO estimator for the AWGN case and in the presence 
of an unknown four-tap multipath channel. 

 
Fig.4 MSE of the CFO in the AWGN case and the multipath case 

In the AWGN case, our estimators perform well at all SNR values. Also, we can see that the 
presence of an unknown multipath channel leads to a degradation in the estimator performance.  

Fig.5 computed the MSE of CFO at an SNR of 9 dB as a function of the carrier frequency offset. 
Fig.5 shows that the performance of the estimator improves for smaller values of ε.  
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Fig.5 MSE of fd versus fd as a function of fd 

5. Conclusions 
In this paper, we proposed a total blind CFO estimation method of OFDM signals, which utilize 

the second-order cyclostationarity and the EM iterative method. Different from existing EM based 
methods, this method gives a blind initial process, which can be used in the non-cooperative 
communications. Simulation results proves that this method can estimate the CFO at moderate and 
high SNR. 
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