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Abstract. Fractional differential equations and fractional integral equations have gained considerable
importance and attention due to their applications in many engineering and scientific disciplines.
Gronwall-Bellman inequalities are important tools in the study of existence, uniqueness, boundedness,
stability and other qualitative properties of solutions of Fractional differential equations and fractional
integral equations. In this paper, we discuss a class of integral inequalities with pth power, which
includes a nonconstant term outside the integrals. Using the definitions and properties of modified
Riemann-Liouville fractional derivative and Riemann-Liouville fractional integral, the upper bounds
of the unknown function is estimated explicitly. The derived result can be applied in the study of
qualitative properties of solutions of fractional integral equations.

Introduction

Fractional differential equations and fractional integral equations have gained considerable
importance and attention due to their applications in many engineering and scientific disciplines.
Gronwall-Bellman inequalities [1, 2] are important tools in the study of existence, unigqueness,
boundedness, stability, invariant manifolds and other qualitative properties of solutions of fractional
differential equations and fractional integral equations. In 2011, Abdeldaim et al. [3] studied a new
iterated integral inequality with pth power

WD) <y + [ F(SUS)U(E) + [[h(@)u(2) + [ 9(£)d]d 7]ds (1)

In 2014, EI-Owaidy, Abdeldaim, and El-Deeb [4] discussed a new nonlinear integral inequality with a
nonconstant term outside the integrals

u) < FO+ [ g E)ds+ [ h(s)u’ (s)ds. 2)
In 2014, Zheng [5] investigated the inequality with fractional integral
1 t a-1 1 T a-1
ut)<C+ @ jo (t—s)*g(s)u(s)ds + @ jo (T —s)“*g(s)u(s)d . ©)

In order to achieve various goals, some investigators have established a lot of useful and interesting
integral inequalities (see [6-10] and the references cited therein).
In this paper, on the basis of [3, 4, 5], we discuss a class of integral inequality with pth power

ut)< £+ %a) [t~ s)“‘lg(s){u(s)+ ﬁ [s- r)“_lh(r)u(r)dr}pds. @

Result

Throughout this paper, let R, =[0,+o0).

Jumarie [7, 8] given the following definitions for the modified Riemann-Liouville fractional
derivative and fractional integral.
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Definition 1. The modified Riemann-Liouville derivative of order « is defined by the following
expression:

1 d _
— | t=¢)“(f(£)- 0, 0<ar <1,
D*f(t)=4T1-ea)dt ®)
(FO0) ™ n<a<n+in>1.
Definition 2.The Riemann Liouville fractional integral of order « on the interval is defined by

)~ X8 = s o) ek, ©)

In 2014, Zheng [5] proved the following property for the modified Riemann-Liouville derivative and
fractional integral.
Suppose thatO <« <1, f isa continuous function, then

D (1 (t))= f (). )
Some important properties for the modified Riemann-Liouville derivative and fractional integral are
listed as follows (see [9, 10] ):

Det" = (19:1) )tr—“, (8)
D (f(t)a(t))=g(t)D F(t)+ () “g(t). ©)
D flg(t)]= f;[a®)]Dra(t)= D Flat)g'M))", (10)
(D7 £ (t)= F(t)- 7 (0) (12)
DfC =0, where C is a constant. (12)

Theorem 1. Suppose thatg(t), h(t)eC(R,,R.), fe(R,,R,) is a nondecreasing function with f
(t)>0fort>0, and
1——_[ (t— 7:) exp|: jr(1+“) ph((sl"(1+ a))alszS:| pg(z)f P(r)dz > 0. (13)
') 9o
If u(t) satisfies the inequality (4), then

t«

u(t)< f(t)exp {— IOF(T*) h((sl“(1+ a))ijds}

{ bt expi Jri o (ot ) )dsipg@fp(r)m} | (14)
Proof. Since f(t) is a positive and nondecreasing function. The inequality (4) can be rewritten to
ut) ., 1o U@ fue) 1 s e u@
0 1L [e-9 00r06) O fle-) h(r)f(r)dz} ds. 15)
Let zy(t) = u(t)/f (t). From(16) we get that
z(t)<1+ﬂ (t- s) g(s)fp(s)zl(s) Z(S)+ﬁ (s—z)" lh(r)zl(r)dr} ds. (16)

Define a function z,(t) by the right hand side of the above inequality. Then z,(t) is a positive and
nondecreasing function on R, . Obviously, we have

z(t)<z,(t),teR,, z(0)=1. (17)
By use of (7) and (17) we have

D2,(t)= gl0) " (e iw@ I —f>“1h<f>z1(f>dfip
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p

< g(0)f p(t)zza{zz(m%a) [l —rr-lh(r)zz(r)dr} ~ (1) ()2, 0)2°(), (18)
where

240)= 2,0+ [ ekl (19)
From (18) and (19), we have

D{z,(t) = D' z,(t)+ h(t)z,(t) < 9(t) F *(t)z,(t)z," (t) + h(t)z, (1) < g (0) f * (t)za(t)zs" () + h(t)za (D). (20)
Let x(t) =—(z(t)) ", thenx(0) = —(z,(0))* = -1, from (20) we get

Dix(t) - ph(t)x(t)< pa(t)f *(t) (21)
On other hand, by the properties (8), (9), (10), we have

o st -1t ) o | <om - [5  rt o ) @

Substituting t with 7 in (22), making a fractional integral of order « for (22) with respect to = from
0 to t and using the properties (7), we get that

() p{ [l o o = a))i}/s} L 0)

< ﬁj}; (t— r)a_l exp| — J-OF(M) ph((sl“(1+ a));jds:l pg(z)f P (r)dz. (23)

By the relation x(t)— —(z,(t)) ", from (23) we have

z,(t) < exp {— EJ' M+a) ph((sl“(1+ ))a jds}

-1p
x{l—ﬁﬂ( o exp{ jw ph[( (1+a))i)ds}pg(r)fp(r)dr} | (24)

From the relations u(t)/ f(t) = (t) < z(t) () We get the required estimation (14). The
proof is complete.

Summary
In this paper, we discuss a class of integral inequalities with pth power

p
u(t)< £(t)+ ﬁ [t- s)“lg(s){u(s)+ % [s- T)alh(r)u(f)df} ds.
Under the condition
1-—— j (t—7) exp{ j r(+a) ph((sl“(l+ a))ijds:l pg(z)f P(z)dz >0,
F(a)
we obtain the upper bounds of the embedded unknown function u(t)

ult)< f(t)e xpli jiia)h((sr(lm))ijds

a
o— T

% {1_ Lr(t ~7) exp{ J‘Ta) ph| (sT(1+ a))ijdszl pa(z)f P (z)d r} ,

T(a)
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by adopting inequality techniques. The derived result can be applied in the study of qualitative
properties of solutions of fractional integral equations.
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