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Abstract. In this study, we investigate a kind of Duffing type P-Laplacian-Like equation. Some
new criteria for guaranteeing the existence and uniqueness of periodic solution of this equation are
given by using the Manasevich-Mawhin continuation theorem and some analysis techniques. Our
results improve and extend some known results from the literature.

Introduction

In this paper, we consider the existence and uniqueness of periodic solution for the following
nonlinear equation with p-Laplacian-Like operator

(#(x'(1)))+Cx' (1) + g(t, x(t)) = e(t), (1)

where 9is continuous and differential onR?, and €is a continuous function onRwith period
T>0 Cijs a given constant; moreover, ? is called P -Laplacian-Like operator satisfying the
following conditions:

(Hl) v XX € R, X, # XZ,[¢(X1) _¢(X2)]'(X1 - X2) > 0’ ¢ is continuous and ¢(0) =0 X

(H2) There exists a function @ *[0+%°) > [0+2) gych that Msoie 2(8) =+ gpq

d(x)-x=a( x|)|x]?, vxeR

It’s obvious that under conditions (H1) and (H2) ¢ s an isomorphism fromRontoR and is

. . . . s |P2 . .
increasing on R. As is known, p-Laplacian operator #» () =IS1" " $-P>1 "t i 5 special case of ¢.

However, there are few results about the existence of periodic solutions to Eq. (1), the difficulty lies

in that ¢ is more complicated than p-Laplacian operator and % has no concrete form. There are
many results about p-Laplacian operator, see examples [1-7].
Recently, Wang [8] considered the following p-Laplacian equation

(9 (X' (1)))+CxX'(t) + g(t, x(t)) =e(t). )

Under some conditions, they have obtained the existence and uniqueness.

Remark. When 4= #5(%) , Eq. (1) is Eq. (2), that is to say Eq. (2) is a special case of Eq. (1).
Our main results read as follows:
Theorem 1. Inthe problem (1), assume that

(A1) There exists a constant @ >0 such that X9(t:X) <0.vteRand|x|=d,

(A2) [9(tur) =gt up)l- (U —U2) <O, # Uz o) Then Eq. (1) has an unique periodic solution.

Some lemmas and notationsThe folloyving lemma 1 is necessary for the proof of Theorem1.

Lemma 1 [9]. Let (H) (H2)phold and s Carathéodory. Assume that © is an open bounded
setin Cr such that the following conditions are satisfied:

SV For each 4€©D | the problem (X (1))'=AF (t.x.x),x(0) = x(T), x'(0) = X'(T) a5 no solution
on Q.
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1 T ~
. F@==[ ftaodt=0 _
(S The equation T IO has no solution on 92MR

(Sy Th~e Brower degree deg (F.QNRO)#0. Then the periodic boundary value problem
(@)= T(t.x,x),x(0) = x(T). X' Q) =X(T) pnas at least one T -periodic solution on € .The
following notations will be used throughout the rest of this study.

1

T —

X |,= max | x(t) |, x'w——nax x'(t) |, = k k
| |oo tE[O,T] I ( ) | | | '[E[O,T] | ( ) | | X |k (IO | X(t) | dt)

Ci ={xeC'(R,R): x(t+T)=x(T)}, C; ={x e C(R,R): x(t+T) = x(T)}.
Cr.Cr are two Banach spaces with the norms "X"C% = max{] x| X'l. 3 "X”cT =% |°°.
The proof of theorem 1

We are now in the position to give the proofs of Theorem 1.Proof. We will prove theorem in
two steps.Existence.

We will show that Eq. (1) has at least one T -periodic solution. Consider the homotopic equation
of Eq. (1):

(#(X' (1)) +ACX' (t) + Ag(t, X(1)) = Ae(t), 21 eOD , @3)
First, we prove that the set of the T -periodic solution to Eq. (3) is bounded in Cr .Let S <Cq
be the set of T-periodic solution of Eq. (3). If S= the proof is ended. Suppose S#®Pand X€S.

J'Te(t)dt -0

Noticing that X(@=x(T).x'(0)=x'(T) ¢ @ =0 znq4 J Integrating from 0 to T of Eq. (3),

:
Lg(t, x(t))dt = 0

we have , which implies that there exists a point t <[0TI gych that

9g(to, X(ty)) =0. (4)
By (A1) and (4), we have [X()kd

)
. |x(t)|<d+j0|x(s)|ds-That i Ix]<d+x],. (5)

In view of 1Msoe @(8) =+% thare is a constant K >0 such that #(8)2LVs2K pefine
E, ={t:te[01],| X' () b K}, E, ={t:te[01],]x'(t) k K},

By ={t:te0Ix() > d}, By ={t:te[01Ix()kd}.gy (H2) ang (5), we obtain
T
j|x'(t)|2dt=j |x'(t)|2dt+j %' (t) 2 dt
0 E, E;
J' | (t) [2dt + K 2T
<E
W)X Wy op
<8 a(| X' (1))
J' H(X (D)X (H)dt + K2T
< B
R
J' H(X ()X (H)dt + K2T
< Jo

.
- IO ($(x (O)) x(t)dt + K 2T

T T
Aj g(t,x(t)).x(t)dt-/lj e(t)x(t)dt + K 2T
= 0 0
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B AIE g(t, x(1) - x(t)dt + 2 J'E g(t, (1)) x(t)dt
—ije(t)x(t)dt L K2T
0
.
ﬂj g(t, (1) - x(t)dt — 2 j e(t)x(t)dt + K2T
< E, 0

L 1otxan - 1x@idt+ [ Teq ix@ats K27
< JE,4 0

( max | g(t,x)[+]e)T x|, +K2T
< te[0,1],/x]<d .

Let

My =( max t,x)|+|e| )T
0 (te[O,l],\x|£d|g( Y+]el,) |

Then we get

|X'[3< Mg | X1, +K°T. (6)

By (4), (6) and Holder inequality, we have
1

1
IXL<AT (Mg | X], +K2T)2  <AT(Mg(d+]|X']y) + KT)2

which yields that there exist a constant Mi>0" sych that

I X< My, [ x|, <d+ My (7)

since X©=X(T) there must exist % such that X () =0 from Eq. (1) we get

|90 @) H [ (90 ds |
t
(@) gtsx()-e(spos|

_Jeix©1+196.x(0) 1+ e(s) s

< CM, +(G+ e )T,

G=max{|g(t,x):te[01],|x[<d+M

where l}, so we have

| X', < ¢~ (CMy +(G+el,)T) (8)

Let M =max{d+M,, ¢ (CM; +(G+]e|,)T)}
then from (7), (8),
K<™

(S (S (Sy

This means condition of Lemma 1 is satisfied. Next we show condition are
also satisfied.
Set
f(t, x(t), X' (1)) = =Cx' (1) — g(t, (1)) +e(t) ,
thus
(@(x' (1)) = Af (t, x(1), x'(1))

Denote B={x:xeCq |]x|<rr= M},by (S,

F(a) = % LT f(t,a,0)dt = % J'OT(e(t) _g(t,a))dt

1 T
=—?Jog(t,a)dt,

: (9)
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this together with (A1) e get
F(NF(-r)<0

For X e QNR,ue[0]1]

2 1T
xH (X, ) = px —(1—,u)x-—J.g(t,x)dt >0
T Jo ,
We can see
deg(F,QNR,0}=deg(l,QNR,0) = 0.
This means ‘52”59 of Lemma 1 hold. By applying Lemma 1 , there exists at least one solution
with periodic T to Eq. (1). The existence is now completed.Uniqueness Let

= [Cdu=cx, y(t) = g(x'(t t)).
wix) -[o =060 =900 ry (x() Then Eq. (1) is transformed into

X'(1) = ¢ YO -w(x(O)],

y'(t) =—g(t, x(t)) +e(t).

Let *1() and *2(Y) petwo T -periodic solution of Eq. (1), and
Yi (t) = ¢(Xi I(t)) + I//(Xi (t)), =12 Then we obtain

X' (1) =7 Ly (O -y (x; (O],

yi' () =—g(t, x; (1)) +e(t).

Setting

VO = %40 X (0, U = (O - Yo () 10)

it follows from (10) that

V(1) = ¢ [y (1) —w (X ()] = 47 [y2 (1) —w (X2 (1))]

u'(t) = —[g(t, x, () — g(t, X, (D)].

Now, we claim that U() <0, VteR.

We argue by contradiction . Suppose there exists 2 €(©@T) sych that U(t2) = Mqory U \yhich
implies that

u'(ty) = —[9(ty, X, (t2)) — 9(t2, X, (t5))] =0 ]

u'(ty) = —9:"(tz, X1 (t2)) + 92" (12, X1 (t2)) %" (1)

= 01" (t2, X5 (t2)) — 92" (t2, X2 (1)) %, (t2)] < 0

_og(tx) ._ 09t x)

where ~ a0 ax
By (Az)’ 92'(t.X)<0. gq it follows from 9(t2: X1(t2)) = 9(t2, X2 (12)) =0 ot Xa(tz2) = Xa(t2).

Thus, in view of —02'(tz, X1 (t2)) > 0,u(ty) = y1(t2) - ¥2(t;) > O,

Together with (A;) . we obtain U (t2) = -[92" (6, X1 (1)) X1 (t2) = 92" (2, X2 (1)) X, ()]

= —0,' (ty, X ()BT [y (ty) -
w (X (t)] - ¢_1[Y2 (t) —w (X, (t2))]1}> 0,
which contradicts with Y0 =0 Now , we have proved that U =<0.vteR

Analogously, one can show that U =0.vteR

Sowe have YD =0 Thatjs X =X(1).vteR
Hence , Eq. (1) has an unique T -periodic solution. The proof of Theorem 1 is now completed
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