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Abstract. In this study, we investigate a kind of Duffing type p -Laplacian-Like equation. Some 
new criteria for guaranteeing the existence and uniqueness of periodic solution of this equation are 
given by using the Manásevich-Mawhin continuation theorem and some analysis techniques. Our 
results improve and extend some known results from the literature. 

Introduction  
In this paper, we consider the existence and uniqueness of periodic solution for the following 

nonlinear equation with p-Laplacian-Like operator 
),())(,()(')))'('(( tetxtgtCxtx =++φ                (1) 

where g is continuous and differential on 2R , and e is a continuous function on R with period 
0>T , C is a given constant; moreover, φ  is called p -Laplacian-Like operator satisfying the 

following conditions: 
)H( 1 ∀ 0)()]()([,,, 21212121 >−⋅−≠∈ xxxxxxRxx φφ , φ  is continuous and 0)0( =φ ; 
)H( 2  There exists a function ),0[),0[: +∞→+∞α  such that +∞=+∞→ )(lim ss α and 

            Rxxxxx ∈∀≥⋅ ,|||)(|)( 2αφ . 
It’s obvious that under conditions )H( 1  and )H( 2 ,φ  is an isomorphism from R onto R  and is 

increasing on R . As is known, p-Laplacian operator 1,||)( 2 >= − psss p
pϕ , it is a special case of φ . 

However, there are few results about the existence of periodic solutions to Eq. (1), the difficulty lies 
in that φ  is more complicated than p-Laplacian operator and φ  has no concrete form. There are 
many results about p-Laplacian operator, see examples [1-7]. 

Recently, Wang [8] considered the following p-Laplacian equation 
).())(,()(')))'('(( tetxtgtCxtxp =++ϕ               (2) 

Under some conditions, they have obtained the existence and uniqueness. 
Remark.  When φ = )(spϕ , Eq. (1) is Eq. (2), that is to say Eq. (2) is a special case of Eq. (1). 
Our main results read as follows: 
Theorem 1.  In the problem  (1),  assume that  

)A( 1 There exists a constant 0>d  such that ,||and,0),( dxRtxtxg ≥∈∀<  
)A( 2  212121 ,0)()],(),([ uuuuutgutg ≠<−⋅−  hold.Then Eq. (1) has an unique periodic solution. 

Some lemmas  and  notationsThe following lemma 1 is necessary for the proof of Theorem1. 
Lemma 1 [9]. Let )H( 1 , )H( 2 hold and f~ is Carathéodory. Assume that Ω  is an open bounded 

set in 
1
TC  such that the following conditions are satisfied: 

）（ 1S  For each ）（ 1,0∈λ , the problem )(')0('),()0(),',,(~)))'('(( TxxTxxxxtftx === λf  has no solution 
on Ω∂ , 
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）（ 2S  The equation ∫ ==
T

dtatf
T

aF
0

0)0,,(~1)(
 has no solution on RΩ∂ . 

）（ 3S  The Brower degree deg .0)0,,( ≠Ω RF   Then the periodic boundary value problem 
)(')0('),()0(),',,(~)))'('(( TxxTxxxxtftx ===f has at least one T -periodic solution on Ω .The 

following notations will be used throughout the rest of this study. 

|,)(|max||
],0[

txx
Tt∈∞ = |,)('|max|'|

],0[
txx

Tt∈∞ = ∫=
T

kk
k dttxx

0

1

)|)(|(||
, 

)},()(:),({: 11 TxTtxRRCxCT =+∈= )}.()(:),({: TxTtxRRCxCT =+∈=  
1, TT CC  are two Banach spaces with the norms ∞∞∞ == ||},|'|,|max{|1 xxxxx

TT CC . 

The proof of theorem 1 
We are now in the position to give the proofs of Theorem 1.Proof.  We will prove theorem in 

two steps.Existence. 
We will show that Eq. (1) has at least one T -periodic solution. Consider the homotopic equation 

of Eq. (1): 
），（ 1,0),())(,()(')))'('(( ∈=++ λλλλφ tetxtgtCxtx                 (3) 

First, we prove that the set of the T -periodic solution to Eq. (3) is bounded in 
1
TC . Let 

1
TCS ⊂  

be the set of T-periodic solution of Eq. (3). If Φ=S , the proof is ended. Suppose Φ≠S and Sx∈ . 

Noticing that )(')0('),()0( TxxTxx == , 00 =）（φ  and 
.0)(

0
=∫ dtte

T

 Integrating from 0 to T of Eq. (3), 

we have ∫ =
T

dttxtg
0

0))(,(
, which implies that there exists a point ],0[0 Tt ∈  such that 

.0))(,( 00 =txtg                                         (4) 

By )A( 1  and  (4), we have dtx <|)(| 0 . 

So ∫+<
T

dssxdtx
0

.|)('||)(|
That is .|'||| 1xdx +<∞               (5) 

 
In view of +∞=+∞→ )(lim ss α , there is a constant 0>K  such that Kss ≥∀≥ ,1)(α .Define 

},|)('|],1,0[:{1 KtxttE >∈= },|)('|],1,0[:{2 KtxttE <∈=  
},|)(|],1,0[:{3 dtxttE >∈= }.|)(|],1,0[:{4 dtxttE <∈= By )H( 2  and (5), we obtain 

∫∫∫ +=
21

22

0

2 |)('||)('||)('|
EE

T
dttxdttxdttx

 

       ≤
TKdttx

E

22

1

|)('| +∫  

       ≤
TKdt

tx
txtx

E

2

1 |))('(|
)('))('(

+
⋅

∫ α
φ

 

       ≤
TKdttxtx

E

2

1

)('))('( +∫ φ
 

       ≤ ∫ +
T

TKdttxtx
0

2)('))('(φ
 

        = ∫ +−
T

TKdttxtx
0

2)()))'('((φ
 

        = ∫ ∫ +−⋅
T T

TKdttxtedttxtxtg
0 0

2)()()())(,( λλ
 

423



= ∫ ∫ ⋅+⋅
3 4

)())(,()())(,(
E E

dttxtxtgdttxtxtg λλ
       

  ∫ +−
T

TKdttxte
0

2)()(λ
 

≤ ∫ ∫ +−⋅
4 0

2)()()())(,(
E

T
TKdttxtedttxtxtg λλ

 

≤ ∫ ∫ ++⋅
4 0

2|)(||)(||)(||))(,(|
E

T
TKdttxtedttxtxtg

 

≤
TKxTextg

dxt

2

||],1,0[
||)|||),(|max( ++ ∞∞

≤∈ . 
Let 

TextgM
dxt

)|||),(|max(
||],1,0[0 ∞
≤∈

+=
. 

Then we get 

.|||'| 2
0

2
2 TKxMx +≤ ∞                             (6) 

By (4), (6) and Holder inequality, we have 

2
1

2
01 )||(|'| TKxMTx +≤ ∞  2

1
2

10 ))|'|(( TKxdMT ++≤  
which yields that there exist a constant 01 >M  such that 

111 ||,|'| MdxMx +<< ∞ .                           (7) 

Since )()0( Txx = , there must exist 
*
0t  such that 0)(' *

0 =tx , from Eq. (1) we get 

∫=
t

t
dsxtx

*
0

|))''((||))('(| φφ
 

       = λ ∫ +
t

t
dssesxsgsCx

*
0

|))(-))(,()('(|
 

       ≤ ∫ ++
T

dssesxsgsxC
0

|))(||)(,(||)('|(
 

       < ,)||(1 TeGCM ∞++  
where }||],1,0[:),(max{| 1MdxtxtgG +≤∈= , so we have 

1|'| −
∞< φx ))||(( 1 TeGCM ∞++ .                      (8) 

Let ,max{ 1MdM += 1−φ )})||(( 1 TeGCM ∞++ , 
then from (7), (8), 

Mx < . 
This means condition ）（ 1S  of Lemma 1 is satisfied. Next we show condition ）（ 2S , ）（ 3S  are 

also satisfied. 
Set  

)())(,()('))('),(,(~ tetxtgtCxtxtxtf +−−= , 
thus  

=)))'('(( txφ ))('),(,(~ txtxtfλ . 

Denote },,:{ 1 MrrxCxx T ≥<∈=Β , by ）（ 2S  

,),(1

)),()((1)0,,(~1)(

0

0 0

∫
∫ ∫

−=

−==

T

T T

dtatg
T

dtatgte
T

dtatf
T

aF

,            (9) 
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this together with )A( 1 , we get 
0)()( <−rFrF . 

For ]1,0[, ∈Ω∂∈ µRx 1 , 

∫ >⋅−−=
T

dtxtg
T

xxxxH
0

2 0),(1)1(),( µµµ
, 

we can see 
.0)0,,deg(}0,,deg( ≠Ω=Ω RIRF   

This means ）（ 2S , ）（ 3S of Lemma 1 hold. By applying Lemma 1 , there exists at least one solution 
with periodic T  to Eq. (1). The existence is now completed.Uniqueness Let 

∫ +===
x

txtxtyCxCdux
0

)).(())('()(,)( yφy
Then Eq. (1) is transformed into 

).())(,()('
)],((-([)(' 1

tetxtgty
txtytx

+-=
= - yφ ）

 
Let )(1 tx  and )(2 tx  be two T -periodic solution of Eq. (1), and 

.2,1)),(())('()( =+= itxtxty iii yφ Then we obtain 

).())(,()('
)],((-([)(' 1

tetxtgty
txtytx

ii

iii

+-=
= - yφ ）

 
Setting 

)()()(),()()( 2121 tytytutxtxtv −=−= ,                  (10) 
it follows from (10) that 

))].(,())(,([)('
))](()([))](()([)('

21

22
1

11
1

txtgtxtgtu
txtytxtytv

−−=
−−−= −− yφyφ

 
Now, we claim that .,0)( Rttu ∈∀≤  
We argue by contradiction . Suppose there exists ),0(2 Tt ∈  such that )(max)( ],0[2 tutu Tt∈= ,which 

implies that 
0))](,())(,([)(' 2222122 =−−= txtgtxtgtu . 

0)]('))(,('))(,('
)('))(,('))(,('[)(''

222222221

21212221212

≤−−
+−=

txtxtgtxtg
txtxtgtxtgtu

, 

where t
xtgg

∂
∂

=
),('1 , x

xtgg
∂

∂
=

),('2 . 
By )A( 2 , .0),('2 <xtg  So it follows from 0))(,())(,( 222212 =− txtgtxtg  that ).()( 2221 txtx =  
Thus, in view of ,0)()()(,0))(,(' 222122122 >−=>− tytytutxtg  

Together with )A( 2 , we obtain )]('))(,(')('))(,('[)('' 222222121222 txtxtgtxtxtgtu −−=  

     ,0))]}(()([))]((

)([)){(,('

2122
1

21

21
1

2122

>−−

−−=
−

−

txtytx

tytxtg

yφy

φ

 
which contradicts with .0)('' ≤tu Now , we have proved that .,0)( Rttu ∈∀≤  
Analogously, one can show that .,0)( Rttu ∈∀≥  
So we have 0)( ≡tu . That is Rttxtx ∈∀= ),()( 21  
Hence , Eq. (1) has an unique T -periodic solution. The proof of Theorem 1 is now completed 
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