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Abstract—Let f, (respectively, f,) denote the number of faulty
links (respectively, nodes) of an n-dimensional enhanced
hypercube Q,, . In this paper, we showed that

Q, « (n>5) contains a fault-free cycle of length at least 2" — 2,
under the constraints that (1) f,+f, <2n-3,f, >k and (2)

every node inQ, , is incident with at least two fault-free links.
This result improves the previous known results.
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l. INTRODUCTION

In practical systems, the components and communication
channel failures can hardly be avoided. So it is practically
meaningful to consider faulty networks. The faulty networks has
received some researchers attention in the recent years.
Let ; and ¢ be the numbers of faulty nodes and faulty links in

v

e

Q. [1] showed that a fault-free cycle of length at
n,k

least 2" _2f, can be embedded on Q with f <n-1 and

n,k

fof <on_4 [2] further showed that a fault-free cycle of

length at least 2 _2f, can be embedded on Q with

n,k

and every node in is incident
f.+f <2n-4,f >n y Qui

with at least two fault-free links. In this paper, we
showed that a fault-free cycle of length at least on _op¢ Can be
v

embedded on Q.. (n>5) under the constraints that (1)
n,k =

is incident
n,k

f+f <2n-3f, >k and (2) every node in Q
with at least two fault-free links.

1. PRELIMINARIES

A graph G =(V,E) is an ordered pair in which V denotes
the set of nodes and E denotes the set of links. A path
P[Vy, Vi 1= (Vo V) @ (V;,V,) - @ (v, 1, V,,) where all the nodes
are distinct except that possibly the path is a cycle whenv, =Vv,,.

A node is fault-free if it is not faulty. A link is fault-free if the
two end-nodes and the link between them are not faulty. A path
(cycle) is fault-free if it contains neither faulty nodes nor faulty

links. We call a node I - free if it is exactly incident with
| fault-free links.
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Definition 2.1 Enhanced hypercube
Q.x = (V,E)A<k <n-1)is an undirected simple graph. It has
the same nodes of Q,, V={xX,---X,:x, =0o0rl 1<i<n},
Two nodes X=X X, ---X, and ¥ are connected by an edge of
E if and only if Y satisfies one of the following two conditions:

(1) Y= XXy X XXy e Xy, 1<i<n or (2)
Y =X% X X Xy Xy

The enhanced hypercube is the extension of the hypercube
by adding the edges (XX, --- X,, XX, - X, X X, -+ X, ), Which
called complementary edges of Qux
Let E ={(,u)€EQ,,)|h(uu)=n-k+I} be the set of all
complementary edges. The folded hypercube FQ, is regarded as
the special case of the enhanced hypercube when k =1. The
enhanced hypercube Q, x can be partitioned into two subgraphs
along some component i(1<i<n). We use Q.%,(Q,°,
and

Qir1«(Qi,) to denote the two subgraphs respectively.
When i<k , Q. =Q%,uQl, i>k
Qui = Q% uQr,.

Lemma 2.1[3] If N andk have different parity, then every

edge of Q,, lies on a cycle of every odd length from
n—-k+2to 2"-1.

,when

Lemma 2.2[1] Q, contains a fault-free cycle of length at
least2" —2f if f,<n-land f,+f, <2n—4,

Lemma 2.3[2] Q. contains a fault-free cycle of length at
least 2" —2f if (1) f,+f, <2n—4,f, >n and (2)every node
in Q. is incident with at least two fault-free links.

Lemma 2.4[4] FQ,(n=>4) contains a fault-free cycle of
length at least 2" —2f,if f, =2n-3.

Lemma 2.5[5] FQ,contains a fault-free cycle of length at
least2" —2f,if (1) f,+f,<2n-3,f =1 and (2) every node
in FQ, is incident with at least two fault-free links.



Lemma 2.6[6] Q,, contains a fault-free cycle of length
2"if f, <2n-3 and every node in Q, is incident with at least
two fault-free links.

Lemma 2.7[1] Q,, — E;is isomorphic to Q, (represented as
Qv —E =Q,), wherei e{k k+1,---,n,c}.

Lemma 2.8[7] Q, contains a fault-free cycle of length at
least 2" —2f if (1) f,+f, <2n-4,f,<2n-5and (2) every
node inQ, is incident with at least two fault-free links.

Lemma 2.9[1] Q,, contains a fault-free path P[u,v] of
length 2"-2f, -1 (respectively 2"-2f,-2 )
if f,+f,<n-1 when dy (U.V) is odd (respectively,
dy,, (U,V) is even).

Lemma 3.1 If f,+f, <2n—-3 | then there exists at most
two 2- free nodes in Qux I<k<n-1,nx>4),

MAIN RESULTS

Proof Assume that Q,, contains three 2- free nodes U,V

and W . By Lemma 2.1, we know that Q, contains a fault-free

cycle of length 3when k =n-1. Let us consider a special case
that the cycle of length 3  contained by
C; = (u,v)®(v,w) ®(w,u) and these three links are all faulty

links (in this case, we can obtain the least number of faulty
elements). The least total number of faulty elements

is(n-D)+(n-2)+(n—-3)=3n-6>2n-3(n>4), which contradicts
to the assumption that f,+f,<2n—3. Thus, Q,, contains at
most two 2- free nodes.

Lemma 3.2 If f,+f, <2n-3andQ,, contains exactly two
2- free nodesuU andV, then d(u,v) =1 anduveF,.

Proof If d(u,v)>1, then the least total number of faulty
links is (n-1)+(n-1)=2n-2>2n-3, Ifuve F,, then the

least total number of faulty links is
(n-)+(n-D=2n-2>2n-3 . It is contradict to the
assumption.

Theorem 3.1 Q,, —F, —F, for n>5 contains a fault-free
cycle  of length at least 2"-2f, if (1)
f,+f,<2n-3,f, >k and (2) every node in Q, is incident
with at least two fault-free links.

Proof Let F,and F, be the set of faulty vertices and faulty
edges in Q. respectively, |F,|=f,, |[F|=f,, F =FnE
(iefl2--\nc}). If f,+f,<2n-4 by Lemma 2.2 and Lemma2.3,
the theorem holds. If f,+ f, =2n-3andk =1,

then Q,,=FQ,, by Lemma 2.4 and Lemma 2.5, the
theorem holds. If f, =0and
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f,=2n-3 | by Lemma 2.6, the theorem holds. If

f+f,=2n-3 f >1 f >k,

we discuss as follows according to the number of 2- free
nodes by Lemma 3.1.

Case 1 Q,, contains no 2- free node. We have the
following scenarios.

Case 1.1 FX UF"--.UF"UF' # ¢ . We can choose a
link dimension ]

(je{k k+1---,n,cHsuchthat f) >1. By Lemma 2.7, we
have that Q,,—E; is isomorphic to a hypercube
Q, (represented as Q, —E; =Q, ). Since f, > 1and

f,+f,=2n-3 then f,<2n-4 and
f,—fl<2n-5, f +f —f)<2n-4 , since every node
inQ,« —Ejis incident with at least two fault- free links. We
have that Q, , — E; satisfies the constraints in Lemma 2.8, there

exists a fault-free cycle of length 2'-2f, in Q, —F, —Zn f

i=1 ¢’
since Q,-F,->." f/<Q,,—F—-F , we obtain that
Q.« —F, —F contains a fault-free cycle of length at least
2" -2f1,.

Case 1.2 Ff UF"---UF"UF’® =¢. That is all the faulty
links are in Q,, —E.(=Q,). We havei - partition on Q,, to
obtain Qi°,, and Q,, for any ie{L2,---k-T, we know that
every node inQ.’, , and Q" , is incident with at least two fault-
free links. Let F,°(F.*) and F°(F") denote the set of faulty
links and nodes in
Qri]lil’k(Q:l_l,k ] FeiO — feiO7 Feil — feil, FViO :fViO7 Fvil _ fvil. Let Fhi
denote the set of i -dimensional faulty hypercube links between
Qi and Qi ,|Fhi|= f. . Since f,>k>2and all the faulty

links are distributed in  F'UF?.-.OF" | then
max{|F,|,[F7|--[F > 2.

Case 121 max{{F[|FY, - [Fp2s
let fy =max{{F:|,|F?[,---, |}, then

fl>3 (iefL2,- k-1 ), we can assume that
f10+ < £+ ", then

f9+f°<n-3
(since2(f°+ f°) < f°+ f°+ £+ £ <2n-6)and

f'+f'<2n-6. By lemma 2.2 and lemma 2.3, there
exists a fault-free cycle C,of length 2*-2f" in Q",, , then
in the

there are 2" °-f" mutually disjoint links



cycle C, such that each link is different. Since 2"? >2n-3

(n=5)and
f,+f,=2n-3
then
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Consequently, there exists at least one link (a,b)in C,
such that (a,a'), (b,b")

and (a',b') are all fault-free links. Let P[a,b] be the path
between @ an b in C,—{(a,b)} , Whose length is at
least 2" -2f"-1. By Lemma 2.9, a path P[a',b'] of
length at least 2" —2f° —1 can be embedded on Q’;, . Then
the

desired  fault-free cycle can  be  constructed
asC=P[a,b]®(b,b)®Pb',a'1®(a',a)
whose length is at

least2"" —2f° —1+2+2"" - 2f" -1=2"-2f, .

Case 1.2.2 max{|F!|,|F’

Fe"’1|}=2. Without loss of
Fl

generality, we can assume that 2|Fe2| > --~2|Fek’1|. Then

F'[=2, we have 1-partition on Q,
to obtain Q°, and Q' ,we can assume
that fO+f0<fh+ £ Then

£+ f° <n-3and '+ " <2n-5. We have the following
cases:
Case 1221 1< f°+f%<n-3and f'+f"<2n-6.
As Case 1.2.1, we can find a cycle of length 2" —2f, inQ,, .

Case 1222 f°+f°=0and f''+f"*=2n-5. Since

f'=1f,>1, let Ube a faulty node in Q;.,, . By Lemma 2.2
and Lemma 2.3(imagining U not faulty), there exists a cycle
C,in Qﬁfl,k that does not contain any other faulty elements

except Uwhere h=2""-2(f"-1).

Case 1.2.2.2.1 If C, contains U . Let X and Y be the two
neighbors of UinC, . Let W=U (respectively, Z#U ) be a
neighbor of X ( respectively, ¥)inC,.

Case 1.2.2.2.1.1When (x,x') and (y,y") are two fault-free

links in Q, . Since Q,flvk is a fault-free enhanced hypercube, by

2.9, there P =P[x,y'] of

length 2 _2 in Q,, . Then the fault-free cycle can be

constructed as C = P[y, x]® (x,x}) ® P[x}, y' 1@ (Y*, y) ,whose

length is at least 2"'—2+2+2""-2(f"*-1)-2=2"-2f,
(see Figure.1).

Lemma exists a path
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Case 1.2.2.2.1.2 When (x,x") and (z,z") are two fault-

free links in Q,, ( the discussion that(y,y") and (w,w') are
two fault-free links is the same). By Lemma 2.9, there exists a
path P, = P[x*, z'] of length 2" _1. Then the fault-free cycle
can be constructed
as C = P[z,X]® (x,x") ® P[x", 2] ® (z*,z) ,whose length is at
least 2" —1+2+2"" —2(f* -1)-3=2"-2f, (see Figure.2).

Case 1.2.2.2.1.3 When (x,x') and (y,y") are two faulty
links in Q,, . Since every node in Q,, is | - free for
somel >3. Then the node X is incident to at most n—4 faulty
elements except U and (x, x') , and Y is incident to at most n—4
faulty elements except U and (Y, y*). The most total number of
faulty elements that incident to X and the number of faulty
elements that incident to Y in  Ql, s

N—-4+n-4+1=2n-7<2n-5, then there exists a faulty
node that does not adjacent to Xand Y or a faulty edge that its

ends are not in {x, y}. We can assume that there exist a faulty
edge (a,b) (the discussion is the same when there exists a
faulty node that does not adjacent to Xand Y ) inQ;’; that its
ends are not in {x,y}. Then by Lemma 2.2 and Lemma 2.3
(imagining (a,b) not faulty), there exists a cycle C,in Q.,,
that does not contain any other faulty elements except (a,b) of
length2"* -2 f*. We assume that the cycle C, contains (a,b)
(the discussion is easier when C, does not contains (a,b)), then
(a,a")and (b,b")are two fault-free links. By Lemma 2.9, there
exists a path P[a',b'] of length 2% _1in Q. . Then the
desired  fault-free cycle can be constructed as
C =P[b,a]®(a,a") ® P[a',b']1® (b",b) , whose length is at
least 2" —1+2+2""—2f" -1=2"-2f, (see Figure.3).

Case 1.2.2.2.1.4 When (x,x') and (w,w') are two faulty

edges in Q,, (the dicussion that (y,y") and (z,z") are two

fault-free links is the same). The most total number of faulty
elements that incident to Xand the number of faulty elements

that incident to W in Q;%;, isn—3+n-4+1=2n-6<2n-5,
then there exists a faulty node h that does not adjacent to
XandW (or a faulty edge that its ends are not in {x,w}).
Let mand N be the two neighbors of h. As Case 1.2.2.2.1.1, we
can find a cycleC,of length2" —2f,inQ,, (see Figure.4)(the
discussion is easier when C, does not contain h).
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Case 1.2.2.2.2 If C, does not containU . As Case 1.2.1, we
can find a cycle of length 2" —2f,inQ, , .

Case 2 Q, contains exactly one 2- free node. There is a
unique 2- free node UinQ,, and every node inQ,, —{u} isl -
free for somel > 3. In this case, the number of faulty links
incident with U is n-1 There exists a dimension
je{k,k+1---,n,c}such that yu'! is a faulty edge (otherwise,
let (u,u') be the faulty link which is incident with U , then
ie{l,2,---,k=1} | so the number of faulty links incident
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with U are at mostk —1, butk <n-1, therefore, k-1<n-2,
which is a contradiction), by Lemma 2.7, we have that
Q.« —E; is isomorphic to a hypercube Q, . With the same

discussion as Case 1.1, we obtain thatQ,  —F, —F, contains a
fault-free cycle of length 2" — 21, .

Case 3 Q.« contains exactly two 2- freenodesU andV. By
Lemma3.2, d(u,v)=1 anduveF,.

Case 3.1 (u,v)eF/', and je{k,k+1--,n,c}, we obtain
that Q. —E; =Q, . The same discussion as Case 1.1, we obtain
thatQ,, —F, — F, contains a fault-free cycle of length 2" —2f, .

Case 32 (uVv)eF' , andie{l2,---k-1} . We can
execute an i - partition on Q,«to obtain Q,’;, and Q",, such
that ueQ?,, andveQ.,, . Since both UandV

are 2- free nodes, the total number of faulty elements are
n—2 which incident with Uin Q;?Lk (the same isV), then we
have that f°+f°>n-2 and f'+f">n-2
Since f,+f,=2n-3 and |F/|>1, then f°+f°=n-2,
f'+f*=n-2and |[F/|=1. By Lemma 2.2, Lemma 2.3 and

Lemma 2.9 with the same discussion as Case 1.2.1, we can find
acycle of length 2" —2f,in Q..

By combining the above cases, we complete the proof.
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