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Abstract

P. Grzegorzewski [3] has worked the probability ver-
sion of the inclusion-exclusion principle and made a
generalization for IF-events. He had applied two
versions of the generalized formula, corresponding
to different t-conorms and so defined the union of
IF-events. This paper contains the generalization of
the Grzegorzewski theorem. We prove it for map-
pings from the set of IF sets to the unit interval([2],
[1]). Similar generalizations are presented in [4] and

[5]-
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1. Introduction

K. Atanassov introduced in [1] the notion of an IF
- set as a mapping

A= (pa,va).

pa,va Q) —<0,1>

are such that p, + v, < 1, F is the set of all IF
-sets such that A = (ua,v4). He considered also
the following operations on F:

ANB = (paApp,vaVug)

= (min(pa, pp), max(va, vg))

AUB = (s V up,va Avpg)

= (max(pa, ), min(va, vg))

for any A = (pa,va),B = (up,vB) € F.

P. Grzegorzewski in [3] considers a classical prob-
ability space (2, S,P), when Q is a non-empty set,
S is a o-algebra of subsets of 2, and P : S — (0,1)
is a probability measure, i.e. P is c—additive and
P(Q2) = 1. He works with IF-events, that are such
IF-sets A = (ua,va) that pa,va : Q@ — (0,1)
are S- measureable, i.e. B C R,B is a Borel set
= ' (B) €S, v;'(B)€S.

P.Grzegorzewski considered the mapping m
F — (0,1), defined by the equality:

P(A) = Pljin, va) = (/QMAdP,l—/Qz/AdP>.
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He extended the inclusion-exclusion principle for
such mappings, i.e.

(04)

e.g.
P(A1UAz) =P(AL) +P(Az) — P (A1 N Az) (I)

:i > (=DM m (A, 0. N Ay

k=11, msji

P(A1UAy UA3) =P(A1) +P(A2) + P(Az)—

—P(AlﬁAQ)—P(Al ﬁAg) —'P(AgﬂAzg)—‘r
P (A1 1 Ay 1 Ag)

etc.

In the paper, we prove the inclusion-exclusion
principle for any strongly additive mappings m :
F — (0,1) i.e. mappings satisfying (I). The result
is a generalization of the result of [3]. E.g. the in-
ex principle works for the mappings m®(A), m#(A) :
F — (0,1)defined by

1 1
mb(A):i/uAdP+§/ vadP,
Q Q

mﬁ(A)=§/,uAdP+l/VAdP,
4 Q 4 Q

hence also for P : F — (0,1) x (0,1) defined by the
equality
P(A) = (m’(4),m*(4)).

Of course, the mapping cannot be covered by the
Grzegorzewski result. Recall that another general-
izations of [1] will be published in [4] and [5].

2. Inclusion-exclusion principle for IF-sets
Theorem 1 Let F be the set of pairs A = (ua,va);
A<B
HA < 4B, VA 2 VB

0=(0,1)

pa,va:Q—<0,1> patva <1. Let the mapping
m: F — (0,1) be strongly additive, that is

m(aUb) +m(anb) =m(a)+ m(b)

(1)



and
m(0) = 0. (2)

Then for n even we have
n/2 n/2

Uap) +ZS% _ZS% Lo (3)

m(ay Uas U.

where
S’(Cn) - Z m(a;, Nai, N...Na;,).
1<i1<i2<...<ix <n
and for n odd we have
(n+1)/2—1
m(agUazU...Uay) + Y S —
k=1

(n+1)/2

Z S5 (4)

Proof
For the inclusion-exclusion principle on the ITF-

sets the distributivity law holds:

(anc)U(bne) =

= ((ta A pic) V (16 A pre), (Va V ve) A vy V ve)) =
= (pta V o) A e, (Vo Ap) Ve = (aUb)Ne.
It holds also:

cNc= (Nc/\U07Vc\/VC) = (HWVC) =¢

2.1. If n is even

For n even the induction assumption is

m <]Ql ak> +

n/2
—|—Z Z m(ay N...Na;,,) =
k=11<41<...<i2r<n
n/2
= Z Z m(ai1 ﬂ...ﬁamfl) (5)

k=11<i1<...<igp—1<n

From (1) we have

m <(U ar) UU:7L+1> +m <(U ay) ﬂan+1> =

k=1

Moreover,
n n
m ((U ay) ﬂanH) =m (U (ar Nani1) >
k=1 k=1

so we get

m (U (ap N an+1)> +
k=1
2%k

n/2

+Z Z m vﬂan_H =
k=11<i1<...<izp<n j=1

n/2 2%—
:Z Z m ﬂ iNapy |- (7)

k=11<i1<...<i2p—1<n j=1

From (6) and by adding terms to both sides of equa-
tion we obtain :

n+1 n n/2
m (U ak) +m <U(akﬂan+1)> +25§Z) +
k=1 k=1 k=1

n/2

DINEDY

k=11<i;<...<igr<n

n/2
:m(an+1)—|—m (U ak> +252k

k=1
n/2 2k

+ Z Z ﬂ ai; Nanyr | (8)

=11<i1<...<i2,<n j=1

m Gi; Nlpt1 | =

and so for the right side of equation by the induction
assumption we have:

n/2
m (An41) +m <U ak> +ZS

k=1
n/2 2k
+ E E ﬂ Qi; M Gn4
k=11<i1<...<izp<n j=1

n/2
m (an+1) + Z Sék 1+
n/2 2k
+ Z Z ﬂ Qi; N an4a (9)

k=11<i1<...<igp<n j=1

By (8) and (9) we have

n+1 n/2
(U ak> + Z SZZ)

k=1
n/2 2k—1
+ E E m ﬂ Qi; NQpt1 | =
k=11<i1<...<igx—_1<n Jj=1

n/2
m (ant1) +ZS§,€ 1t

n/2 2k

53D SRR (g PArae

k=11<i;<...<igr<n j=1

(10)
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hence By induction assumption and (11) and (12)

n+1 n/2
(n)
n+1 m(U ak) +ZSQIC +
m + k=1 k=1
(n+1)/2 2k—1

k=1
(n+2)/2-1 2k + E E m ﬂ ai; Napt1 | +
. k=1 1<i1<...<igp_1<n j=1
+ E E m a;; | =
k=1 1< <. <t <n+1 Jj=1 n+1/2 )
n
(n+2)/2 2h—1 = E Sopq +m(ans1) +
= > > m{ ey
k=1 1<i1<...<isp_1<n+1 j=1 (n+1)/2-1 2k
E E m ﬂai].ﬂanH
k=1 1<i1<... <2k <n j=1
So,
Hence,

n+1 (n+2)/2-1 1) (n+2)/2 .
m ag | + Sok (nt Sinth). n+1 (n+1)/2 2k
<kL—Jl ) Z Z o m(Uak>+ Z Z m ﬂaij =
j=1

k=1 k=1 1<i1<..<igpx<n+1
2.2. If n is odd (n41)/2 2k—1
= > S N e
Let n be odd, hence the induction assumption gives k=1 1<ii1<...<isp_1<n+1 j=1
n (n+1)/2-1 (n+1)/2 ) (n+1) (n+1)/2 (n4+1)/2
(U)o 2 s 2 s a(Ua)s S sw= > s,
=1
k=1 k=1 k=1
Induction assumption implies
3. Examples

Example 1 Let a,b,c € F. Then,
(ak N an+1)> +

(

m((aub)Nec)=m((anc)U(bnec)),

1Dy LC -

(n+1)/2—1
+ Z Z m Gi; Naptr | =
k=1  1<ii<..<igp<n j=1 hence forn =3
(/s 21 m((@Ub)U¢) +m((aUb) Ne) = m(aUb) +m(c)
= Z ﬂ ai; Nanyr | - (11)
k=1 1<i1<.. <12k 1<n

m(aUbUc)+m(ancUbne)+m(and) =

= ub Nnb
By the same proceeding as in (8), for n odd we have: m(aUb)+m(c) +m(anb)

m(aUbUc)+m(ancUbne)+manbne) +

(n+1) n n/2
m U ap | +m <U(akman+1)> +ZS§Z) + +m(anbd) =m(a) + m(b) + m(c) +m(anbnec)
k=1 k=1

(n41)/2-1 m(aUbUc)+m(anc)+m(bNe)+m(and) =

2k
+ Z Z m ﬂ a;; Nangy | = =m(a) + m(b) + m(c) + m(anNbnec)
1<i1<...<i9p<n =1
4. Conclusions

n n/2
_ (n)
- <kLJ1 ak) * mlan) + ; S + The classical inclusion- exclusion principle states
et h a that for any probability measure P : (2,S) — (0,1)
(nt+ /2= 2k and any Aj,..., A4, € S holds

+ Z Z m ﬂ aij n QAp+41 . (12)
k=1  1<i1<...<izp<n j=1 » (U Al-) _ Z P4 - ZP(Ai A
i=1 i=1

1<J
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+ ) PANA;NAL)—.. .+ (=1)"T'P <ﬁ Ai> .

i<j<k

i=1

For strongly additive measures m : § —< 0,1 > it
holds:

m (a1 Uag Uaz) =m(ar) + m(az) + m(as)

—m (a1 Nag) —m (a3 Nag) —m(ag Nas)
+m (a1 Naz Nag) .seeld]

and similarly for any m (a3 UagU...Ua,). In

this paper we generalize the principle for strongly
additive states defined on the set of IF-sets.

References

(1]

2]

K. Atanassov,Intuitionistic Fuzzy Sets: Theory
and Applications, Physica- Verlag, New York,
1999.

B. Riec¢an, D. Mundici, Probability on MV alge-
bras, Handbook of Measure Theory, Amsterdam,
New York, pages 869 - 909, 2002.

P. Grzegorzewski, The Inclusion-Exclusion Prin-
ciple for IF - Events, Information Sciences, Vol-
ume 181, Issue 3, pages 536-546, 2011.

M. Kukova, The Inclusion-Exclusion Principle
for IF-events, to appear in Information Sciences,
2011.

J. Kelemenova, The Inclusion-Exclusion Princi-
ple in semigroups. To appear in Developments
in Fuzzy Sets, Intuitionistic Fuzzy Sets, Gen-
eralized Nets and Related Topics, proceedings
of the 9" international workshop on intuition-
istic fuzzy sets and generalized nets (IWIFSGN
2010), IBS PAN - SRI PAS, Warsaw, 2011.

562





