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Abstract

In this paper, we consider two new uniqueness
results for fuzzy fractional differential equations
(FFDEs) involving Riemann-Liouville generalized
H-differentiability with the Nagumo-type condition
and the Krasnoselskii-Krein-type condition. To this
purpose, the equivalent integral forms of FFDEs
are determined and then these are used to study
the convergence of the Picard successive approxi-
mations.
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1. Introduction

Fractional differential and integral equations play
increasingly important roles in the modeling of
engineering and science problems, as shown in
[1, 6, 7, 9, 17]. It has been established that,
in many situations, these models provide more
suitable results than analogous models with inte-
ger derivatives. The calculus of fractional order
derivatives and the theory of fractional differential
equations has been studied comprehensively in
[2, 3, 4, 13, 14, 15].

In order to investigate the solutions of fractional
differential equations involving Riemann-Liouville
differentiability in he real cases, we used the fuzzy
concept in the structure of problem which leads to
conversion of the original to the fuzzy fractional dif-
ferential equations.

Consider the following fuzzy fractional differen-
tial equation of order 0 < q < 1 with the initial
condition{ (

RLDqx
)
(t) = f(t, x)

x(t0) = x0 ∈ E (1)

where f : (a, b) × E −→ E is a continuous fuzzy-
valued function and x0 = x(t)(t− t0)1−q|t=t0 with

E0 =
{
(t, x) : t0 ≤ t ≤ t0 + a, d(x(t), x0(t)) ≤ b

}
,

x0(t) =
x0(t− t0)q−1

Γ(q)
.

where d is Hausdorff distance. In this paper, we
try to obtain two useful results about existence and

uniqueness of solutions of (1) under a new definition
for fuzzy fractional derivative about fractional order
0 < q < 1, so-called Riemann-Liouville generalized
H-differentiability. Notice that, with best of our
knowledge this is first time that fuzzy differen-
tial equations are considered about fractional order.

The paper is organized as follows: in Section
2, some basic concepts are given which will be
used later. In Section 3, the Riemann-Liouville H-
differentiability is proposed for fuzzy-valued func-
tions and then some of important results of it are
provided. In Section 4 and Section 5, the Nagumo
condition and the Krasnoselskii-Krein condition are
considered for studying the uniqueness property, re-
spectively. Moreover, some results are derived in
Section 6. The paper ends with conclusion.

2. Basic concepts

The basic definition of fuzzy numbers is given in
[21].

We denote the set of all real numbers by R and
the set of all fuzzy numbers on R is indicated by E.
A fuzzy number is a mapping u : R → [0, 1] with
the following properties:
(a) u is upper semi-continuous,
(b) u is fuzzy convex, i.e., u(λx + (1 − λ)y) ≥
min{u(x), u(y)} for all x, y ∈ R, λ ∈ [0, 1],
(c) u is normal, i.e.,∃x0 ∈ R for which u(x0) = 1,
(d) supp u = {x ∈ R | u(x) > 0} is the support of
the u, and its closure cl(supp u) is compact.
An equivalent parametric definition is also given in
[8, 16] as follows:

Definition 1 A fuzzy number u in parametric form
is a pair (u, u) of functions u(r), u(r), 0 ≤ r ≤ 1,
which satisfy the following requirements:

1. u(r) is a bounded non-decreasing left continu-
ous function in (0, 1], and right continuous at
0,

2. u(r) is a bounded non-increasing left continu-
ous function in (0, 1], and right continuous at
0,

3. u(r) ≤ u(r), 0 ≤ r ≤ 1.

According to Zadeh,s extension principle, the oper-
ation of addition on E is defined by

(u+ v)(x) = sup
y∈R

min{u(y), v(x− y)}, x ∈ R,
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and scalar multiplication of a fuzzy number is given
by

(k · u)(x) =
{
u(x/k), k > 0,
0̃, k = 0,

where 0̃ ∈ E.

The Hausdorff distance between fuzzy numbers
given by d : E× E −→ [0,+∞],

d(u, v) = sup
r∈[0,1]

max{|u(r)− v(r)|, |u(r)− v(r)|},

where u = (u(r), u(r)), v = (v(r), v(r)) ⊂ R is uti-
lized in [5]. Then, it is easy to see that d is a metric
in E and has the following properties (see [18]):
(1) d(u+ w, v + w) = d(u, v), ∀u, v, w ∈ E,
(2) d(ku, kv) = |k|d(u, v), ∀k ∈ R, u, v ∈ E,
(2) d(u+v, w+e) ≤ d(u,w)+d(v, e), ∀u, v, w, e ∈
E,
(4) (d,E) is a complete metric space.

Theorem 1 [19]. Let f(x) be a fuzzy-valued func-
tion on [a,∞) represented by (f(x; r), f(x; r)). For
any fixed r ∈ [0, 1], assume f(x; r) and f(x; r)
are Riemann-integrable on [a, b] for every b ≥ a,
and assume there are two positive functions M(r)
and M(r) such that

∫ b

a
|f(x; r)|dx ≤ M(r) and∫ b

a
|f(x; r)|dx ≤ M(r) for every b ≥ a. Then f(x)

is improper fuzzy Riemann-integrable on [a,∞) and
the improper fuzzy Riemann-integral is a fuzzy num-
ber. Further more, we have:∫ ∞

a

f(x)dx =
(∫ ∞

a

f(x; r)dx,
∫ ∞

a

f(x; r)dx
)
.

Definition 2 Let x, y ∈ E. If there exists z ∈ E
such that x = y+z, then z is called the H-difference
of x and y, and it is denoted by x	 y.

In this paper, the sign ”	” always stands for H-
difference, and also note that x	 y 6= x+ (−1)y.

3. Riemann-Liouville H-differentiability

Now, we introduce the definition of fuzzy Riemann-
Liouville integrals and derivatives under Hukuhara
difference. We try to produce such definitions and
statements similar to the non-fractional one in
fuzzy context [5].
Also, we denote by CF[a, b] the space of all
fuzzy-valued functions which are continuous and
lebesgue measure on [a, b] and we assumed that
all fuzzy-valued functions in this paper are placed
in CF[a, b]. Also, the fuzzy-valued functions in
the paper are assumed to be definable in each space.

Now, we define the fuzzy Riemann-Liouville inte-
gral of fuzzy-valued function as follows:

Definition 3 Let f : [a, b] −→ E. The fuzzy
Riemann-Liouville integral of fuzzy-valued function
f is defined as follows:

(Iqf) (x) =
1

Γ(q)

∫ x

a

f(t)dt
(x− t)1−q

, x > a, 0 < q < 1.

(2)

Notice that, since f is assumed to be integrable
and (x − t)q−1 is a crisp function, we deduce that

f(t)
(x−t)1−q is integrable and then, the existence of
integral (2) is proved.

Let us consider the r-cut representation of fuzzy-
valued function f is f(x; r) =

[
f(x; r), f(x; r)

]
, for

0 ≤ r ≤ 1, then we can indicate the fuzzy Riemann-
Liouville integral of fuzzy-valued function f based
on its lower and upper functions as follows:

Theorem 2 Let f : [a, b] −→ E. The fuzzy
Riemann-Liouville integral of a fuzzy-valued func-
tion f can be expressed as follows:

(Iqf) (x; r) =
[(
Iqf

)
(x; r),

(
Iqf

)
(x; r)

]
, 0 ≤ r ≤ 1,

where

(
Iqf

)
(x; r) =

1
Γ(q)

∫ x

a

f(t; r)dt
(x− t)1−q

,

(
Iqf

)
(x; r) =

1
Γ(q)

∫ x

a

f(t; r)dt
(x− t)1−q

.

Now, we define fuzzy Riemann-Liouville frac-
tional derivatives about order 0 < q < 1 for fuzzy-
valued function f which is a direct extension of
strongly generalized H-differentiability [5] in the
fractional literature.

Definition 4 Let f : (a, b) −→ E, x0 in (a, b)
and Φ(x) = 1

Γ(1−q)

∫ x

a
f(t)dt
(x−t)q . We say that f(x)

is Riemann-Liouville H-differentiable about order
0 < q < 1 at x0, if there exists an element(
RLDq

a+f
)
(x0) ∈ CF, 0 < q < 1, such that for

all 0 ≤ r ≤ 1, h > 0

(1)
(
RLDq

a+f
)
(x0) = lim

h−→0

Φ(x0 + h)	 Φ(x0)
h

= lim
h−→0

Φ(x0)	 Φ(x0 − h)
h

,

or

(2)
(
RLDq

a+f
)
(x0) = lim

h−→0

Φ(x0)	 Φ(x0 + h)
−h

= lim
h−→0

Φ(x0 − h)	 Φ(x0)
−h

.

For sake of simplicity, we say that a fuzzy-valued
function f is (1, q)-differentiable if it is differen-
tiable as in the Definition 4 case (1), and is (2, q)-
differentiable if it is differentiable as in the Defini-
tion 4 case (2).
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Theorem 3 Let f : (a, b) −→ E, x0 in (a, b) and
0 < q < 1 for all 0 ≤ r ≤ 1. Then:

(1) If f(x) be a (1, q)-differentiable fuzzy-valued
function, then:(
RLDq

a+f
)
(x0; r) =

[(
RLDq

a+f
)
(x0, r),

(
RLDq

a+f
)
(x0, r)

]
.

(2) If f(x) be a (2, q)-differentiable fuzzy-valued
function, then:(
RLDq

a+f
)
(x0; r) =

[(
RLDq

a+f
)
(x0; r),

(
RLDq

a+f
)
(x0, r)

]
,

where(
RLDq

a+f
)
(x0; r) =

[
1

Γ(1− q)
d

dx

∫ x

a

f(t; r)dt
(x− t)q

]
x=x0

and

(
RLDq

a+f
)
(x0; r) =

[
1

Γ(1− q)
d

dx

∫ x

a

f(t, r)dt
(x− t)1−q

]
x=x0

4. Nagumo-type uniqueness for FFDEs

In this section, we consider the Nagumo-type
condition in order to obtain a new uniqueness
result for FFDEs.

We shall first extend a Nagumo-type uniqueness
result for (1).

Theorem 4 Assume that the fuzzy-valued function
f in (1) satisfies the following Nagumo-type condi-
tion:

d (f(t, x), f(t, y)) ≤ qΓ(q)d(x, y)
(t− t0)q

, (3)

for t 6= t0, (t, x), (t, y) ∈ E0. Then, the following
successive approximations given by

xn+1(t) = x0(t) +
1

Γ(q)

∫ t

t0

(t− s)q−1f(s, xn(s))ds (4)

in the sense of (1, q)-differentiability, and

x̂n+1(t) = x0(t)	 −1
Γ(q)

∫ t

t0

(t− s)q−1f(s, x̂n(s))ds (5)

in the sense of (2, q)-differentiability, converge to
two unique solutions x(t) and x̂(t) of (1), re-
spectively, on [t0, t0 + η] where η = min =(
a,

(
bΓ(1+q)

M

) 1
q

)
, M being the bound of f on E0,

i.e., d(f, 0̃) ≤M .

Proof. Let us consider x(t), y(t) be any two (1, q)-
solutions of (1) and x̂(t), ŷ(t) be any two (2, q)-
solutions of (1). Set

φ(t) = d(x(t), y(t)), (6)

φ̂(t) = d(x̂(t), ŷ(t)). (7)

Note that φ(t0) = φ̂(t0) = 0. Also, we pointed out
that:

lim
t→t+0

φ(t)
(t− t0)q

=

lim
t→t+0

(
1

(t− t0)Γ(q)

∫ t

t0

d(f(s, x(s), f(s, y(s)))ds
(t− s)−q+1

)
=

1
Γ(q)

{
(t− t0)q−1.d (f(t0, x(t0), f(t0, y(t0)))

}
= 0.

and

lim
t→t+0

φ̂(t)
(t− t0)q

=

lim
t→t+0

(
1

(t− t0)Γ(q)

∫ t

t0

d (f(s, x̂(s), f(s, ŷ(s))) ds
(t− s)−q+1

)
=

1
Γ(q)

{
(t− t0)q−1.d (f(t0, x̂(t0), f(t0, ŷ(t0)))

}
= 0.

Also,

lim
t→t+0

φ(t)
(t− t0)q

= lim
t→t+0

φ(t)
(t− t0)

.(t− t0)1−q,

lim
t→t+0

φ̂(t)
(t− t0)q

= lim
t→t+0

φ̂(t)
(t− t0)

.(t− t0)1−q.

By using the fuzzy Nagumo-type condition (3), we
get:

φ(t) ≤ 1
Γ(q)

∫ t

t0

(t− s)q−1φ(s)qΓ(q)ds
(s− t0)q

, (8)

φ̂(t) ≤ 1
Γ(q)

∫ t

t0

(t− s)q−1φ̂(s)qΓ(q)ds
(s− t0)q

. (9)

Setting φ(t)
(t−t0)q = ψ(t) and φ̂(t)

(t−t0)q = ψ̂(t) and noting

that ψ(t0) = ψ̂(t0) = 0, Eqs.(8)-(9) reduce to the
following relations, respectively:

ψ(t) ≤ q

(t− t0)q
.

∫ t

t0

(t− t0)q−1ψ(s)ds, (10)

ψ̂(t) ≤ q

(t− t0)q
.

∫ t

t0

(t− t0)q−1ψ̂(s)ds. (11)

In order to establish uniqueness of solution ((1, q)-
or (2, q)-solution), we must show that ψ(t) = ψ̂(t) ≡
0. If it is not true, let us consider

m = max
[t0,t0+η]

ψ(t)

= ψ(t1), t1 ∈ [t0, t0 + η],

m̂ = max
[t0,t0+η]

ψ̂(t)

= ψ̂(t2), t2 ∈ [t0, t0 + η].
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which lead to:

m = ψ(t1) ≤ q

(t1 − t0)q

∫ t

t0

(t1 − s)q−1ψ(s)ds

<
qm

(t1 − t0)q

(t1 − s)q

−q
|t1t0

=
qm

(t1 − t0)q

(t1 − t0)q

q
= m.

m̂ = ψ̂(t1) ≤ q

(t1 − t0)q

∫ t

t0

(t1 − s)q−1ψ̂(s)ds

<
qm̂

(t1 − t0)q

(t1 − s)q

−q
|t1t0

=
qm̂

(t1 − t0)q

(t1 − t0)q

q
= m̂.

These are contradiction and hence we get
ψ(t) = ψ̂(t) ≡ 0. Therefore, obtained results
imply that φ(t) = φ̂(t) ≡ 0, which lead to prove the
uniqueness of (1, q)- and (2, q)-solution.

Now, we investigate the following properties
for both successive approximations {xn+1} and
{x̂n+1}, n = 0, 1, 2, . . .:

• well defined and continuous,

• uniformly bounded and

• equicontinuous on [t0, t0 + η], η =

min
(
a,

(
bΓ(1+q)

M

) 1
q

)
, d(f(t, x), 0̃) ≤ M on

E0.

In view of (4) and (5), we have:

d(xn+1(t), x0(t)) ≤ 1
Γ(q)

∫ t

t0

d(f(s, xn(x)), 0̃)ds
(t− s)−q+1

,

d(x̂n+1(t), x0(t)) ≤ 1
Γ(q)

∫ t

t0

d(f(s, x̂n(x)), 0̃)ds
(t− s)−q+1

,

which lead to derive:

d(x1(t), x0(t)) ≤ M

Γ(q)
(t− s)q

−q
|tt0 ≤ b,

d(x̂1(t), x0(t)) ≤ M

Γ(q)
(t− s)q

−q
|tt0 ≤ b.

By using induction, these present that {xn+1(t)}
and {x̂n+1(t)} are uniformly bounded on [t0, t0 + η].

In order to show that φ(t) is continuous, please
see the Appendix.

It is easy to verify that xn+1(t) is equicontinuous
on [t0, t0 +η] using the lower and upper functions of
xn+1(t), represented by xn+1(t; r) and xn+1(t; r),
respectively. Therefore, for proving Theorem, we
have to show that:

φ(t) = lim sup
n→∞

d (xn+1(t), xn(t)) ≡ 0, t ∈ [t0, t0 + η]. (12)

Similarly, for the family of functions x̂n+1(t), it is
sufficient to show that:

φ̂(t) = lim sup
n→∞

d (x̂n+1(t), x̂n(t)) ≡ 0, t ∈ [t0, t0 + η]. (13)

Now, by using the fuzzy version of Nagumo condi-
tion (3) and the definitions of xn+1(t) and x̂n+1(t)
given by (4) and (5), respectively, we obtain:

d(xn+1(t), xn(t)) ≤ qΓ(q)
Γ(q)

∫ t

t0

(t− s)q d(xn(s), xn−1(s))
(s− t0)q

ds,

and

d(x̂n+1(t), x̂n(t)) ≤ qΓ(q)
Γ(q)

∫ t

t0

(t− s)q d(x̂n(s), x̂n−1(s))
(s− t0)q

ds.

For a fixed t in [t0, t0 + η], there is a sequence of
integers n1 < n2 < . . . such that:

d(xn+1(t), xn(t)) −→ φ(t) as n = nk −→∞,

d(x̂n+1(t), x̂n(t)) −→ φ̂(t) as n = nk −→∞.

Setting

φ∗(t) = lim
n=nk→∞

d(xn(t), xn−1(t)),

φ̂∗(t) = lim
n=nk→∞

d(x̂n(t), x̂n−1(t)).

exist uniformly on [t0, t0 + η]. Therefore,

φ(t) ≤ q.

∫ t

t0

(t− s)q−1 φ∗(s)
(s− t0)q

ds,

φ̂(t) ≤ q.

∫ t

t0

(t− s)q−1 φ̂∗(s)
(s− t0)q

ds,

which lead to obtain the following results using the
fact that φ∗(t) ≤ φ(t) and φ̂∗(t) ≤ φ̂(t):

φ(t) ≤ q.

∫ t

t0

(t− s)q−1 φ(s)
(s− t0)q

ds,

φ̂(t) ≤ q.

∫ t

t0

(t− s)q−1 φ̂(s)
(s− t0)q

ds.

It is easy to verify that:

φ(t)
t− t0

−→ 0, as t −→ t+0 ,

φ̂(t)
t− t0

−→ 0, as t −→ t+0 ,

and, also, it is easy to show that:

φ(t)
(t− t0)q

−→ 0, as t −→ t+0 ,

φ̂(t)
(t− t0)q

−→ 0, as t −→ t+0 .

Setting ψ(t) = φ(t)
(t−t0)q . Note that ψ(t0) ≡ 0. We

shall prove that ψ(t) ≡ 0 for all t in [t0, t0 + η]
for demonstrating the convergence of {xn+1(t)} and
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{x̂n+1(t)}. If it is not true, let m = ψ(t1) =
max[t0,t0+η] ψ(t) and m̂ = ψ̂(t2) = max[t0,t0+η] ψ̂(t).
Then, we have:

m = ψ(t1)

=
φ(t)

(t− t0)q

≤ q

(t1 − t0)q

∫ t1

t0

(t1 − s)q−1 φ(s)
(s− t0)q

ds

< q(t1 − t0)−q

∫ t1

t0

(t1 − s)q−1ψ(s)ds

< qm(t1 − t0)−q (t1 − t0)q

q
= m,

and

m̂ = ψ̂(t2)

=
φ̂(t)

(t− t0)q
≤ q

(t2 − t0)q

∫ t2

t0

(t2 − s)q−1 φ̂(s)
(s− t0)q

ds

< q(t2 − t0)−q

∫ t2

t0

(t2 − s)q−1ψ̂(s)ds

< qm(t2 − t0)−q (t2 − t0)q

q
= m̂

which are contradictions. The proof is complete. �

5. Krasnoselskii-Krein-type uniqueness for
FFDEs

Here, we extend the fuzzy Krasnoselskii-Krein-type
uniqueness result for FFDE (1).

Theorem 5 Assume that the fuzzy-valued function
f in (1) satisfies the following Krasnoselskii-Krein-
type conditions:

(A) d (f(t, x), f(t, y)) ≤ krΓ(q)d(x, y)
(t− t0)q

,

for t 6= t0, kr ≤ q, k > 1.

(B) d (f(t, x), f(t, y)) ≤ C [d(x, y)]α ,

for C is constant, 0 < α < 1 and k(1− α) < 1.
Then, the following successive approximations

given by

xn+1(t) = x0(t) +
1

Γ(q)

∫ t

t0

(t− s)q−1f(s, xn(s))ds (14)

in the sense of (1, q)-differentiability, and

x̂n+1(t) = x0(t)	 −1
Γ(q)

∫ t

t0

(t− s)q−1f(s, x̂n(s))ds (15)

in the sense of (2, q)-differentiability, converge to
two unique solutions x(t) and x̂(t) of (1), respec-
tively, on [t0, t0 + η] where (t, x), (t, y) ∈ E0, η =

min =
(
a,

(
bΓ(1+q)

M

) 1
q

)
, M being the bound of f

on E0, i.e., d(f, 0̃) ≤M .

Proof. Let us consider x(t), y(t) be any two (1, q)-
solutions of (1). Let us consider

φ(t) = d(x(t), y(t)). (16)

Note that φ(t0) ≡ 0. Also, using (14) and condition
(B), we have:

φ(t) = d(x(t), y(t)) ≤ C

Γ(q)

∫ t

t0

(t− s)q−1 (φ(s))α
ds.

Consider R(t) = C
Γ(q)

∫ t

t0
(t − s)q−1 (φ(s))α

ds. We
show that R(t) is

R(t) = L(t− t0)β ,

where unknown parameters L, β > 0 are to be de-
termined such that:(

RLDqR
)
(t) = (R(t))α

.

By using Definition 4, we get:(
RLDqR

)
(t) =

1
Γ(1− q)

d

dt

(∫ t

t0

(t− s)−q(t− s)βds

)
=

1
Γ(1− q)

d

dt

(∫ t

t0

(t− s)β−qds

)
=

L

Γ(1− q)
(t− t0)β−q.

The last result holds while

L

Γ(1− q)
(t− t0)β−q = Lα(t− t0)βα.

Thus, we obtain parameters L, β as follows:

L = (Γ(1− q))
1

1−α , β =
q

1− α
.

Hence, we get:

φ(t) ≤ R(t),

and also,

φ(t)
(t− t0)kq

≤ L(t− t0)β−kq.

Therefore, ψ(t) = φ(t)
(t−t0)kq is defined and also

ψ(t0) = 0.

By using condition (A), we obtain:

φ(t) = d(x(t), y(t))

≤ 1
Γ(q)

∫ t

t0

(t− s)q−1d(f(s, x(s)), f(s, y(s)))ds

≤ kr

∫ t

t0

(t− s)q−1 φ(s)
(s− t0)q

ds

= kr

∫ t

t0

(t− s)q−1(s− t0)kq−qψ(s)ds.

Now, we should prove that φ(t) ≡ 0 which is com-
pletely similar to crisp case [12], hence it is omit-
ted. �
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6. Comparison results

In this section, we compare the obtained results
with together for obtaining useful relations.

Theorem 6 Let us consider

H1 = min
[t0,t0+η]

{
C (d(x(t), y(t)))α

,
kr.Γ(q).d(x(t), y(t))

(t− t0)q

}
,

H2 = max
[t0,t0+η]

{
C (d(x(t), y(t)))α

,
kr.Γ(q).d(x(t), y(t))

(t− t0)q

}
,

then, under assumptions of Theorem 4 and Theo-
rem 5, we get:

(1) if H2 < q.Γ(q).d(x(t),y(t))
(t−t0)q and Theorem 5

holds, then Theorem 4 holds.

(2) if H1 > q.Γ(q).d(x(t),y(t))
(t−t0)q and Theorem 4

holds, then Theorem 5 holds.

Proof. By using fuzzy version of Nagumo condition
and Krasnoselskii-Krein conditions, the proofs are
obvious. �

Theorem 7 Under assumptions of Theorem 4 and
Theorem 5, if there exists a constant C such that:

C (d(x(t), y(t)))α ≤ kr.Γ(q).d(x(t), y(t))
(t− t0)q

, t ∈ [t0, t0 + η].

Then, if Theorem 5 holds, Theorem 4 holds.

Proof. By using the fact that Kr ≤ q, the proof is
straightforward. �

7. Conclusion

In this paper, we considered two new uniqueness
results for fuzzy fractional differential equations
(FFDEs) involving Riemann-Liouville generalized
H-differentiability with fuzzy version of Nagumo-
and Krasnoselskii-Krein conditions. To this pur-
pose, we obtained the equivalent integral forms of
original FFDE and then these are used to inves-
tigate convergence of corresponding successive ap-
proximations. Finally, some useful comparison re-
sults obtained to show the conditions that when
Theorem 4 has some benefit than Theorem 5 and
vice versa.
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8. Appendix

For t0 ≤ t1 ≤ t2, we have:

d (xn(t1), xn−1(t1)) − d (xn(t2), xn−1(t2))
≤ |d (xn(t1), xn−1(t1))− d (xn(t2), xn−1(t2))|

≤ 1
Γ(q)

[∣∣∣∣∫ t1

t0

(t1 − s)q−1D(s)ds−
∫ t2

t0

(t2 − s)q−1D(s)ds
∣∣∣∣]

=
1

Γ(q)

[∣∣∣∣∫ t1

t0

{
(t1 − s)q−1 − (t2 − s)q−1

}
D(s)ds−

∫ t2

t1

(t2 − s)q−1D(s)ds
∣∣∣∣]

≤ 2M
Γ(q)

[∣∣∣∣∫ t1

t0

{
(t1 − s)q−1 − (t2 − s)q−1

}
ds+

∫ t2

t1

(t2 − s)q−1ds

∣∣∣∣]
=

2M
qΓ(q)

[|(t1 − t0)q − (t2 − t0)q + 2(t2 − t1)q|]

≤ 4M
qΓ(q)

(t2 − t1)q =
4M

Γ(q + 1)
(t2 − t1)q,

where D(s) = d(f(s, xn−1(s)), f(s, xn−2(s))) ≤ 2M
on E0. Note that the last obtained result can be
made less than ε > 0 provided that |t2 − t1| < δ =(

εΓ(1+q)
4M

) 1
q

. This leads to obtain:

|φ(t1)− φ(t2)| ≤ ε,

which proves the continuity of φ(t). Similar discus-
sion holds for continuity of φ̂(t), hence it is omit-
ted. Please notice that the idea of using mentioned
uniqueness theorems was discussed in the deter-
ministic case for fractional differential equations in
[10, 11, 12].
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