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Abstract————In this paper, we establish a class of new nonlinear 
weakly singular integral inequality, which is solved by adopting 
novel analysis techniques, such as: differential and integration, 
inverse function, and explicit bounds for the unknown functions 
are given clearly. 
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I. INTRODUCTION 

In 2011, Abdeldaim et al. [1] studied a new integral 
inequality of Gronwall-Bellman-Pachpatte type 
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To avoid the shortcoming of these results, Medved [2] 
presented a new method to discuss nonlinear singular integral 
inequalities of Henry type and their Bihari version as follows: 
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and the estimates of solutions are given, respectively. 

Motivated by the results given in [1-5], in this paper, we 
discuss a new retarded nonlinear integral inequality 
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for all ),[ 0 Jtt ∈ . The inequality (3) consist of iterated 

integral, and weakly singular integral kernel be involved in 
each layer. Under several practical assumptions, the inequality 
is solved through rigorous analysis, and explicit bounds for the 
unknown functions are given clearly. Moreover, an example is 
presented to show the usefulness of our results. 

II. MAIN RESULT 

Throughout this paper, R denotes the set of real numbers, 
R+=[0,+∞], I= [t0,J); C1(M,S) denotes the class of continuously 
differentiable functions defined on set M with range in the set S, 
C(M,S) denotes the class of continuously functions defined on 
set M with range in the set S, )(tβ ′   denotes the derived 

function of a function )(tβ ′ . 

For convenience, before giving our main results, we cite 
some useful lemmas and definitions in the discussion of our 
proof as follows: 

Definition 1.  ([2])  
Let q >0 be a real number and 0 <T<∞. We say that a 

functionw : RR →+  satisfies a condition (q), if 
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where R(t) is a continuous, nonnegative function. 

Lemma 1.  ([2])  
Let
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where 012 >−β ,
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function. 

Lemma 2. (Discrete Jensen inequality [3])  

Let 
nAAA ,,, 21 ⋯

 be nonnegative real numbers, r>1 is a 

real numbers, and n is a natural number. Then 
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Theorem 1. 
Suppose that 
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Proof. Using the Cauchy-Schwarz inequality, we obtain 
from (3) that 
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Using discrete Jensen inequality (3) with n = 2, r = 2, we 
obtain from (11) that 
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for all .It ∈ Using the condition (4) in definition 1 and (5) in 
Lemma 1, from (12) we obtain that 
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Let ,)()( 22 tetutv −= we have from (13) 
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Let )(tz denote the function on the right-hand side of (14), 

which is a positive and nondecreasing function on I . From 
(14), we have 
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Differentiating )(tz  with respect to t , using (15) we have 
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Hence, 
1z  is a positive and nondecreasing function on I , 
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Differentiating )(1 tz  with respect to t, using (16) and (18) 
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where we used the 

relation )()()()( 21 tztztztA ≤≤≤ .Integrating both sides 

of the above inequality from t0 to t , we obtain 
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for 10 TTtt ≤≤≤ , T is chosen arbitrarily, where 1Ω  is 

defined by (8). Let )(3 tz denote the function on the right-

hand side of (24), which is a positive and nondecreasing 

function on ],[ 0 Tt . From (24), we have 
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Differentiating )(3 tz  with respect tot, using (25) we have 

))((

))((
)()(~

))((

))((
)()(

~
)(

23

22
22

23

21
213 tzw

tzw
tztgK

tzw

tzw
tztfKtz +=′  

)))(((

)))(((
))(()(

~

3
1

13

3
1

11
3

1
11 tzw

tzw
tztfK −

−
−

Ω
Ω

Ω≤  

)))(((

)))(((
))(()(~

3
1

13

3
1

12
3

1
12 tzw

tzw
tztgK −

−
−

Ω
Ω

Ω+ ,                      (26) 

for all ],[ 0 Ttt ∈ .Since 32 ww , 1
1
−Ω , 3z are positive and 

nondecreasing functions on ],[ 0 Tt ,from (26) we have 
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for all ],[ 0 Ttt ∈ ,Integrating both sides of the above 

inequality from t0 to t , we obtain that 
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for all ],[ 0 Ttt ∈ ,where 2Ω is defined by (9). Let )(4 tz  

denote the function on the right-hand side of (28), which is a 

positive and nondecreasing function on ],[ 0 Tt .From (28), we 
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Differentiating )(4 tz  with respect tot, using (30) we have 
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Integrating both sides of the above inequality from t0 to t, 
we obtain that 
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Since T is chosen arbitrarily, we have 
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for all ],[ 10 Ttt ∈ . In view of tetutv 22 )()( −= , we can 

obtain (7). 

III.  SUMMARY  

In this paper, we establish a class of new nonlinear weakly 
singular integral inequality. By adopting novel analysis 
techniques, we have obtained explicit bounds for the unknown 
functions in the inequality. 
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