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Abstract-We suppose that in the sensor network, the sensing areas 
of the sensors are equal sectors, and consider the problem of 
regular covering of the plane with minimal number of identical 
sensors per unit area. In the regular cover, the plane is split into 
the equal regular polygons – “tiles” (equilateral triangles, squares 
or regular hexagons), and all the tiles are covered equally. We 
solved the problem for the special case when every sensor covers 
one tile, and all the sensors covering one tile are placed in one 
point. 
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I. INTRODUCTION 
In the wireless sensor networks (WSN) each sensor has a 

limited, as usually, non-renewable energy which is consumed 
particularly on the sensing and communication. Then the main 
goal in WSN is lifetime maximization [5, 8, 9, 10, 15, 17, 20, 
23]. If only sensing energy consumption is taken into account, 
then the problem can be reduced to the construction of the 
least density covers [3, 5, 7, 16, 21, 23]. 

A cover of a plane region is fully specified if one knows 
the figures included in the cover, the location of each figure 
and its orientation. For example, if the figures in a cover are 
ellipses, then it is sufficient to know the semi-axes, the 
location of the centre and the slope of the axis of each ellipse 
[7]. 

Because of the variety of the covers, in the literature the 
regular covers are often considered. In [23] a classification of 
regular covers proposed. According to this classification the 
set COVl(p,q) consists of the covers, in each of which a plane 
region is split into the regular l-angle polygons (l = 3, 4, 6), 
and all the polygons are covered equally with p figures of q 
different types (q ≤ p). 

Interest to the regular covers is caused not only by their 
relative simplicity and convenience of analysis, but also by 
other considerations. In the regular cover the sensors are 
placed in the certain points. In fact, it is sometimes difficult to 
place the sensors in the specific locations. But even in the case 
when sensors are distributed randomly, the regular covers can 
help to estimate the bounds of WSN's lifetime [2, 22]. 

Frequently the disks are used as an area covered by a 
sensor [3-5, 8, 9, 11, 16, 19]. In [12] shown that the plane 
cover with equal disks, in which the centres of three 
overlapping disks are the vertices of the equilateral triangle, 
has a minimum density among all plane covers with equal 
disks. G. Fejes Töth proposed a cover of the plane with disks 
of two radii, the density of which tends to 1.0189 as the radius 

of small disks tends to zero [19]. The disadvantage of the 
proposed cover is unlimited number of small disks. In real 
systems, the number of disks per unit area must be limited and, 
moreover, the sizes of the disks in a cover should be 
comparable. 

However, in practice, a sensor often covers an area 
different from the disk. Thus in a number of recent 
publications the ellipse and sector coverage models are 
considered [1, 6, 7, 9, 13, 14, 18]. In this paper we propose 
and analyze the regular covers with equal sectors in which the 
number of sectors per unit area is minimal. The problem of 
minimizing the number of sectors per unit area is closely 
related to the problem of the least dense coverage, but does not 
coincide with it completely. We found the optimal number of 
sectors covering one tile in the case when every sector is 
involved in covering only one tile, and the vertices of the 
sectors (the sensors) which cover one tile are located in one 
point.  

Using sectors in the cover is still poorly studied subject 
matter, and there are a few publications on this topic [1, 6, 9, 
10, 13, 14, 18]. The density of a cover with equal sectors does 
not dependent on the size of the sectors involved in the 
coverage, but depends on the ratio of the sector's area to the 
area of a tile. Given the cost of sensors, then naturally arises 
the problem of finding the plane cover with equal sectors in 
which the minimum number of sectors is used to cover a unit 
area. Moreover, due to the technical reasons, angle and radius 
of the sector often cannot take arbitrary values. Additionally, if 
we take into account the cost of installation and 
communication of the sensors, it should be preferred to place 
several sensors (the vertices of sectors) in the same site (point). 

The foregoing consideration gives rise to the problem of 
constructing the regular plane covers with equal sectors with 
minimal number of sectors per unit area, where each sector 
involved in covering only one tile, and the vertices of sectors 
covering one tile are located at one point. 

II. MATHEMATICAL STATEMENT OF THE PROBLEM 
We consider a class of regular covers COVl(p, 1), l = 3, 4, 

6. In each cover a plane is tiled by regular l-angle polygons 
(tiles), and the identical sectors with angle α and radius R 
(hereinafter we denoted the sector by a pair (α, R)) are used to 
cover the tiles. The parameters of sector take the values within 
the given limits α ∈ [α1, α2], R ∈ [R1, R2], 0 < α1 ≤ α2 ≤ π; 
0 < R1 ≤ R2 < +∞, and every sector is used to cover only one 
tile. But one tile can be covered by several sectors. Since we 
consider the regular covers, then all the tiles are covered 
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equally. It is required to cover a tile object to minimize the 
number of sectors per unit of covered area on conditions that 
the vertices of the sectors covering one tile are located at the 
same point. So, the problem is to find 
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α ⋅+Ζ∈  for any α ∈ [α1, α2] and R ∈ [R1, 
R2], where Z+ is the set of the positive integers, k(α, R) is the 
number of sectors (α, R) with vertices at one point, and these 
sectors are involved in covering one tile, and S(kα,R) is the 
maximum area of a tile inscribed in the sector (kα, R) (a sector 
which is formed by k adjacent sectors with the angles α, 
whose vertices are in the same point). 

In this paper we present the results of study with different 
tiles and formulate the final result as a theorem, setting (for 
simplicity) αR2 = S = const. Then the problem can be 
rewritten as where k(α) is the number of sectors covering one 
tile (triangular, square or hexagonal), and S(kα) is the 

maximum area of the tile inscribed in the sector )/,( αα Sk . 
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III. THE OPTIMAL NUMBER OF SECTORS COVERING ONE TILE 
In order to solve the problem (1), we first found the 

optimal coverage models for all possible tiles (triangular tile – 
Figure. 1, square tile – Figure. 2 and hexagonal tile – Figure. 
3). 
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FIGURE 1. OPTIMAL COVERAGE MODELS FOR TRIANGLE TILE 

DEPENDING ON ANGLE. 
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FIGURE 2. OPTIMAL COVERAGE MODELS FOR SQUARE TILE 

DEPENDING ON ANGLE. 
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FIGURE 3. OPTIMAL COVERAGE MODELS FOR HEXAGONAL TILE 

DEPENDING ON ANGLE, WHERE 
o35.3≈′α , 

o92.6≈′′α , 
o135.5≈′′′α . 

We proved the following principal theorem. 

Theorem. Let ],[ 21 ααα ∈ , παα ≤≤< 210  and constSR ==2α . 
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where ( )αhS  is the maximal square of regular hexagon 

inscribed in the sector )/,( αα S . 

 
FIGURE 4. BEHAVIOR OF THE OBJECTIVE FUNCTION, AND THE 

OPTIMAL NUMBER OF SECTORS COVERING ONE TILE. 

So, if we know the angle α, then we can calculate the 
values of the expressions in the theorem and to compare them. 
Then the time complexity to find the optimal value of the 
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objective function σ(α) (and to solve the problem (1)) is O(1) 
(i.e. a constant)! 

In Figure. 4 we illustrate the results of the theorem. The 
upper part of Figure. 4 shows the behavior of the objective 
function and the optimal form of tiles, and the lower part of 
the figure indicates the optimal number of sectors covering 
one tile k(α). 

IV. CONCLUSION 
In this paper we investigated the regular plane coverage 

models with identical sectors, where the entire plane is divided 
into the regular 3-, 4- and 6-angle polygons (tiles), each sector 
involved in covering of exactly one tile, and the vertices of the 
sectors covering one tile are one common point. 

The optimal models of tile covering by one sector that 
depend on the angle of the sector are found. These models 
allowed us to solve the problem of constructing the regular 
covers of a plane, wherein the number of sectors per unit area 
is minimal. 

In this paper we considered the unbounded area (the whole 
plane) which is covered with equal sectors. In practice the area 
may be bounded, and the corresponding coverage problems 
are rather complicated. In the nearest future we are planning to 
consider the regular covers of the stripe and rectangle based on 
our experience of covering the stripe with circles and ellipses 
[3, 7]. 
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