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Abstract—In this work, the active vibration control of a uniform
cantilever beam using piezoelectric materials subjected to
transverse vibrations is studied. The equation of motion of a beam
bonded with the piezoelectric actuator is realized based on the
Euler Bernoulli beam theory and the Hamilton’s principle. A
linear time invariant state space model is derived. Numerical
simulations of the equation of motion are performed. Moreover, a
finite element model of the beam-piezo system is done using
ANSYS APDL®. Two control algorithms were also implemented
using ANSYS APDL code to reduce the flapwise bending
vibrations of the beam. The two control techniques are: Linear
guadratic regulator (LQR) and positive- position-feedback (PPF).
Results of the PPF simulations were compared with that of the
LQR control and the advantage of using PPF control over LQR
control in the finite element simulations is presented.
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l. INTRODUCTION

The area of vibration analysis and control is an interesting
and important field of research. In fact, any structure that has
certain mass and elasticity is said to vibrate and so it is
important to study the frequencies at which it vibrates to avoid
resonance which can lead to failure of the system. The need to
control such vibrations is important in the industrial field to get
better functioning machines and increase the quality of the
products. The importance of vibration control is also clear in
the field of aerospace where flexible light weight structures are
subjected to vibrations. Moreover, tall buildings and long
bridges need vibration control to avoid their failure. In the past,
passive vibration control was used in many structures by adding
damping and stiffness but there were drawbacks for this type of

control like slow response and increased weight of the structure.

Therefore, active control techniques using piezoelectric
materials attracted many engineers to be used in vibration
control for their low weight and fast response. The use of
piezoelectric materials as sensors and actuators is increasingly
growing, as it can easily convert mechanical energy to electrical
energy which is useful in many applications such as vibration
control, energy harvesting and aerospace industry. Aldraihem
[1] studied the effect of the location of the piezoelectric actuator
on the response of the beam under different boundary
conditions and formulated an optimization criterion based on
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the modal controllability. Al-Ashtari [2] derived a
mathematical model presenting the smart cantilever beam and
studying its behavior under different applied loads either static
or cyclic. Moreover, he studied the effect of changing the
number of actuators and proved that as the number of actuators
increases, better damping of the oscillations is achieved.

For the field of vibration control using piezoelectric
materials, Meyer et al. [3] studied the effect of PPF control and
LQG control on flexible structures using piezoelectric materials.
Then, Song et al. [4] proved that PPF control is robust to
frequency variations and so it is an effective method for
vibration suppression. Since ANSYS APDL © is more efficient
in finite element modeling, researchers used to export the finite
element matrices representing the model from finite element
analysis software to Matlab™ and perform the control
techniques. However, for complex structures it would be more
efficient if the control algorithms can be implemented using the
finite element software and withdrawing the need of exporting
or importing the model. Malgaca and Karagulle [5]
implemented a numerical model for a cantilever beam under
free and forced response then integrated the control actions
which are strain and displacement feedback with the finite
element model using finite element program which is ANSYS
APDL®. They also implemented the model experimentally and
proved that numerical and experimental results are in good
match. However, in all research mentioned there was no clear
explanation of the method used to implement the controller
using the finite element software until Takacs and Rohal’-I1kiv
[6] implemented a digital LQR controller for a cantilever beam
using ANSYS APDL® and compared their results with the
experimental results which were in a good match. This was the
first implementation for a controller represented in state space
form on finite element software, however only the LQR control
was studied while other control techniques like PPF control are
not yet implemented on the finite element software. The goal of
this paper is to implement the positive position feedback (PPF)
controller in ANSYS APDL® and compare ANSYS results
with the PPF direct numerical integral of the closed loop system.
Also, an optimal LQR controller is implemented and compared
with that of PPF.



In this study, piezoelectric materials are used in laminar
configuration and so when positive voltage is applied, it bends
up and when negative voltage is applied it bends down. For
actuation purposes, the piezoelectric constitutive relationship
can be represented as [7]:
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Where, O is the stress, S s the strain, C " is the elastic
coefficient measured under constant dielectric displacement

S
(D=0), € is the electric field, B is the impermittivity

constant measure under constant stress and is the

piezoelectric constant which act similar to d31 but for stress
formulation of the constitutive relationship. So, we are

concerned with day mode [8] where the polarization direction
is along the axis perpendicular to the plane in which the
piezoelectric patch is bonded to the beam and according to the
polarity of the applied field, the piezoelectric film expands or
contracts in the transverse direction.

IIl.  MODELLING OF A FIXED SMART BEAM

The model considered in this study consists of an aluminum
beam that is clamed at one end and a piezoelectric actuator
bonded to it. Based on the Euler Bernoulli beam theory and the
Hamilton’s principle, the equation of motion of the model
shown in Figure. 1 and Figure. 2 becomes [9]:
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Pis the equivalent stiffness of the
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piezoelectric actuator, ~3lis the piezoelectric strain constant,

t . . .
L and P are the thickness of the beam and the piezoelectric
patch respectively, b is the width of the piezoelectric material
and the beam, B is the coefficient of viscous damping, C is the

coefficient of structural damping, Va(t) is the actuator voltage,
vy OG(X)

CW="0" and COI=H=1)-H(x-1,) where H(X) js the
Heaviside function, l, and 1, are the start and end locations of
the piezoelectric material and the boundary conditions are: at
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IV. PIEZOELECTRIC ACTUATOR MODEL

From the previous section, assuming the case of vibration
without damping, Eq. 3 is simplified to be:

510

A2
o

6x

P W(X, t)
« (4)
Which is a fourth order differential equation that represents
together with the boundary conditions a boundary value
problem for the smart cantilever beam. Knowing that the
solution of Eq.4, which represents the general displacement of
the beam at any time instant is separable, it can be represented

as [9]:
LCOEDIRACIAG) (5)

Where, yi(%) is the ith modeshape of the beam (spatial

solution) and ) js the generalized displacement (temporal
solution). Using the orthonormality conditions and Eq.5, Eq.4
can be represented as:
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And so by dividing the whole Eq.6 by Ors , the equation of
motion of the beam will be represented as:
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To include damping g in a second order system, Eq.7
becomes:

Lol 0=KBLYORO g

Taking Laplace transform of Eq.8:
S16)+24 n.sn.( J+anO=KLL-0KE
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Using the relation ¥i®) from Eq.5, the transfer
function relating the input voltage from the actuator to the
output displacement of the beam will be:
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The transfer function presented in Eq.10 was used to
perform the numerical simulations which were needed to
validate the finite element model created using ANSYS and
compare the results of the simulations with that of ANSYS. In
this work only the first mode is included and so we have a
second order system. However, if other modes are to be
included then a higher order transfer function is obtained and
same procedures followed but with more complex equations.
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V. MODELLING USING ANSYS SOFTWARE

ANSYS Mechanical APDL® is the finite element software
used in this study. First, the model which consists of an
aluminium beam with a piezoelectric material attached to it is



created as shown in Figure. 1 and Figure. 2, and then the
boundary conditions are specified. The properties of the
aluminum beam and the piezoelectric material used are
mentioned in Table 1 and Table 2 respectively.

TABLE I .Dimensions and
properties of the beam

Dimension

Value
Length [m] 0.37
Width [m] 0.03
Height [m] 0.001
Density [kg/m"3] 2700
Elastic modulus [N/m"2] 69e9
Moment of inertia [m"4] 2.5e-12

TABLE Il Dimensions and
properties of the piezoelectric
material from mide technology

[10].
Dimension Value
Length (m) 0.0508
Width (m) 0.03
Height (m) 0.0381e-2
Elastic 6.7¢10

modulus(N/m”"2)

In ANSYS, the beam has been modeled using element solid
45 which include displacement degrees of freedom only while
the piezoelectric material has been modeled using element solid
226 which includes electrical degree of freedom in addition to
the displacement degrees of freedom. The two blocks of the
aluminum beam and the piezoelectric material are created.
Then, they were both meshed with element size of 5 mm. After
that, both blocks were bonded together using the contact
manager of ANSYS APDL®. After creating the geometry, the
boundary conditions were specified by setting the displacement
degrees of freedom of the beam at the clamped end to zero.
Coupling of all the nodes of the upper layer of the piezoelectric
material was created to have the same control voltage while the
nodes of the bottom layer have zero potential.
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FIGURE I. MODEL USING ANSYS
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FIGURE II. Detailed View Of The Model
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The damping used in this finite element analysis is Rayleigh

damping, where the damping matrix [C] is calculated using
Eq.11.

[€]=a[M]+ AlK] (11)
Where, & is the mass proportional Rayleigh damping

coefficient and p is the stiffness proportional Rayleigh
damping coefficient. In this study, & is set to zero. Therefore,

B can be calculated from modal damping using Eq. 12 [11].

p=2"%

(0

(12)

Where, ¢ and @ are the modal damping and natural
frequency of the highest mode included in the analysis which is
the first mode in this study.

VI. CLOSED LOOP SIMULATION RESULTS

The type of analysis used to implement the different types
of controllers and plot the closed loop response in ANSYS
APDL © is the transient analysis.

A. Positive Position Feedback Control

It was developed by Goh and Caughy to control vibrations
of large space structures [12] then several researchers studied
this control technique for its importance in different fields. In
designing a controller usually a reduced order model is
considered to make the mathematical model simpler to study.
Therefore, some modes which were not considered in the
reduced order model may be excited during operation which
may lead to instability of the system which is known as the
spillover effect. The main advantage of the PPF controller is its
ability to overcome the spillover effect and to roll off at high
frequencies thus ensuring robust stability of the system [13].
The PPF controller is designed by considering a single mode of
the system which is represented by a second order system and
design an auxiliary dynamic system representing the controller
as in Eq.13 and Eq. 14, respectively [14].

K+2L, 0%+ 0,°x=Gao,'n (13)

i+ 20 o0+ o, =0, (14)
Where, X is the modal coordinate of the system and M s

the modal coordinate of the controller, @n and @e are the
natural frequencies of the structure and the controller,

respectively and S and Ce are the damping coefficients of
the structure and the controller, respectively. The closed loop
system representing Eq. 13 and Eq. 14 is as shown in Figure. 3.
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FIGURE IIl. PPF BLOCK DIAGRAM.

A discrete linear time invariant state space form of the
system is needed to implement the controller using ANSYS
APDL®. First the state space form of the first mode of the

system is calculated at gain G=0.1 and damping ratio g =1 :
then using ‘c2d’ command in Matlab™, the discrete equivalent
was found to be:

{0.9253 —13.33} {0.009737}
A =|0.009737 09325] B,_|4.931e-5] ;14 C,— [0 1]

While the discrete state space form of the compensator is
found to be:

[ 0.4352 —9.456} [0.006907}
A, =[0006907 0.9463 ] B,_[3922¢-5] 514 C,= [0 1]

The state space matrices are defined in ANSYS APDL®©
using *Dim command to define their size and *Set command to
define its elements. The first step in the APDL code is to
specify the type of analysis as mentioned at the beginning of
this section. Then, the impulse force is applied at the free end of
the beam. The main programming loop is defined using a
do-loop:

*DO,t,2*Tstep, Tstop, Tstep
*USE,ppfcon.mac
TIME t
SOLVE
*ENDDO

Where *Use is a command used to call for another macro
responsible for the control law implementation which acts as a
subroutine.

*del,G,,nopr
*Dim,G,,2,1

*set,G(1,1),136.9,0 IG is the gain o°
*MOPER,t1,A1,MULT x1
*voper,ul,x2,mult,G

*VFACT,ul

*VFUN,13,COPY,B1
*VOPER,x1,t1,ADD,t3
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*del,G2,,nopr
*Dim,G2,,2,1

*set,G2(1,1),1369,0 1G2 is the gain G o

*MOPER,12,A2, MULT ,x2

*voper,u2,x1,mult,G2

*VFACT,u2

*VFUN,t4,COPY,B2

*VOPER,x2,t2,ADD,t4

Where G and G2 are 2 vectors representing the two gains

2

needed for the closed loop system which are a)cz ande
Finally the control signal is applied on the piezoelectric layer by
selecting it first using NSEL command and the voltage is

applied using d,all,volt,u. The resulting open loop and closed
loop response is as shown in Figure. 4 and Figure. 5.

FIGURE IV. OPEN LOOP STATE SPACE RESPONSE.

Displacement (ss)

FIGURE V. CLOSED LOOP PPF RESPONSE.

From Figure. 4 and Figure. 5, it is noticed that the settling
time is decreased from above 10 s to about 4 s, this proves that
the PPF technique is an efficient control method that can be
implemented using ANSYS APDL ©.

B. LQR Control

It is an optimal control algorithm that tries to achieve the
desired performance while at the same time minimizing the
control effort this is done by minimizing the performance index
[15]. In order to use this type of control, a state space model is
needed.

The control signal which represents the actuator voltage is
calculated by Eq. 15.

u, =-Kx, (15)

The control gain K is obtained using the ‘dlgr’ command in
Matlab™: [K_Igr] =dlqgr(A,B,Q,R).



Where, Q and R are diagonal weight matrices for the state

cost and the control cost respectively and their values in this
10

study are: Q= qL° % andR=r. For q=10 and r=1, the gain
matrix is found to be: K=[24141 —17.3305] For the model
considered in this study the discrete state space matrices are

obtained using ‘c2d’ command in Matlab™ and where found to
be:

0.9235
A= 0.0097 andc= 10 1]

The APDL code for the implementation of the LQR
controller is the same as that of the PPF but the control law is
changed to be:

*MOPER,ut,K,MULT x
u=-ut(1,1)

—13.6695 0.0097
0.9308 B= 0

Dispiacement (=)

FIGURE VI. OPEN LOOP STATE SPACE RESPONSE.
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FIGURE VII. CLOSED LOOP LQR RESPONSE AT Q=10 AND R=1.

As shown in Figure. 6 and Figure. 7, the closed loop
response at q=10 and r=1 reaches steady state in about 4 s
which is nearly similar to that of the PPF control.
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FIGURE VIII. LQR CONTROL VOLTAGE.
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FIGURE IX. PPF CONTROL VOLTAGE.
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From Figure. 8 and Figure. 9, the control voltage required to
achieve the desired steady state response in both control
techniques is 6 V. This proves that LQR is an efficient control
method as well as the PPF control as they both reach the desired
response with low control effort. However, what makes the PPF
control better than the LQR is the way of implementation in
finite element softwares as LQR control requires using
Matlab™ to calculate the gain K discussed before while PPF
control can be implemented entirely using the finite element
software without the aid of any other softwares.

VII.

In this paper, digital PPF and LQR controllers were
implemented in ANSYS APDL® software. It is proved in this
work that modern control techniques using state space forms
can be integrated in the finite element software instead of
exporting the finite element model and importing it to a
simulation environment as Matlab™ to apply the control law.
By comparing the finite element results of the open loop and
closed loop response of the two techniques with the numerical
results, they were in good match. Also it was found that both
PPF and LQR control techniques are efficient as they can
achieve the desired response at low control voltage. However, it
was found that the implementation of the PPF controller using
ANSYS is easier than the LQR technique as it can be
implemented entirely using finite element software without the
need to export the finite element model to any other software.

CONCLUSION
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