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Abstract—Let G  be a finite group with an abelian Sylow 2 -

subgroup. Let N  be a nilpotent normal subgroup of index in 

G at most 5 . Then the normalizer property holds for G . The 

result generalizes a well-known result due to Li, Sehgal and 

Parmenter. 
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I INTRODUCTION 

Let G  be a finite group and ZG   be the integral group 

ring of G  over Z . We denote by   ZGUZ  the center of 

 ZGU , where  ZGU  is the group of units in ZG . It is 

an classical subject to investigate the normalizer   GN ZGU
 

of G in  ZGU .Obviously, 
     ZGUGZGN ZGU  . A 

question (Problem 43 in Sehgal[12]) naturally arising is 

whether 
  GN ZGU

=   ZGUGZ  when G  is finite. If this 

equality holds, we say that the normalizer property holds for 

G . Historically, the first positive result for this question was 

due to Coleman[1], who proved that the normalizer property 
holds for all nilpotent groups of finite order. Later, 
Jackowski, Marciniak[7] generalized this result to finite 

groups with a normal Sylow 2 -subgroup. In particular, the 
normalizer property holds for finite group of odd order. It 
was Mazur who first noticed that there are close connections 
between the normalizer problem and the isomorphism 
problem(for details, see [9-11]). Based on Mazur's work, 
among other things, Hertweck[3] presented a first 
counterexample to the normalizer problem, then a first 
counterexample to the isomorphism problem. Nevertheless, 
it is still of interest to investigate for which groups the 
normalizer property holds. 

In order to investigate the normalizer problem, as in [5], 
we introduce some kinds of automorphisms of finite group 

G . 

)(GAutc
 consists of those )(GAut  which maps 

every element of G  to its conjugate (`class-preserving 

automorphisms' for short);  

)(GAutCol
 consists of those )(GAut  such that for 

any Sylow subgroup P  of G (`Coleman automorphisms' 

for short) ; )(GAutZ  consists of those )(GAut  

which induces an inner automorphism of the integral group 

ring ZG . 

We use )(GInn  to denote the inner automorphism group 

of G . It is easy to see that )(GInn  )(GAutc
, 

)(GInn  )(GAutCol  and )(GInn  )(GAutZ . We set 

)(GOutZ = )()( GInnGAutc
, 

( )ColOut G = )()( GInnGAutCol
 and 

)(GOutZ = )()( GInnGAutZ . It is well-known that 

)()( GN ZGU
 = ))(( ZGUGZ  is equivalent to )(GOutZ = 1 . 

Moreover, we have )(GOutZ  )()( GOutGOut Colc  . 

In addition, Krempa showed that )(GOutZ  is an 

elementary abelian 2 -group(a proof can be found in 
[7,Theorem 3.2]). Thus, if one can show that 

)()( GOutGOut Colc   is of odd order, then 

)(GOutZ = 1 , the normalizer property holds for such 

group G . 

Recently, lots of work related to the normalizer property 
had been done. For instance, Li, Sehgal and Parmenter[8, 

Theorem 2] have proved that if a finite group G has an 

abelian subgroup of index 2  , then the normalizer property 

holds for G . 

Motivated by this result, in this article, we will show that 

if $G$ has a nilpotent subgroup of index 2  , then the 

normalizer property holds for G  . Our main result is the 

following: 

Main Theorem Let G  be a finite group with an abelian 

Sylow 2  -subgroup. Let N  be a nilpotent normal subgroup 

of index in G  at most 5 . Then the normalizer property 

holds for G . 

Throughout this paper, all groups under consideration 

are finite. Let N  be a (normal) subgroup of G , and   an 

automorphism of G . If induces an automorphism of N  or 

NG , which will be denoted by
N

  or 

NG
 ,respectively. For a fixed element x G , )(xconj  is 
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used to denoted the inner automorphism induced by x , i.e., 

))(( gxconj = xg  for all g G . 

II PRELIMINARY RESULTS 

Lemma 2.1([6], Lemma 2). Let   )(GAut  be of p -

power order with p  a prime. Suppose that there is a normal 

subgroup N  of G  such that   fixes N  elementwise, and 

that   induces the identity on the quotient group NG . 

Then   induces the identity on ))(( NZOG P
. Further, if  

  fixes elementwise a Sylow p -subgroup of G  , then   

is an inner automorphism of G .  

Lemma 2.2([12],Theorem 2.7). Let G  be a finite group. 

Then ZG  has only trivial units if and only if G  is an 

abelian  group of exponent 2 , 3 , 4 , 6  or G
8QE  , 

where 
8Q  is the quaternion group of order 8 and E  is an 

elementary abelian 2 -group. 

Lemma 2.3([4], Theorem 1.1). Let N  be normal 

subgroup of G  such that )( NGZ has only trivial units. 

Then for any  )(GAutZ
, there is    )(GInn such 

that   induces a Coleman automorphism of  N . 

Lemma 2.4([2], Corollary 3). Let GN  and let p  be a 

prime which does not divide the order of NG . Then the 

following hold. 

(1) If )(GAut  is a class-preserving or a Coleman 

automorphism of G of p -power order, then   induces a 

class-preserving or a Coleman automorphism of N , 

respectively; 

(2) If )(NOutc  or )(NOutCol
is a p -group, then so is 

)(GOutc or )(GOutCol
. 

Lemma 2.5([7]). Suppose that a finite group G  has a 

normal Sylow 2 -subgroup. Then the normalizer property 

holds for G . 

 Lemma 2.6([7]). Let S be a fixed Sylow 2 -subgroup of 

a finite group  G  and 

SI 
2

( ){ | ( ), , }u U ZG u uS
u N G id id     . 

Suppose that ( )SI Inn G .Then the normalizer property 

holds for G . 

Lemma 2.7([1]). Suppose that p  is a p -subgroup of a 

finite group G  and that ( ) ( )U ZGu N G . Then there 

exists y G  such that ( )u g = 1u gu =  
1y gy

 

for all g P . 

Lemma 2.8([13, lemma 1]). Let G  be a finite group 

and ( ) ( )U ZGu N G , 

Then ( )u g  and g  are conjugate in G . 

 Lemma 2.9([14, Theorem 3.1]).  Let G  be a finite 

group with abelian Sylow 2 -subgroups. Suppose that there 

exists a nilpotent normal subgroup N  of  G ,such that a 

Sylow 2 -subgroups of G N  is normal. Then ( )cAut G   

( )Inn G . In particular, the normalizer property holds for 

G . 

Lemma 2.10([5]). If the Sylow 2 -subgroups of G are 

dihedral or general- 

ized quaternion, then the normalizer property holds for 

G .  

Lemma 2.11. Let N  be a normal subgroup of G , and 

( )Aut G   be a non-inner automorphism of p -power 

order with p  a prime. If  induces an inner automorphism 

of G N , then there exists ( )Inn G   such that  

| |G N G Nid  , 

and   is still a non-inner automorphism of p -power 

order. 

Proof:    For convenience, we write G G N  and 

g gN  for any g G . 

Since   induces an inner automorphism of G N , we 

assume that  

| ( ) ( ) |
G G

conj x conj x   . 

Let = i （ ）p , where i  is a positive inter. Let 

= ( )conj x , then , 

-1 | |
G G

id   . 

Let 
-1 n （ ）  be the p -part of 

-1  , where n  is 

positive integer with （n,p）=1. It follows that there exist 

,s t Z  such that 1isn tp  .Then it is obvious that 

-1 sn （ ）  is of p -power order and 
-1 | |sn

G G
id  （ ） . 

Since ( ) ( )Inn G Aut G , it follows that there exists an 

inner automorphism  

( )Inn G  , such that -1 1 isn sn tp      （ ）  

and thus  

1| ( ) | |sn

G G G
id    . 
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Lemma 2.12.  Let N  be a subgroup of G , and 

( )Aut G   be of p -power order with p  a prime. If   

fixed N ,and | ( ) |N Nconj x   for some x G ,then 

there a p -element y G , such that | ( ) |N Nconj y  . 

Proof   Let =pi （ ） , 
jt（x）=p , where , ,i j t  

and  , 1p t  .  

Set  max ,k i j . Since 
k（p ,t）=1, it follows that 

there exists ,u v , 

Such that 1kup vt  . Write 
vty x . Then it is 

obvious that y  is a p -element. For any z N , since 
k kup upxz z z  , it follows that  

( )
k kup vt up vt vtx x x x x yz z z z z z 

      

and thus | ( ) |N Nconj y  .   

III PROOF OF MAIN THEOREM 

Proposition 3.1. Let G  be a finite group with an 

abelian Sylow 2 -subgroup. Let N  be a normal subgroup of 

G  such that )( NGZ  has only trivial units. If 

)(NOutCol  is a 2 -group, then the normalizer property 

holds for G . 

Proof Let )(GAutZ . It suffices to show 

that )(GInn . By Krempa's result, we may assume that 

  is of 2  power order. By Lemma 2.3,   can be modified 

by an inner automorphism of G  such that 
N

   

)(NAutCol . By assumption )(NOutCol  is a 2  -group, 

so we have
N

   )(NInn . That is, there exits x  N  

such that 
N

 =
N

xconj )( .Replacing   by a suitable odd 

power of )( 1xconj , we may assume that  

NN
id                                            (1) 

Since )( NGZ  has only trivial units, it follows from a 

well-known result due to Higman(see [15, Theorem(2.7)]) 

that NG  is either an abelian group of exponent 1 , 2 , 3 , 

4 , 6  or G 8QE   with E  being an elementary abelian 

2 -group and 8Q  being the quaternion group of order 8 . 

But the latter case can not occur under our assumption that 

G has an abelian Sylow 2 -subgroup. In fact, if 

NG 8QE  , then NG  is a nonabelian 2 -group. 

Hence there exits a(any) Sylow 2 -subgroup of G , say P , 

such that NG =  NPN  =  PNP   is abelian, a 

contradiction. Therefore NG  is abelian. Since   

preserves conjugacy classes of G , obviously it induces the 

identity on NG ,that is   

NGNG
id                           (2) 

Note that  acts naturally on )(2 GSyl , the set of all 

Sylow 2 -subgroups of G . Since the order of   is a power 

of 2  and the number of the Sylow 2 -subgroups of G  is 

odd, it follows that there is a Sylow 2 -subgroup of G , say 

P  , such that 
P = P .Further, since the restriction of    

to P  equals the restriction of some inner automorphism of 

G ,there exists Gy  such that 
P

  

=
P

yconj )( .Without loss of generality, we may assume 

that y  is a 2 -element. Thus we have P = P = yP , i.e., 

y )(PNG .It follows that Py  since y  is a 2 -

element. But by assumption P  is a abelian, so we have  

PPP
idyconj  )(                   (3) 

Then by (1), (2) and (3), it follows from Lemma 2.1 that 

)(GInn . This completes the proof. 

Proof of Main Theorem   If  1NG , then G  is 

nilpotent and thus the assertion holds. 

 If 2NG  or 4 , then  NG  is abelian group of 

exponent 2 or 4 . By Lemma 2.2, )( NGZ  has only  

trivial units. Hence the assertion follows from Proposition 
3.1. 

 If 5NG , then 2 || |G N . Since N  is nilpotent, it 

follows that )(NOutCol  is a 2 -group and thus by Lemma 

2.4,  )(GOutCol
 is a 2 -group. This implies that 

)(GOutZ = 1 , namely, the normalizer property holds for 

such group G . This completes the proof. 
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