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Abstract

This paper is devoted to fuzzy association analy-
sis. Our motivation to this work arose from min-
ing of linguistic associations, however found rela-
tions among mined associations are valid in gen-
eral. Three the most commonly used support and
confidence measures are considered and various re-
lations among found and previously known associ-
ations given by confirmation measures are studied.
Good understanding of such relationships is essen-
tial for creating more efficient algorithms, for sub-
sequent work with found associations as well as for
cooperation with the consumer of the data mining
process.

Keywords: Data mining, linguistic association,
confirmation measures, support measure, confi-
dence measure, association rule.

1. Introduction

Our paper is a contribution to data mining - a col-
lection of methods that are used for searching for
unknown and potentially valid knowledge from large
scale datasets. One of first data mining methods
was the GUHA method introduced e.g. in [9] (for
a comprehensive survey we refer to [10], [16] and
references therein).
In a recent paper [14] a theoretical background

and also mining of associations that are expressible
in natural language (i.e. associations of the form
“IF the area of the base of a cylinder is big AND the
height of this cylinder is also big THEN the volume
of this cylinder is big.”) via GUHA method was
presented and very recently improved in [13]. For
completeness, an analogous task is currently studied
also in “crisp” association analysis (e.g., see [8]).
One of the main advantages of this approach is

interpretability of mined rules - i.e., found associa-
tions can be easily interpretable to experts working
with a chosen dataset. Our motivation was to pro-
ceed further in this way and, e.g., automatically to
use certain expert knowledge (that can be linguisti-
cally and also mathematically expressed in the same
way as mined associations) or to allow to cooperate
directly with the end user in the data mining pro-
cess etc. Except for this, reasonable description of
the inner structure of a given dataset (resp. of the
set of found associations) is required for creating
efficient mining algorithms, and also for reasonable

subsequent work with the set of found associations
(e.g., see [14] and [13]) as well as for potential creat-
ing reasonable (e.g., sound, complete etc.) system
of associations (e.g. [3]) etc. Similar tasks were al-
ready studied in “crisp” methods - GUHA method
can serve as an example (see [10]), however, except
for [7], there is no survey paper devoted to this task
provided fuzzy confirmation measures are taken into
consideration.

In this work three the most commonly used fuzzy
confirmation measures are considered - see [5] and
[7] for justification of their existence. For each pair
of considered confirmation measures (i.e., support
and confidence measure) we study several proper-
ties (look at the beginning of Section 4). Six of
them are motivated by so-called Armstrong axioms
that, among other things, can be used for database
design (see e.g. [2]) and are also valid in fuzzy at-
tribute logic developed e.g. in [3]. This logic can be
applied to data sets similar to ours and, under some
additional assumptions, establishes a complete and
sound system of associations. Thus, it was a nat-
ural question under what conditions we can obtain
similar relations in ordinary fuzzy association anal-
ysis. Further properties we have decided to study
are motivated by properties that can be used in cur-
rent methods of association analysis - for example,
in GUHA method ([10]) or in known Apriori algo-
rithm ([1] and also [4]).

We explain that some properties remain valid
when we use our fuzzy confirmation measures. But
we have also obtained some negative results and we
demonstrated that the situation can be improved
if some additional (expert) knowledge is applied to
our properties. We would like to stress that our re-
sults are provided separately either for support or
confidence measure if necessary. For details we refer
to the end of Section 4 and [13].

This contribution contains a short survey of some
results from [12] and some additional ones. The pa-
per consists of six parts and is organized as follows
- in Section 2 some basic notions are introduced.
Chosen properties are described and obtained re-
sults are provided in Section 4. As finally, an illus-
trative example (in Section 5) and concluding com-
ments (in Section 6) follow.
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2. Preliminaries

Within this paper we use several common notions
from fuzzy mathematics (see e.g. [15]) - hence we
do not precisely define basic notions like fuzzy set, t-
norm, t-conorm, copula, residuated implication etc.
and their basic properties.
Let R denote the real line. We work with a data

set D that is given by a real-valued two-dimensional
table. The rows oi of D correspond to objects
(the set of objects is denoted Do) and columns
Xi, i = 1, 2, . . . , k, of D correspond to attributes.
For each attribute Xi its context [ai, bi] is chosen
as a nondegenerated closed interval [ai, bi] ⊆ R.
Then relevant evaluative linguistic expressions rep-
resented by fuzzy sets can be defined ([14]). Eval-
uative linguistic expressions allow us to use several
natural language expressions - for instance, a triplet
of atomic linguistic expressions formed by expres-
sions: Big (Bi), Medium (Me), Small (Sm).
Additionally, atomic linguistic expressions can be

composed with various linguistic hedges (introduced
by L. A. Zadeh): Extremely (Ex), Significantly (Si),
Very (Ve), More or Less(ML), Roughly (Ro), Quite
Roughly (QR), Very Roughly (VR).
There are several ways how to choose fuzzy sets

representing evaluative linguistic expressions men-
tioned above. We can refer to an original math-
ematical model of linguistic expressions (Model I)
elaborated in [14] or to another mathematical model
(Model II) established in [13]. The latter math-
ematical model is based on fuzzy coverings (resp.
partitions) and it was justified that sometimes it is
necessary to use other forms of linguistic expressions
- namely, so-called specifying linguistic expressions
of the form “Si Sm but not Ex Sm”.

Regardless of which mathematical model is cho-
sen, we simply use the fact that linguistic ex-
pressions are represented by fuzzy sets. Then we
can look for dependencies between given (usually
disjoint) sets of attributes

{
X̄i

}p

i=1, {Yj}q
j=1 ⊆

{Xi}k
i=1 and we consider associations of the form

E(
{
X̄i

}p

i=1)⇒ F ({Yj}q
j=1) (1)

where the left and right side of (1) is called an-
tecedent and succedent, respectively. For simplicity
we will write only E ⇒ F instead of (1). In (1), F ,
resp. E, can represent various conjunctions AND ’s
(given by t-norms) and disjunctions OR ’s (given by
t-conorms) of respective fuzzy sets and⇒ represents
a relationship between E and F given by chosen
confirmation measures. Confirmation measures are
specific mathematical expressions that confirm the
validity of (1) in chosen data set - for instance, see
support and confidence measures (4), (6), (7) and
(8) below.

3. Association analysis from fuzzy
viewpoint

There are several ways how to choose confirma-
tion measures that determine linguistic associations
(1). One of the best known methods for searching
linguistic associations is so-called GUHA method
([10]). Its confirmation measures (called quanti-
fiers) are computed from relevant four-fold tables.
To construct such tables crisp partitions (induced
by relevant fuzzy sets) of contexts of considered at-
tributes are required ([10], [14] etc.). However, there
are also other possibilities due to which we can work
directly with fuzzy sets carrying linguistic labels.

For instance, in [5], the problem of choosing
reasonable fuzzy confirmation measures was stud-
ied systematically and choices of various confirma-
tion measures were justified especially in connection
with a certain and very natural partition of the row
set Do. The partition required therein is given by
the condition

S+(oi)+S−(oi)+S±(oi) = 1, for any oi ∈ Do, (2)

where S+(oi), S−(oi), S±(oi) denotes a positive,
negative and irrelevant evaluation, respectively, of
each row oi ∈ Do of a given rule (1). Such a parti-
tion of Do can be of the form

S+(oi) := E(oi)⊗ F (oi),
S−(oi) := 1− (E(oi)→ F (oi)), (3)
S±(oi) := 1− E(oi)

where a t-norm ⊗ is so-called copula (e.g.,
Łukasiewicz t-norm is the smallest copula) and an
implication operator → is given by a → b =
(1−a) + (a⊗ b). Under these assumptions, the par-
tition (3) guarantees (2) for any possible rule (1).
Additionally, the authors of [5] justified how any
such partition induces meaningful fuzzy confirma-
tion (i.e., support and confidence) measures.

Consequently, for the partition (3), the following
(t-norm-based) support measure of (1) is suggested
in the data set D

suppt(E ⇒ F ) :=
∑

oi∈Do

E(oi)⊗ F (oi). (4)

Remark 1 However, the problem in [5] can be fur-
ther specified. For instance, when we require the im-
plication operator → to be a self implication (i.e.,
a → a = 1), the authors obtained that ⊗ has to
be the minimum t-norm (⊗(x, y) = min{x, y}), or,
when we require→ to be the strong implication (i.e.,
a → b = n(a) ⊗ b for a strong negation n(a))
the solution is given only by the product t-norm
(⊗(x, y) = xy). For completeness we note that the
partition is again given by (3).

The authors of [11] discussed also gradual (resp.
certainty) rules. Such rules are of the form “The
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more the property E is true, the more the conclu-
sion F is true”. In that case, another definition of
partition of Do for E ⇒ F was considered

S+(oi) := E(oi)⊗ (E(oi)→ F (oi)),
S−(oi) := E(oi)⊗ (1− (E(oi)→ F (oi))), (5)
S±(oi) := 1− E(oi).

For this partition, the condition (2) is satisfied only
for the product t-norm. Consequently, the following
(implication-based) support measure is taken for (1)

suppc(E ⇒ F ) :=
∑

oi∈Do

E(oi) · (E(oi)→ F (oi)),

(6)
where → represents any generalized implication.
More precisely, an implication operator I : I×I → I
for I = [0, 1] is a generalization of the material im-
plication if it satisfies, for x, y, x0, y0 ∈ I,
(I1) I(x, y) ≤ I(x0, y) for x0 ≤ x,
(I2) I(x, y) ≤ I(x, y0) for y ≤ y0,
(I3) I(1, y) = y, and
(I4) I(0, 0) = 1.

In order to keep preceding notation we put →:= I.
Sometimes, x → y denotes also a product implica-
tion that is equal to 1 for x ≤ y or to y/x otherwise.

Finally, if ⊗ is a continuous t-norm and → is
derived from that t-norm through residuation, the
(minimum-based) support measure is obtained:

suppm(E ⇒ F ) :=
∑

oi∈Do

min{E(oi), F (oi)}. (7)

For support measures (4), (6) and (7), relevant
confidence measures are defined by

conf j(E ⇒ F ) := suppj(E ⇒ F )∑
oi∈Do

E(oi)
(8)

for j ∈ {t, c,m}. Note that (8) cannot be strictly
greater than 1 for any association E ⇒ F .

As usually, when a support and its relevant con-
fidence measures are fixed, then we say that a given
rule E ⇒ F is valid if its support and confidence de-
grees are greater than or equal to preliminary given
support and confidence thresholds.

Further, for given rules E1 ⇒ F1 and E2 ⇒ F2,
E1 ⇒ F1 `s E2 ⇒ F2 denotes the fact that
supp(E1 ⇒ F1) ≤ supp(E2 ⇒ F2). Similarly,
E1 ⇒ F1 `c E2 ⇒ F2 denotes the fact that
conf (E1 ⇒ F1) ≤ conf (E2 ⇒ F2) and finally E1 ⇒
F1 ` E2 ⇒ F2 means that E1 ⇒ F1 `j E2 ⇒ F2 for
j = {s, c}. Analogous notation we can also use for
sets of associations - the expression

A⇒ B, C ⇒ D ` E ⇒ F

means that E ⇒ F is valid, i.e., it has higher sup-
port and confidence degrees than either A ⇒ B or
C ⇒ D etc.
Let us remark that we can also use associations of

the form C ⇒ C. A considering such associations is

very natural, their confidence degree has to be equal
to 1. Consequently, the validity of this association
implies that the linguistic expression represented by
C has a sufficiently large support.

3.1. Using additional knowledge

Let us introduce a set E of associations (i.e., the set
of expert knowledge) that can be provided to the
data mining process. We would like to emphasize
that linguistic and mathematical representation is
the same for associations from E as well as for asso-
ciations we want to mine in a given data-set.

Note that we need not to specify the inner struc-
ture of such expert associations (i.e., associations
from E). For a given unknown association E ⇒ F
we would like to test, associations from E (notation
A⇒∗ B) can describe information between the an-
tecedent and succedent part of E ⇒ F as well as be-
tween attributes contained either in the antecedent
or succedent part of E ⇒ F , respectively. We would
like to stress that it makes sense to deal only with
confidence measures of associations from E .

We would like to emphasize that, within this pa-
per, associations from E are assumed to be fully
valid in the dataset D, i.e. we assume conf i(A ⇒∗
B) = 1. According to the choice of a confidence
measure, we can obtain some additional informa-
tion. For instance, if A(oi) ≤ B(oi) holds for each
oi ∈ Do then conf i(A ⇒∗ B) = 1 is satisfied for t-
norm-based confidence measures (and hence for the
minimum-based one). When an implication-based
confidence measure is considered, we can obtain the
same condition provided → is a residuated implica-
tion of some t-norm. But if → is a generalized im-
plication then only B(oi) = 1 for any oi ∈ Do can
be assumed.

4. Properties

In this section we study the following properties:
P1 (A OR B)⇒ A,
P2 A⇒ B, (B OR C)⇒ D ` (A OR C)⇒ D,
P3 A⇒ B ` (C AND A)⇒ (C AND B),
P4 (A⇒ B), (A⇒ C) ` (A⇒ (B OR C)),
P5 A⇒ (B OR C) ` A⇒ B,
P6 A⇒ B, B ⇒ C ` A⇒ C,
P7 A⇒ B, C ⇒ D ` (A OR C)⇒ (B OR D),
P8 (A AND B)⇒ (C AND D) ` (A AND B AND D)⇒
C.

In [2] the authors study axioms and inference
rules used in database design. It should be also
mentioned that the same rules are valid also in fuzzy
attribute logic elaborated e.g. in [3]. These axioms
and inference rules are described by Properties P1-
P6.

The last two properties - Properties P7 and P8
are motivated by analogous properties that are used
e.g. in GUHA method ([10]) or in the classic Apriori
algorithm (see [1] and references therein). So, let us
continue in our study property by property.
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4.1. Properties P1 and P2

As regards Property P1, it has been explained in
[13] that this property need not be satisfied in gen-
eral. Thus let us study

A⇒ B, (B OR C)⇒ D ` (A OR C)⇒ D.

We explained in [13] that, for t-norm-based mea-
sures,

A⇒ B, (B OR C)⇒ D 6`s (A OR C)⇒ D

and also

A⇒ B, (B OR C)⇒ D 6`c (A OR C)⇒ D.

The same negative expressions we obtain also for
the minimum-based and implication-based confir-
mation measures - see the next two simple exam-
ples.

Example 1 Consider a dataset with three rows and
fuzzy sets A,B,C,D with values:

A B C D
o1 0.8 1 0.4 1
o2 0.7 0.8 0.4 0.1
o3 0.6 0.7 0.8 0.4

Then we immediately obtain suppm(A ⇒ B) =
2.1 > suppm((B ORC) ⇒ D) = 1.5 >
suppm((A ORC) ⇒ D) = 1.3. Moreover,
conf m(A ⇒ B) = 1 > conf m((B ORC) ⇒ D) =
0.57 > conf m((A ORC)⇒ D) = 0.56. Additionally,
this example contradicts

A⇒∗ B, (B OR C)⇒ D ` (A OR C)⇒ D.

Example 2 Consider a dataset with three rows and
fuzzy sets A,B,C,D with values:

A B C D
o1 0.2 1 0.8 0.2
o2 0.1 0.8 1 0.1
o3 0.7 0.8 0.8 0.2

Then, for x → y := max{1 − x, y}, we get
suppc(A ⇒ B) = 0.85 > suppc((B ORC) ⇒ D) =
0.49 > suppc((A ORC)⇒ D) = 0.46. Moreover, we
obtain conf c(A ⇒ B) = 0.85 > conf c(B ORC) ⇒
D) = 0.17 > conf c((A ORC) ⇒ D) = 0.16, i.e., it
contradicts also

A⇒∗ B, (B OR C)⇒ D ` (A OR C)⇒ D.

Analogously it could be demonstrated that using
A ⇒∗ B need not be justified for general t-norm
based confirmation measures.

4.2. Property P3

It is shown in [13] that the validity of

A⇒ B `c (C AND A)⇒ (C AND B)

is satisfied neither for the minimum-based support
measure nor for the confidence one. To ensure the
validity of this rule it is necessary to require more
- for instance, for the minimum-based confirmation
measure, we have

A⇒∗ B `c (C AND A)⇒ (C AND B).

In the rest of this subsection we deal with an ex-
act modification of Property P3 that can hold for
support measures (7), (4) and (6). However, it can
be shown that it does not hold for confidence mea-
sures (Example 3).

Lemma 1 Let us consider the t-norm-based sup-
port measure given by (4). Then

(A AND C)⇒ (B AND C) `s A⇒ B.

Proof. We consider the t-norm-based support mea-
sure (4). We can obtain suppt((A AND C) ⇒
(B AND C)) =

∑
oi∈Do

A(oi) ⊗ C(oi) ⊗ B(oi) ⊗
C(oi) and it is smaller than suppt(A ⇒
B) =

∑
oi∈Do

A(oi) ⊗ B(oi) and therefore
suppt((A AND C) ⇒ (B AND C)) ≤ suppt(A ⇒ B).
�

From this lemma the next corollary easily follows.

Corollary 1 Let us consider the minimum-based
support measure given by (7). Then

(A AND C)⇒ (B AND C) `s A⇒ B.

Lemma 2 Let us consider the implication-based
support measure given by (6) and the product im-
plication. Then

(A AND C)⇒ (B AND C) `s A⇒ B.

Proof. We consider the implication-based support
measure (6) with the product implication →. Put
D1 := {oi ∈ Do |A(oi) ≤ B(oi)} and D2 := Do \D1
and consider two expressions:

A(oi) · (A(oi)→ B(oi)) (9)

and

(A(oi)C(oi)) · (A(oi)C(oi)→ B(oi)C(oi)). (10)

For any oi ∈ D1 we easily obtain

A(oi)C(oi) = (10) ≤ (9) = A(oi). (11)

Consequently, since suppc of (A AND C) ⇒
(B AND C) and A ⇒ B is counted as the sum of
(10) and (9), respectively, we get that (11) implies

(A AND C)⇒ (B AND C) `s A⇒ B (12)
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on the set D1.
Analogously, we can use an analogous argument

for the set D2, since we clearly obtain

B(oi)C(oi) = (10) ≤ (9) = B(oi)

for any oi ∈ D2. �

In the following example it is shown that this rule
can not be proved for confidence measures.

Example 3 We consider a dataset consisting of
one object with the following values of fuzzy sets
A,B,C: A(o1) = 0.9, B(o1) = 0.5, C(o1) = 0.1.
Then confm((A AND C) ⇒ (B AND C)) = 1 and it
is greater than confm(A⇒ B) = 5/9.
Or when we consider a dataset consisting of

two objects with values of fuzzy sets A,B,C:
A(o1) = 0.9, B(o1) = 0.5, C(o1) = 0.1
A(o2) = 0.6, B(o2) = 0.8, C(o2) = 0.2. Then
confc((A AND C) ⇒ (B AND C)) = 0.8 and it is
greater than confc(A⇒ B) = 0.73.

Remark 2 Here and in subsequent counterex-
amples we consider the product implication for
implication-based confirmation measures - i.e., the
residuated implication induced by the product t-
norm.

4.3. Property P4

Let us study the rule

A⇒ B, A⇒ C ` A⇒ (B OR C).

As we can see from the following lemma, the validity
of this property is straightforward.

Lemma 3 (P4) ([12])Let us consider confirmation
measures given by (4), (6), (7) and (8). Then

A⇒ B, A⇒ C ` A⇒ (B OR C).
Remark 3 Clerly, since Property P 4 is valid in gen-
eral, it can be used also in connection with the expert
knowledge (i.e, associations from E) we consider in our
task. Thus, e.g.,

A ⇒∗ B, A ⇒ C ` A ⇒ (B OR C).

4.4. Property P5

In this subsection we focus on the property

A⇒ (B OR C) ` A⇒ B.

In [12] some examples demonstrate that this prop-
erty does not hold in general for various confirma-
tion measures.
According to examples from [12] we can claim, for

all confirmation measures considered in this paper,
that

A⇒ (B OR C) 6`s A⇒ B.

and
A⇒ (B OR C) 6`c A⇒ B.

However, it can be seen from the subsequent
lemma we can specify some additional assumptions
in order to ensure the validity of Property P5.

Lemma 4 (P5) Let us consider the minimum-
based confirmation measures (7) and (8). Then

A⇒ (B OR C), C ⇒∗ B ` A⇒ B.

Proof. By our assumptions we have, for support
and confidence thresholds r and γ,

suppm(A⇒ B OR C) :=∑
oi∈Do

min{A(oi),max{B(oi), C(oi)}} ≥ r (13)

and

confm(A⇒ B OR C) :=∑
oi∈Do

min{A(oi),max{B(oi), C(oi)}}∑
oi∈Do

A(oi)
≥ γ. (14)

We want to prove

suppm(A⇒ B) :=
∑

oi∈Do

min{A(oi), B(oi)} ≥ r

(15)
and

confm(A⇒ B) :=
∑

oi∈Do
min{A(oi), B(oi)}∑
oi∈Do

A(oi)
≥ γ.

(16)
According to Subsection 3.1, C ⇒∗ B implies

that C(oi) ≤ B(oi) for any oi ∈ Do. Having this
in mind, it is clear that (13) is equal to (15) and
also (14) is equal to (16). �

The following counterexample shows that the
lemma above can not be constructed for t-norm
based and implication-based confirmation mea-
sures.

Example 4 Consider dataset with one object
and fuzzy sets A,B,C with values - A(o1) =
0.5, B(o1) = 0.1, C(o1) = 0.9.
Then suppt(A ⇒ (B OR C)) = 0.455, resp.

conft(A ⇒ (B OR C)) = 0.91, is strictly greater
than suppt(A⇒ B) = 0.05, resp. conft(A⇒ B) =
0.01.
Further, suppc(A ⇒ (B OR C)) = 0.5, resp.

confc(A ⇒ (B OR C)) = 1, is strictly greater than
suppc(A⇒ B) = 0.1, resp. confc(A⇒ B) = 0.2.

4.5. Property P6

In this subsection we consider the property

A⇒ B, B ⇒ C ` A⇒ C. (17)

The authors of [12] demonstrated in counterexam-
ples that this property is not valid in general in the
set of mined associations, thus

A⇒ B, B ⇒ C 6`s A⇒ C

and
A⇒ B, B ⇒ C 6`c A⇒ C (18)
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for all support measures (4), (6) and (7), respec-
tively. Additionally, there are the examples demon-
strating that requiring some additional assumptions
(for example A ⇒ A, B ⇒ B, C ⇒ C) need not
lead to the validity of Property P6.
For completeness, there exists a lemma claiming

that by using some expert knowledge we can rea-
sonably use Property P6.

Lemma 5 ([12]) Let us consider confirmation
measures given by (8) and (4), (6), (7). Then

A⇒ B, B ⇒∗ C ` A⇒ C.

Remark 4 As an easy corollary of Lemma 5 we can
see that an ordinary transitivity (A ⇒∗ B, B ⇒∗ C `
A ⇒∗ C) is preserved in the set E. On the other side,
the property (A ⇒∗ B, B ⇒ C ` A ⇒ C) need not be
valid in general.

4.6. Properties P7

We can return to the original motivation ([5]) of es-
tablishing confirmation measures (8), (4), (6) and
(7). And we can speak about a positive, negative
and irrelevant part of the rule E ⇒ F (notation
S+(E ⇒ F ), S−(E ⇒ F ) and S±(E ⇒ F )), respec-
tively. Note that each Si(E ⇒ F ), i ∈ {+,−,±},
can be seen as a fuzzy set on Do. In [5] confirma-
tion measures (8), (4), (6) and (7) were established
in order to satisfy

supp(E ⇒ F ) =
∑

oi∈Do

S+(E ⇒ F )(oi)

and

conf(E ⇒ F ) =∑
oi∈Do

S+(E ⇒ F )(oi)∑
oi∈Do

(S+(E ⇒ F )(oi) + S−(E ⇒ F )(oi))

for given partitions satisfying (2).
It is easy to see from the last two expressions that

having two valid associations E1 ⇒ F1, E2 ⇒ F2
with “disjoint” positive parts ensures the validity of
(E1 ORE2)⇒ (F1 ORF2) whenever the linguistic OR
is represented by pointwise maximum.
Therefore, we can work with a rule

A⇒ B, C ⇒ D ` (A OR C)⇒ (B OR D)

for fuzzy sets A,C with disjoint supports. Gener-
ally, the following results for P7 and its special case
(C ⇒ C) can be provided.

Lemma 6 (P7)([12]) Let us consider the
minimum-based support measure given by (7).
Then

A⇒ B, C ⇒ D `s (A OR C)⇒ (B OR D),

Corollary 2 ([12]) For minimum-based support
measure we have

A⇒ B, C ⇒ C `s (C OR A)⇒ (C OR B).

Lemma 7 (P7)([12]) Let us consider the t-norm-
based support measure given by (4). Then

A⇒ B, C ⇒ D `s (A OR C)⇒ (B OR D),

Analogously we obtain the subsequent corollary.

Corollary 3 ([12]) For any t-norm-based support
measure we have

A⇒ B, C ⇒ C `s (C OR A)⇒ (C OR B).

Lemma 8 (P7) Let us consider the implication-
based support measure given by (6). Then

A⇒ B, C ⇒ D `s (A OR C)⇒ (B OR D) (19)

Proof. Let us consider the implication-based sup-
port measure (6) with the product implication
→ and the following decomposition of Do into
D′1,D′′1 , D′′2 , D′21 and D′22 – D1 := {oi ∈ Do |C(oi) ≤
D(oi)}, D2 := Do \D1 and D′1 := {oi ∈ D1 |A(oi)⊕
C(oi) ≤ B(oi) ⊕ D(oi)}, D′′1 := D1 \ D′1, D′2 :=
{oi ∈ D2 |A(oi)⊕C(oi) ≤ B(oi)⊕D(oi)} and D′′2 :=
D2\D′2 and finally D′21 := {oi ∈ D′2 |A(oi) ≤ B(oi)}
and D′22 := D′2 \ D′21. Finally, by ⊕ we denote a t-
conorm of the product t-norm.

Let us study expressions

A(oi) · (A(oi)→ B(oi)), (20)

C(oi) · (C(oi)→ D(oi)), (21)

(A(oi)⊕ C(oi)) · (A(oi)⊕ C(oi)→ B(oi)⊕D(oi))
(22)

Then (22) = A(oi)⊕C(oi) (or B(oi)⊕D(oi)) on
set D′1 (or D′′1 ). In both cases we have

(21) ≤ (22) (23)

since (21) = C(oi) for any oi ∈ D1. Similarly, (23)
holds also on D′′2 because, for oi ∈ D′′2

(21) = D(oi) ≤ B(oi)⊕D(oi) < A(oi)⊕C(oi) = (22).

Analogously, for any oi ∈ D′21

(20) = A(oi) ≤ A(oi)⊕ C(oi) = (22),

and for any oi ∈ D′22

(20) = B(oi) < A(oi) ≤ A(oi)⊕ C(oi) = (22).

Consequently, (20) ≤ (22) holds for any oi ∈ D′2.
Since (23) holds for any oi ∈ (Do \ D′2) = D1 ∪ D′′2 ,
we obtain (19) directly from the definition of (6).
�

From Lemma 8 we get the following corollary on
the special case of Property P7.

Corollary 4 ([12]) For the implication-based sup-
port measure with the product implication we have

A⇒ B, C ⇒ C `s (C OR A)⇒ (C OR B).
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As regards the confidence measures, the following
example demonstrates that Property P7 need not be
proved for the minimum-based confidence measure.
But it can be proven for the special case of Property
P7 in the next lemma.

Example 5 Consider minimum-based confidence
measure and take a dataset consisting of three rows.
Let fuzzy sets A,B,C,D be defined by A(o1) = 0.9,
B(o1) = C(o1) = D(o1) = 0.1, A(o2) = B(o2) =
C(o2) = D(o2) = 0.9, A(o3) = B(o3) = D(o3) =
0.1 and C(o3) = 0.9.
Then confm(A⇒ B) = confm(C ⇒ D) = 11/19

and this expression is greater then confm(A OR C ⇒
B OR D) = 11/27.

Lemma 9 (P7)([12]) Let us consider the
minimum-based confidence measure given by
(8). Then

A⇒ B, C ⇒ C `c (C OR A)⇒ (C OR B).

4.7. Property P8

The last property we consider is the condition:

(A AND B)⇒ (C AND D) ` (A AND B AND D)⇒ C.

It can be easily proven that this property can be
valid for t-norm-based confirmation measures, and
hence also for the minimum-based ones.

Lemma 10 (P8)([12]) Let us consider the t-norm-
based confirmation measures given by (4)and (8).
Then

(A AND B)⇒ (C AND D) ` (A AND B AND D)⇒ C.

Corollary 5 (P8) ([12]) Let us consider the
minimum-based confirmation measures given by
(7)and (8). Then

(A AND B)⇒ (C AND D) ` (A AND B AND D)⇒ C.

Remark 5 Since Property P8 is valid in general, it
would be superfluous to study how to use associations
from E.

However, for implication-based confirmation
measures, the negative answer can be obtained -
see the next example.

Example 6 ([12]) Consider data with attributes
represented by fuzzy sets A,B,C,D having values
A(oi) = B(oi) = 0.1 and C(oi) = D(oi) = 0.2.
Then, for the product t-norm and its residu-

ated implication, we obtain suppc((A AND B) ⇒
(C AND D)) = 0.01. This is greater than
suppc((A AND B AND D)⇒ C) = 0.002.

4.8. Summary

In this subsection we sketch obtained results for par-
ticular confirmation measures.

For minimum-based confirmation measures we
have demonstrated that some rules (P1, P2, P3, P5,
P6, P7) are not valid in general. However, when
we can modify some of them (P3) or specify some
conditions (P7) or expert knowledge (P4 and P6)
in order to guarantee the validity of the considered
rule. Finally, P4 and P8 are always valid.

For t-norm-based confirmation measures we have
got that Properties P1, P2, P3, P5, P6 and P7 are
not valid in general. Similarly as above, we can
specify some conditions (for P7) or some expert
knowledge (for P4 and P6) in order to get their
validity. And as above, P4 and P8 are valid.

Finally we consider implication-based confirma-
tion measures. For such measures, Properties P1,
P2, P3, P5, P6 and P7 cannot be used in general.
On the other side, P4 and P8 are always valid and
for other rules some additional knowledge (for P4
and P6) or assumptions (for P7) can guarantee their
validity.

5. Example

At the end of this paper we devise a simple ex-
ample demonstrating how the mentioned results
can be used in the data mining process. We use
a dataset entitled NO2 downloaded from the web
page: http://lib.stat.cmu.edu/modules.php. And
for mining for associations we used the program
LAMWin32 developed in our institute.

Our tools are the following (for details see [14])

• a model of evaluative linguistic expressions
(more precisely, Model I),

• the implicational quantifier with parameters
r ≥ 0.005 and γ ≥ 0.2.

The next two tables show some of found linguistic
associations. The first two columns of first table
represent associations of the form “Hour ⇒ Temp”
and “Temp⇒ Y_NO2”, an so on.

IF THEN IF THEN
Hour is Temp is Temp is Y_NO2 is
ML Me ML Me. ML Me ML Me.
Me ML Sm. ML Sm ML Me.

V e Sm ML Sm. ML Sm ML Me.

IF THEN
Hour is Y_NO2 is
ML Me ML Me.
Me ML Me.

V e Sm ML Me.

504



These tables demonstrate that, e.g., Property P6
is suitable for simplification of the data mining pro-
cess. We can simplify the data mining process pro-
vided we have a suitable set E possessing associa-
tions from the right side of the first table. Then
it would be sufficient to mine only for associations
from the left side of that table. For example, in the
first rows we can see the associations
“IF Hour is ML Me THEN Temp is ML Me.”
“IF Temp is ML Me THEN Y_NO2 is ML Me.”
Then we immediately obtain another association
“IF Hour is ML Me THEN Y_NO2 is ML Me”.

6. Conclusions, future work

In this paper we studied relations among attributes
(see the beginning of Section 4) of a given data set
that are given by common fuzzy confirmation mea-
sures. Within this contribution (and also [13]) we
provided a short survey of found relations and coun-
terexamples (see Subsection 4.8).
The most promising and detailed results can be

obtained for the minimum-based confirmation mea-
sure. This jointly with other facts (e.g., together
with less computational complexity of such confir-
mation measures) gives another argument for its
use. According to our experience, the remaining
confirmation measures are rather complex to use,
especially when we use several attributes in consid-
ered expressions.

We realize that our results are rather negative
and that there still are some open tasks devoted
even to Properties P1-P8 considered in this contri-
bution. On the other side, this contribution is, in
fact, our first step in this area. We intend to extend
our research, e.g., to study relations given by other
properties of confirmation measures, for instance,
by those admitting various dependencies as it was
suggested in [7], to create novel algorithms for min-
ing of linguistic associations using the knowledge we
have discovered, or to specify formally how the user
of the data mining process can cooperate with this
process by its linguistically expressed knowledge.

This contribution partially contains results (with-
out proofs) from [12] where the same problem was
studied. But, since some tasks from [13] remained
open therein, we have answered them within this
paper - see Examples 1,2,3,4,5, Lemmas 1,2,4,8 and
Corollary 1.
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