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Abstract--By using the generalized Riccati transformation and
the inequality technique, we established one new oscillation
criterion for the second-order nonlinear delay dynamic
equations on time scales. Our results not only extend and
improve some known theorems, but also unify the oscillation of
the second-order nonlinear delay differential equation and the
second-order nonlinear delay difference equation on time
scales.
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I. INTRODUCTION

The theory of time scales, which has recently received a
lot of attention, was introduced by Hilger [1], in order to
unify continuous and discrete analysis. Several authors have
expounded on various aspects of this new theory, see [2]. A
time scale T is an arbitrary closed subset of the reals and
the cases when this time scale is equal to the reals or to the
integers represent the classical theories of differential and of
difference equations. In recent years, there has been much
research  activity concerning the oscillation and
nonoscillation of solutions of various equations on time
scales, and we refer the reader to [3-10]. In this paper we
deal with the oscillatory behavior of all solutions of
nonlinear second-order delay dynamic equation

@@aOx*))" +a® f (x(z(®)) =0, teT, t=t, 1)
In this paper, we give the following hypotheses:

(H1) T is atime scale (i.e., a nonempty closed subset of

the real numbers R ) which is unbounded above, and LeT

with tO > O. We define the time scale interval of the form
[t01°o)T by[tmOO)T =[t0,00)nTl

(H2) 7 21 is the ratio of two positive odd integers.

(H3) &9° are positive real-valued rd-continuous
functions on an arbitrary time scale T, and
; 1
j(%)yAt<oo
o : )
(H4)7:T—T is a strictly increasing and differentiable
function such that
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r(t) <t, !im r(t)=o0,andz(T) =T

(H5) F*R =R s a continuous function such that satisfies
for some positive constant L,

f(X)ZL
X forall x#0,

This article is the continuation of [9]. In this paper,
suppose that the condition

1

I(@) At=oo

t

is invalid, we continue to discuss the oscillation of
solutions of (1). By using the generalized Riccati
transformation and the inequality technique, we obtain one
new oscillation criteria for (1).

By a solution of (1), we mean a nontrivial real-valued
function X satisfying (1) fort € T We recall that a solution
L . ©); . .
Xof (1) is said to be oscillatory on [to’ )T in case it is
neither eventually positive nor eventually negative;
otherwise, the solution is said to be nonoscillatory. Equation
(1) is said to be oscillatory in case all of its solutions are
oscillatory. Our attention is restricted on those solutions X
of (1) which X is not the eventually identically zero.

On the time scale T we define the forward and the
backward jump operators by

ot)=inf{seT:s>t} and pt)=sup{seT:s<t}

A point teTis said to be left-dense ifp(t):t, right-
dense if () =1 jeft-scattered if () <tand right-scattered
if 90> The graininess # of the time scale is defined

by #0=c®-t  For a function T:T >R if i

continuous at U and U is right-scattered, the (delta)
derivative is defined by

BRGS0
o(t)-t

If Uis right-dense, then the derivative is defined by
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Ay = fim (O = f(8)
o=

provided this limit exists. We will make use of the
following product and quotient rules for the derivative of the

f
product fg and the quotient A of two differentiable
functions f and 9:
(fg)* (0 = F* M9+ f (c®)g" (V) = F (9" ) + F*(©)g(c (D)), (3)
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and a differentiable function ,
A

For b,ceT the

Cauchy integral of f is defined by

j fA(t)At = f(c)- f (b).
The integration by parts formula reads

[ 2 amAt=f(©)g(©) - f(b)g(b)- [ F7(1)g* ®)AL

®)

For more details, see [2].

Il.  SEVERAL LEMMAS
Lemma 1 [10, Lemma 2.2] Assume that7:T—>R js
strictly  increasing and tMeT s a time scale
and 7(o(t) :G(T(t)). LetX:T—>R . |fTA(t), and let x4 (z(1))
A
existfor LE T then (X(Z()” exist, and

(W) =X W) ). ©)

Lemma 2 [2, Theorem 1.90] Assume that X(t) is delta-
differentiable and eventually positive or eventually negative,
then

((x())* = 7 [Ix(o () + L~ X %" (). ™

Lemma 3[11, Theorem 41] Assume that X and Y are
nonnegative real numbers, then

AXY XA <(A-D)YH, A1, ®)
where the equality holds if and only if X=Y
Il.  MAIN RESULTS
Theorem 1 Assume (H1)-(H5), (2) hold and

Te Crld ([t )7, T) , T(U(t)) =

o(z() et H:D; ={(t,s):t=s>t,t,set,©); ] >R be
a rd-continuous function, which is such that

H(t1)=0 g0 t2t, H(t,5)>0 ¢ t>5>t,t,s€[ty, ),
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And H has a non-positive continuous A -partial
As
derivative H®(t.s) with respect to the second variable, if

there exists a positive A _differentiable function
9€Cy(lty o) R): ych that
. 1o ; ()@ ()
fim sup A ‘j H(t, s)[LS(s)a(s) 7(7+1)“‘(6W]A5 = oo, (9)
S*(t)) =max{0,6° (M)}, telt,
where ( ())+ { ()} el OO)T. If for every
t efty,0);

1

]{%j&y (u)q(u)Au}vAs =00,

ty

(10)

9({):j(i]m, . . .
where  :2()) " then equation (1) is oscillatory on

[ty )

Proof Suppose to the contrary that *) is a
nonoscillatory solutions of equation (1) on [ we may

assume without loss of generality that X(t)>0 gng x(=(1))>0

for all €[l Ll ) \we shall consider only this case,
since the proof when X is eventually negative is similar. By

equation (1), we have (e @) <o . Since  A0O0) jg

decreasing, it is eventually of one sign and hence (1) s
eventually of one sign. Thus, we shall distinguish the
following two cases:

(1) ¥ (>0 fort=t ang

(ay X (<0 gop 2t

Case (I) The proof that (1) js an eventually positive is
similar to that of the proof of Theorem 4.1 in [9] and it
hence is omitted.

Case (11) Fors='=4 we have
a(s)(—x*(s)) za(t)(-x* (1))

and hence

(11)

Integrating (11) from =% to U=t and letting U —>
yields

fort €[4 ®)r and thus
(x(V) ==(0(t)) a@®)(x*(v))
(12)

for te [tl’OO)T ,
equation (1),

with =) 1) >0 ysing (12) in



we find

A

(2O ) ) 2La@O(x(=0))

2 La(t)(x(t)) =bL(0(1)) a(t) (13)

fort €[% )t Integrating (13) from b to © we have

—a(t)(x* (1)) =-a(t)(x* (t)) + bLj(O(s))"q(s)As

2bLj‘(6(s))yq(s)As

Y

such that

s(1)2| BE | "q(s ;.
-X (‘)—L(t){(ﬁ(s)) a( )As} (14)

Integrating (14) from b tof , We obtain

1

w05 x(4) 2 -x(1) + x(g)z‘j{%jer(u)q(u)m}m S

ast = By (10), we get a contradiction. This completes
the proof.

Remark 2 From Theoreml, we can obtain different
conditions for oscillation of all solutions of (1) with

different choices of 5(t) and H(t’s) .
H () =(t-)" o HE9=(niT)

Now, let us consider the function "(t*) defined by

For example,

H(ts)=(t-s)" m=Lt>s>t,tselt),00),
Then H(tH=0 for t2t . and H(t,s)>0 , HUts)<0 for
t>s2% tsell)r Hence we have the following results.

Corollary 3 Assume (H1)-(H5), (2) , (10) hold and
7eCy(lt o) T) o(o(®) =o(z(t) | If there exists a positive

1
A _differentiable function ¢ €Cu (i) R) 5oy m>1

such that

LGONCHO)

) 15 ol e w
!Lrgsupt—m{(t—s) {Lb(s)q(s)—m} s=,

(15)

for t>s=t | US<lb)r then equation (1) is oscillatory
on [tOlOO)T_

Remark 4 In the past, the usual result is that the
conditions (2) was established, then every solution of the
equation (1) is either oscillatory or converges to zero. But
now Theorems 1 in our paper proved that if the condition (2)
is satisfied, every solution of the equation (1) is oscillatory.

Theorem1l in this paper are new even in the cases T'=Rand
T=z

Example 5 Consider the second-order nonlinear delay 2-
difference equation
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n%(xl(t))’ihﬂa()(iz))’z(lw(ﬁz»:qt et =2 (16)

Here

at) =t3,q@t) =t*, £ (x) = x3 1+ x2), (t) :%,}/ :2.

The conditions (H1)-(H4) are clearly satisfied, (H5)
holds withL =1, Next, for t=2 so that

1

I(%)Tm = I(t’%)gm = It’zm =l<w ast o

Hence (2) is satisfied. Now letH(ts)=(t=s)".5(0)=t for
allt>s>2 then

L
T j H(t.9)[L&(s)a(s) -

AN G

lim sup "
s (7 +)7(S(8)e* (s))

t u 85
=lim sup%)zj(s" —2ts° +t%s° —bs? + 2bts® —bt’s7)As = oo,
2

(t-
1°28-8
b=() @) S
where 2" 3" hence (9) is satisfied. Because of
a(t) :I(%)VAS :IS’ZAS = 75 \::%,

and thus

A T2 . 2 iy _ 22 oo n2ys 22
o A= [Lutau =2 (s -57) = 2 (574 27) (57— 2) > s,
J(u)q(u) u J;uu U= 6 5) = o (P 2N 2) 2 o

then

o

30 4

J[a(is):je(u)qu)m]?zszjs*(]%)’g(sz)gzs:(]%)%{s%:oo

So (10) is satisfied as well. Altogether, by Theorem1, the
equation (16) is oscillatory.
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