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Abstract

This paper studies the possibility to deal with par-
tial functions in fuzzy type theory. Among various
ways how to represent them we chose introduction
of a special value “undefined” laying outside the cor-
responding domain. In FTT, we can quite naturally
utilize the description operator by extending its ac-
tion also to subnormal fuzzy sets.

Keywords: Fuzzy type theory, EQ-algebra, partial
function, description operator.

1. Introduction

When applying type theory to the logical analysis
of natural language (cf. [1]), one may meet the re-
quirement to deal with partial functions. Several
problems arise when trying to include them in the
formalism of type theory. One of the main ones is
failure of the A-conversion an so, the power of the
resulting theory is significantly reduced. Thus, sev-
eral ways how this problem can be overcome were
proposed. For example, W. Farmer in his paper [2]
describes 8 of them. For type theory, we can con-
sider two basic approaches: either to introduce a
special functional value “undefined”, or to modify
the syntactic system to distinguish between general
equality and equality of defined values.

In this paper, we decided for the first option. The
problem, though, arises with the type o of truth val-
ues. The reason is that truth values must form an
algebra and so, any additional element must fulfill
all its properties. The value “undefined” (in the
sequel, we will denote it by #), however, is quite
specific and requires exceptional properties making
it distinct from any other value of the considered
algebra. Consequently, we sooner or later arrive at
a discrepancy. We conclude that it is not possi-
ble to extend the algebra of truth values by a value
representing “undefined”. The remedy is either to
develop a specific kind of algebra of truth values, or
simply to replace a formula of type oa by a formula
of type (0o)a: where the former is expected to rep-
resent a partial function (i.e. to replace a function
by a (fuzzy) relation). Moreover, it is usually ac-
cepted by logicians that predicates (i.e., functions
whose range are truth values) should always have a
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truth value (cf. [2]). Consequently, if the argument
is “undefined” then the resulting functional value
is false. Hence, there are no partial functions into
truth values.

Introduction of # into other types distinct from
o is still possible. In fuzzy type theory, there is one
specific formula which requires treatment with re-
spect to partiality, namely the description operator
La(oa)- In [3, 4], it is considered in such a way that
its interpretation is just a partial function giving a
value from the kernel of the corresponding fuzzy set
if the latter is normal, and giving nothing other-
wise. This suggests an idea how # can be naturally
included: the value # of type « is defined on the
basis of L4 (0a)Aoa for Ao representing a subnormal
fuzzy set. The problem, however, still remains with
the formula ¢,(,) since there can also be subnormal
fuzzy sets on truth values ans consequently, we face
the above mentioned impossibility to extend the al-
gebra of truth values.

There are two other solutions.

(i) We can modify slightly the definition of ¢4(,0)
so that each considered fuzzy set is normalized
and so, the value “undefined” in truth values
is excluded. Unfortunately, if we use this def-
inition together with the definition of # using
the description operator for the other types,
we arrive at contradiction.

Introduce # systematically for all types and
in case of the type o, identify #, with the fal-
sity L. The reason for the latter comes from
the above mentioned general assumption that
partial functions assigning truth values should
give falsity when arguments are undefined.

In this paper, we will focus on the option (ii) and
prove that it may be consistently used for the defi-
nition of partial functions.

2. Fuzzy Type Theory

We will consider the basic FTT with good EQa-
algebra of truth values which was introduced in [4].
This is the most general kind of FTT which can
be extended to various specific versions including
the IMTL-algebra based one originally introduced
in [5].



2.1. Truth values

The truth values form a good EQ-algebra (see [6, 4])
extended by the delta operation A:

g:<E7/\7®7N717A>7 (1)

where for all a,b,c,d € E:

(E1) (E,A,1) is a commutative idempotent
monoid (i.e. A-semilattice with the top el-
ement 1). We put a < b iff a Ab = a, as

usual.
(E2) (E,®,1) is a monoid, ® is isotone w.r.t. <.
(E3) a~a=1 (reflexivity)
(E4) ((aAb) ~c)® (d~a)<c~ (dAD)(substi-

tution)

(E5) (@ ~b) @ (c ~d) < (a~c)~ (b~ d
(congruence)

(E6) (aAbAc)~a<(aAb)~ a (monotonicity)

(E7) a®@b<a~b (boundedness )

(E8) a~1=a (goodness)

The delta operation in £ is an operation A : F —
F having the following properties:

(i) A1=1,
(i) Aa < a,
(ifi) Aa < AAa,
(iv) A(a ~b) < Aa ~ Ab,
(v) A(aAb) = AaA Ab.

If £ is also lattice ordered then, moreover, A must
fulfil the following:

(vi) A(aVbd) < AaV Ab,
(vii) AaV -Aa=1.

It should be emphasized that every residuated lat-
tice is a good EQ-algebra with fuzzy equality being
the biresiduation (i.e., a ~ b= (a = b) A (b — a)).

In the EQ-fuzzy type theory we assume that the
the truth values form a linearly ordered good EQa-
algebra

En = (E,A,®,~,0,1,A) (2)
where 0 is the bottom element. Therefore, the delta
operation reduces to a simple function keeping the
truth value 1 and sending all other truth values to
0.
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2.2. Syntax

The basic syntactical objects of FTT are classical
— see [7], namely the concepts of type and formula.
The atomic types are € (elements) and o (truth val-
ues). Complex types (Ba) are formed from previ-
ously formed ones 8 and a. The set of all types is
denoted by Types.

The language of FTT denoted by J consists
of variables z,, ..., special constants c,,... (o €
Types), auxiliary symbols A and brackets. Formulas
are formed of variables, constants (each of specific
type), and the symbol A. Thus, each formula A is
assigned a type (we write Ay). A set of formulas
of type a is denoted by Form,, the set of all for-
mulas by Form. Interpretation of a formula Ag,
is a function from the set of objects of type « into
the set of objects of type 5. Thus, if B € Formg,
and A € Form, then (BA) € Formg. Similarly, if
A € Formg and z, € J, a € Types, is a variable
then Az Ag € Formg, is a formula whose inter-
pretation is a function which assigns to each object
of type a an object of type [ represented by the
formula Ag.

It is specific for type theories that connectives are
also formulas. Thus, special formulas (connectives)
introduced in FTT are fuzzy equality/equivalence =,
conjunction A, strong conjunction &, disjunction V,
implication = and the delta connective A which is
interpreted by the delta operation.

Specific constants always present in the language
of FTT are the following: E(u,, (fuzzy equal-
ity), Goe (generating function), C(u, (conjunc-
tion), S(oe)0 (strong conjunction), Dy, (delta).

The fundamental connective in FTT is the fuzzy
equality syntactically defined as follows:

(i) =(00)o = AT, ANYo (E(oo)o yo)xov
(ii) =(oe)e ‘= AT e AYe (E(oo)o (Goeys))(Goexe)7

(ili) =(o(ga))(Ba) =
ABa Agga (Bo(8a)) (8a) 98a) fpa-

The quantifiers are defined by

(Vao)Ap :=(Azq Ao = Az T)
(general quantifier)

(Fza)Ao = (V9o ) (Vo) A(Ao = Yo) => Yo)
(existential quantifier)

(y, does not occur in 4,).
Further details can be found in [5, 4].

2.3. Axioms and inference rules
Fundamental axioms
(FT-fundl) A(zo = ya) = (fsa Ta = f8a Ya),

(FT-fund2) (V2o)(fsa Ta = gpa Ta) =
(fBa = 96a>a

(FT—qudS) (fﬂoz = gﬁa) = (f[’}a Ta = JBa xa)a



(FT-fund4) (AxoBg)As =Cp

where Cj is obtained from Bg by re-
placing all free occurrences of z, in
it by A, provided that A, is substi-
tutable to Bg for z, (lambda conver-
sion).

Azioms of truth values. As usual in fuzzy logic,
we have two kinds of conjunction, namely the “or-
dinary” conjunction A and the strong conjunction

&. Let O € {A.&}.
(FT-tvall) (zoAYo) = (Yo A To),
(FT-tval2) (20 O y0) O 20 =0 O (90 O 20),
(FT-tval3) (1, = T) = x,,
(FT-tvalda) (2, O T) =,
(FT-tvaldb) (T & z,) = o,
(FT-tval5) (2o A 20) = o,

(FT-tval6) ((xo Ayo) = 20) &(to = 2,) =
(20 = (to A¥o)),

(FT-tval?) (z,
(Yo

Yo) & (20 = o)
to)

Z0)

(FT-tval8) (2, = (Yo A 20)) = (2o = Yo)

(FT-tval9) (2o =>yo) = (o A 20) => ¥o)
(FT-tvall0a) A(zo = yo) = (To& 20 = Yo & 2,)
(FT-tvallOb) A(z, = yo) = (20& 0 = 2, & Yo)

(FT-tvalll) ((zo = yo) = 20) =
(Yo = 7o) = 20) = 2,

Azxioms of delta

(FT-deltal) (goo(Azo) A goo(mAz,)) =
(VYo) oo (AYo)

(FT-delta2) A(z, Ay,) = Az, A Ay,
(FT-delta3d) A(z,V y,) = Az, V Ay,

(FT-deltad) Az, V -Ax,

Axioms of quantifiers

(FT-quantl) A(Vzo)(A, = By)
(Vo) Bo),

= (4, =
T 1s not free in A,

(FT-quant2) (Vz,)(4o = B,) = ((3z4)As
B,), x4 is not free in B,

=

(FT-quant3) (Vza)(A4o V By) = ((Vza)A4s V By),
T 1s not free in B,
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Axioms of descriptions
(FT-descrl) to(on)(E(oa)a Ya) = Yas a =o€

From A, = A!, and B € Form, infer B’
where B’ comes from B by replacing one

(R) occurrence of A, which is not preceded by
A, by AL.
Let A, € Form,. Then, from A, infer
(N) fi f

AA,.

A theory T is a set of formulas of type o (de-
termined by a subset of special axioms, as usual).
Provability is defined as usual. If T is a theory and
A, a formula then T+ A, means that A, is prov-
able in T. A theory T is contradictory if T - L.
Otherwise it is consistent.

2.4. Semantics

Interpretation of formulas is realized in a frame
which is a tuple
M = (Mo, = én,G) (3)

a)ae Types
so that the following holds:

(i) The &£ is an algebra of truth values (EQa-
algebra). We put M, = E and assume that
each set My, U M(40), contains all the opera-
tions from En.

=4: My x M, — L is a fuzzy equality on
M, and =,€ Mya)o for every a € Types,
which is reflexive, symmetric and transitive
(ie. =o(z,y) ® =a(2,2) < =a(z,2), T,y €
M,)¥
Furthermore, we define: =,:=~, =, is given
explicitly, and
[f=pa S1="/\ [f(m) =5 f'(m)]

meMq

where f, f' € Mgq,.
(ili) G : M. — M, is a generating function using
which the fuzzy equality =, is generated by
[m = m'] = G(m) ~ G(m’).

Interpretation of a formula A, is an element from
the corresponding set M. It is defined recurrently
starting with the assignment p of elements from
M, to variables (of the same type). We then write
My (Ay) € My,

More specifically, let the type a be a = 5. Then
M(A,s) = f € M,s where f is a function f :
Mg — M,. If, moreover, Bg is a formula of type
B having an interpretation M(Bg) = b € Mg then

*) As usual, we will write z =4 y instead of =q(z,y). Some-
times, we also write [zt =« y| to denote a (arbitrary) truth
value of z =4 y.



interpretation M(A,3Bg) of the formula A,gBg is
a functional value f(b) € M, of the function f at
point b.

A model of a theory T is a general frame M for
which M,(A,) = 1 holds for all axioms A, of T
Analogously as in [8], we say that it is safe if any
interpretation M, (A,) is defined. A formula 4, is
true in the theory T, T | A, if it is true in the
degree 1 in all its models.

The following theorem generalizes Henkin theo-
rem for classical type theory [9] (cf. also [7]).

Theorem 1 ([4, 5])
(a) A theory T is consistent iff it has a safe general
model M.

(b) For every theory T and a formula A,

THA, iff Tk A,

The following is an auxiliary lemma.

Lemma 1
(a) F (F20)(20 = o)

(b) Fyo = (F20) (20 & (20 = ¥o))
(c) Fyo=(320) (20 & A (20 = 1))
(d) F(Jz0)z0

(e) If r, is a constant then + (Yx,)r, = r, and
F (3zq)ro = 10.

PROOF: (a) follows from reflexivity of = and 3-
substitution. The proof of (b) is the same as in [3]
where the provable property A, = (B, = C,) F
A,& B, = C,) must be used. (c¢) follows from (b).
(d) follows from (a) when putting y, := T. Simi-
larly for (e) using quantifier axioms and the prop-
erties of fuzzy equality. O

3. Description operator

As mentioned, the description operator tq(oq) is
originally defined for normal fuzzy sets only, i.e.
it can be applied to a formula A,, provided that
F (3z4)A(Avaxa). The operator is defined for all
types a recursively, starting with the elementary
ones.

In [3], the following simple definition for the type
of truth values was considered: t4(00) := Agoo *Joo | -
Since it sometimes gives inconvenient results, we
should use the following definition:

< (320) (20 & A(goozo = T)).  (4)

Lo(oo) ‘= >\goo
Its interpretation is as follows:

VM (=

P(z) € E,p' =p)\ 20}

®AM (Aoozo) |
(5)

M Lo (00) Aoo
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where p, p’ are assignments to variables. Clearly, (5)
gives supremum of all the truth values belonging to
the kernel of the fuzzy set M, (A,,) if it is nonempty
and gives 0 otherwise.

Lemma 2
Let the description operator t,(,0) be defined by (4).
Then

(a) Lo(00) (E(oo)o yo) = Yo-
(b) If - (Vo) (0A(Apexo = T))
then F 1400y Avo = L.

PROOF:

(a)

(Ll) F Lo(oo)( (00)o yo) =
Moo + (320) (20 & A(goozo = T))(E(oo)o Yo)
(definition of ¢)

(L.2) F Lo(00) (E(oo)o Yo) = (F20) (20 & A2, = yO))
(L.1, A-conversion, (FT-tval3))

(L'?’) F Lo(00) (E(oo)o yo) =Y
(L.2, Lemma 1(c), rule (R))

(b)

(L.1) F too0) Ao = (320)(208& A(Avoze = T)
(definition of ¢,(00)

(L.2) F (Va,)(mA Az, = T))
(L3) F AAypzo = L

(L.4) F to(o0) Aoo = (F20) (20 & L)
(L.1, L.3, properties of FTT)

(assumption

)
)
)
)

(L.2, properties of FTT

(L.5) = to(o0) Avo = L (L.4, properties of FTT)

O

Definition (4) gives no result for subnormal fuzzy
set goo- Since we work in the algebra of truth values,
we can modify (4) as follows:

20 8(GooZo = (FV0)(Joovo)))-
(6)

Lo(oo) = Moo * (320)(

Lemma 3
Let the description operator t,(,0) be defined by (6).
Then

Lo(00) (E(oo)o yo) = Yo-
PROOF:

(L'l) = Lo(00) (E(oo)o yo) = Moo '(320)(20 &(goozo =

(Fv6)(900v0))) (E(o0)o Yo) (definition of ¢)

(L2) - Lo(oo)(E(oo)o yo) = (HZO)(ZO&«ZO = yO) =
(Fvo) (o = ¥o))) (L.1, A-conversion)
o&((20 = ¥o) =

(L3) :_)L)o(oo)(E(oo)o yo) = (HZO)(Z
(L.2, Lemma 1(a), (FT-tval3), rule (R))

(L4) + Lo(00) (E(oo)o yo) =Y
(L.3, Lemma 1(b), rule (R))



O

Hence, using definition (6), the description operator
Lo(oo) can be applied to any formula g, i.e. also
if the corresponding fuzzy set is subnormal. Note
that 1400y assigns this fuzzy set supremum of all the
truth values belonging to it in the greatest degree.

Lemma 4
Let the description operator t,(,0) be defined by (6).
Then

Flogoo) * ATo L= T.

PROOF: This follows from definition (6), the fact
that - Ag, = A, for all types and formulas, prop-
erties of A and Lemma 1(e). O

Note that this lemma has a good sense. Namely, it
assigns the function Az, L the greatest truth value
from all the truth values being assigned 0 which, of
course, is 1 (interpreting the constant T). Unfortu-
nately, as will be seen below, it prevents using (6) if
we want to introduce the values “undefined” using
the description operator.

4. Fuzzy type theory with partially defined
functions

4.1. The value “undefined”

As already emphasized, partially defined functions
will be represented by a special functional value #
which lays outside the common domain and which
represents “undefined” functional value. It follows
from the above results that we can make the de-
scription operator always defined when considering
truth values. Moreover, since we cannot consider
a special value #, outside the truth values, we can
only take it equal to some specific truth value, which
naturally should be 1. But then Lemma 4 implies
that definition (6) cannot be used since we arrive
at contradiction. Therefore, we will in the sequel
consider definition (4) for the description operator
Lo(00)-

In the language J we will introduce new special
constants {#, | & = 0,€} and the following defini-
tion for the other types:

#a =
#Ba =

La(oa)#oaa @ = 0,€ (7)
/\l‘a #B' (8)

Furthermore, we introduce the following new logical
axioms:

(FT-U1) #, = L,

(FT_UZ) (vxs)(_'A(fOE-rs = T)) =
(Le(oe)fos = #e)

(FT-U3) (3za)(Fya) (CA(fsata = fsaYa))
= (fﬁa#a = #ﬁ)
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Axiom (FT-Ul) enables us to work technically
with the “undefined” value for all types. This com-
plies with our discussion above about impossibility
to extend the algebra of truth values by some addi-
tional value, and also, it is in accordance with the
general assumption that partial functions on unde-
fined arguments should give falsity. Axiom (FT-U2)
makes it possible to apply the description opera-
tor to all functions (which, however, may give the
value “undefined”). Axiom (FT-U3) excludes con-
stant functions since otherwise we might arrive at
contradiction.

Remark 1
Indeed, let rg be a constant and consider Axiom
(FT-U3) in the following simple form:

fﬁa#a = #ﬁ
Let fgo := Axqrg. Then by A-conversion we im-
mediately obtain
F rg = #ﬁ.
For example, for 8 = 0 and foo := Axo T we would

obtain T = 1 which is a contradiction.

With respect to Axiom (FT-U3) we must also add
axiom assuring that the generating function does
not lead to degenerated fuzzy equality:

(FT'G]-) (Elxe)(glye)_'A(Goexe = Goeye)

The following lemma demonstrates that the defi-
nition of the missing values works correctly.

Lemma 5

(a) F #,@a#a = #[3;

(b) F#y = #4.

PROOF: (a) follows immediately from (8) using

A-conversion.

(b) If v = o then the identity (b) is obtained
from (FT-U1) and the proved property -+ L = L
using rule (R). If v = € then (b) follows from the
previous identity, (7) and (FT-fundl). If v = Sa
then (b) follows from the inductive assumption and
(FT-fundl). O

Recall from [3] that the following definition intro-
duces description operator for type Sa:

L(Ba)(o(Ba)) Mo(Ba) =
Mo - 1g(0p) - A28 (3fa) (A(Ro(a) foa) &
(fBaTa = 28))-

(9)

Theorem 2
For all types v,
H L’Y(O’Y)#O"/ = #7. (10)

PROOF: By induction on the length of type. Let
v = o. Then



(L.1) F toooyHoo = Moo + (320)(20 & A(goozo =
T))(Azo #o) (definition (4))
)

(LQ) + Lo(oo)#oo = (320)(20&A(()\x0 #D)ZO =T )
(L.1, A-conversion)

(L.3) F to(oo)Hoo = #o (L.2, A-conversion,
properties of FTT, definition of #,)

Let v = €. Then

(L.1) F (Aze #0)xe = (Axc F#0)Te
(properties of FTT)

(L.2) FA-((Aze #o)ze =T) (L.1, (FT-tval3),
rules (R), (N), A-conversion, def. of #,)

(L.3) F (Vo) A((Axc #o)zc =T)
(L.2, properties of FTT, generalization)

(L4) F (Ve ) CA( Mz #o)ze =T) =
(te(oe)(ATe #0) = #)  (instance of (FT-U2))

(L5) = Le(()e)#oe = #e
(L.3, L.4, properties of FTT)

Let v = Ba. By (9) and the induction assumption
we obtain:

(L.1) F t(Bay(o(pa)) #o(Ba) =
)\l‘a : Lﬂ(OB) ’ )\Zﬁ (Elfﬁa)(A(#o(Ba)fﬁa) &
(fBata = 23)) (definition (9))

(L-2) F ysay(o(sa)) #o(pa) =
AZo - 1g(0p) - A28 (Ifsa) (Fo&(faTa = 25))
(L.1, def. of #,(a), A-conversion)

(L-3) F t(sa)o(Ba)) #o(pa) = ATa * La(op) A28 Ho
(L.2, def. of #,, properties of FTT)

(L-4) F t(pa)osa)) #Ho(sa) = ATa #s
(L.3, ind. assumption)

(L-5) F t(8a)(o(Ba)) #o(Ba) = #Ba
(L.4, def. of #34)

O

This theorem is, in fact, a consequence of the fol-
lowing more general theorem.

Theorem 3
For all types v, if = (V) (nA(Aoyzy = T)) then

F L’Y(O’Y)AO’Y = #’Y‘ (11)

PROOF: By induction on the length of type. If
~v = o then the theorem follows from Lemma 2(b)
and for v = € from (FT-U2).

Let v = Ba. Let the inductive assumption hold
as well as = (Vf5a)(mA(Ao(ga) foa = T))-

(L.1) F (gayoBay AoBa) =
Ao - L5008y - A28 (3fa) (A(Ao(sa) foa) &
(fBata = 25)) (definition (9))

(L.2) F (Vfpa) (=A(Ao(pa) fa = T))

(assumption)

(L3) I— A(Ao(ﬁa)fﬁa) =1
(L.2, properties of FTT)

(L.4> = A(Ao(ga)fga)&(fgaxa = ZB) =1
(L.3, properties of FTT)

(L5) F (Hfﬁa)(A(Ao(ﬁa)fﬁa)&(fﬂocxa = Z,B)) =1
(L.4, properties of FTT)

(L.6) = (Vz5)~A(3f50) (A(Ao(sa) foa) &
(faTa = 23)) (L.5, properties of FTT)

(L.7) F t(Bay(o(Ba)) Ao(Ba) = Mo #s
L.1, L.6, A-conversion, ind. assumption)

(L-8) F t(ga)(o(8a)) Ao(Ba) = #pa
(L.7, def. of #s4)

]

Both theorems above demonstrate that our defi-
nition of the “undefined” value of complex types is
correct.

4.2. Canonical model

The canonical model of FTT with partial functions
can be obtained by extension of the canonical model
for the basic FTT (see [4, 5]). We will denote it by
M#_ Recall that in its construction, we consider a
function V defined on the set of all formulas.

Let T be a theory and = be the canonical equiv-
alence on formulas: A, ~ B, if T -+ A, = B,,

a € Types. The corresponding equivalence class is
denoted by |A,|.

Canonical frame. This is defined in the same way
as in [4, 5], namely, we put M, = {V(4,) | Aa €
Formg}, a € Types and define the fuzzy equality on
it by

V(As) =a V(Ba)] = |40 = Bal. (12)

Furthermore we define:
(a) V(#o) = |L].

(b) V(#E) = {BE | T+ Be = Le(oe)Aoe
for some Ay, T F (Vo) (mA(Apeze = T))}

(©) V(#pa) = | Mo #pl-

(i) V(4,) = |A,| and MF = M, = {V(A,) | A, €
Form,}.

(i) V(Ayg) : Mg — M., such that

V(Ayp) : V(Bg) = V(A,5Bp).
(iii) M# = M. U {V(#)}.

(iv) MJ, = McU{V(#ga)}-

(v) The generating function Gr is defined by G :
V(Ae) = V(GyA) for all A, € Form,.



Interpretation of formulas in the canonical frame
M# is defined as follows. Let p be an assignment
of elements to variables p(z,) = V(4,) € M, for
all o € Types.

(i) If 24 is a variable then M# (z4) = p(za).

(ii) If co, a # o is a constant then M7 (c,) =
V(cq) € M. Furthermore,

(a) M#(E(Oa)a) is the fuzzy equality (12),
a € Types.

(b) Interpretation of the other connectives is
defined in the same way as in [4].

(c¢) Interpretation of G, is the generating
function Gr.

(iii) Interpretation of the value “undefined” is
V(#,) for all types v € Types.

(iv) Interpretation of the formula Az, Ag is defined
in the same way as in [4].

(v) Interpretation of the description operator is a
function V(i (o)) : Moy — M, such that

V(Lw(()'y)) : V(AO’Y) — V(L’Y(O’Y)AO’Y)
where
|LV(OV)A07|, if = (3zy)A(Aoyzy),
V(#),if F (V) (tA(foexe = T)).

It follows from Theorem 3 that this definition is
sound.

The EQ-FTT with partially defined functions is
EQ-FTT extended by the axioms (FT-U1)—(FT-
U3) and (FT-G1).

V(ty(oy Aoy) =

Theorem 4
A theory T of EQ-FTT with partially defined func-
tions is consistent iff it has a safe general model M.

PROOF: This follows from the above construction
of the canonical frame using the same arguments as
in [4]. O

5. Conclusion

In this paper, we studied possibilities how partial
function can be considered in fuzzy type theory. We
have chosen the most general kind of FTT based on
EQ-algebra of truth values introduced in [4]. Note
that there also exists propositional logic based on
EQ-algebra [10].

From several options how a special value “unde-
fined” (denoted by #) can be introduced, we de-
cided to represent it by an element laying outside of
the given domain (for each specific type). However,
this cannot be done with the type of truth values,
unless #, is identified with a specific truth value,
namely the falsity L. Further idea is to introduce
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# . for the other types using the description opera-
tor tu(0a) applied to formulas representing subnor-
mal fuzzy sets. We have done this construction in
this paper.

References

[1] P. Materna. Concepts and Objects. Acta Philo-
sophica Fennica 63, Helsinki, 1998.

[2] W. M. Farmer. A partial functions version of

Church’s simple theory of types. Journal of

Symbolic Logic, 55:1269-1291, 1990.

V. Novak. Descriptions in the full fuzzy type

theory.  Neural Network World, 5:559-565,

2003.

V. Novak. EQ-algebra-based fuzzy type theory

and its extensions. Logic Journal of the IGPL,

page (to appear), 2011. DOI: 10.1093/jig-

pal/jzp087.

V. Novék. On fuzzy type theory. Fuzzy Sets

and Systems, 149:235-273, 2005.

V. Novik and B. de Baets. EQ-algebras. Fuzzy

Sets and Systems, 160:2956—2978, 2009.

P. Andrews. An Introduction to Mathemati-

cal Logic and Type Theory: To Truth Through

Proof. Kluwer, Dordrecht, 2002.

P. Héijek. Metamathematics of Fuzzy Logic.

Kluwer, Dordrecht, 1998.

L. Henkin. A theory of propositional types.

Fundamenta Math., 52:323-344, 1963.

M. Dyba and V. Novak. EQ-logics: non-

commutative fuzzy logics based on fuzzy equal-

ity. Fuzzy Sets and Systems, 172:13-32, 2011.

8]





