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Abstract—Difference equations is a kind of powerful tool to
investigate the rule of natural phenomena, such as, physical

problems arising in a wide variety of applications. In this paper,

we discuss the nodes of the solutions of a dass of second order
difference equation.
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I INTRODUCTION

Difference equations is a kind of powerful tool to
investigate the rule of natural phenomena, such as, physical
problems arising in a wide variety of applications. More
attentions are paid to difference equations [1-5]. Cheng and
Cho [3] discussed the following second order difference
equations.

A2x(K —1) + p,(K)x(K) =0,

Ay(k =1 + p,(K)y(k) =0,
where p(K) is a real valued function defined on a set of
consecutive integers to be specified later. Motivated by the
results given in [1, 2, 3, 4, 5], in this paper, we discuss nodes
of solutions of the following second order difference
equation

APx(k =1) + p(K)x*(k) =0 1.1)
Ay(k —1) + p,(K)y*(k) =0 (1.2)

suppose that X(K) ang Y(K) K<€l are respectively
nontrivial solutions of the second order difference equations

@1) and (12), and P2(KYK) =P (K)X(K) g5 4y
kels f x(k) has two consecutive nodes & and b in
[no’m],we prove that y(k) has a node in (a, b].

Il. RESULTS

Throughout this paper, N denotes the set of natural
numbers, R denotes the set of real numbers. Let
I, ={ny,ny +1,---,m}, L, ={n,n, +4---,m-1}

Is_{n,+1n,+2, cm-gp Ng,mey

Let X be a real function defined on Il. By straight line

segments we join the points (k,X(k))’ ke l to form a
broken line. Then this broken line is the graph of a

continuous function X (t) , such that X (t) = X(t) for

© 2015. The authors - Published by Atlantis Press

441

ke Il. The zeros of X (t) are called the nodes of X(t) .
For the convenience of description, we define a function by

W (K) = x(k +Dy(K) - y(k +Dx(k), v ke l, 51y
We state the following theorems, which are similar to the
results of Cheng and Cho [3].

Lemma 1. Let (b—1),b e I, .Suppose that X and y
are real functions defined on I, x(b—1)>0, y(b—1)>0,
and X(k) has anode g in (b—1, ), y(k) has not node
in (b—1, 8] Then W (b —1) <0.

Proof. Since X(b—1) >0 and x(k) has a node f3
in(b -1, B), x(b) <o.

If the function y(k) has not node in (b—1,b), then
y(b) >0. Since x(b—1)>0, x(b) <0, y(b—1) >0,

W (b—1) = x(b)y(b—1) — y(b)x(b —1) <o.

If y(k) has a node ¢ in(b—1,b), Since y(k) has
notnodein (b—1, ], then 0 > S >(b-1).
By the definitions of nodes and W, we have

W(b-1) _x(b)y(b-1) - y(b)x(b-12)

xb)  y®) Lo oo
:(x(b—l) y(b—l)JX(b Dyl

b-p B b-6 B B
:[b_l_ﬂ b—1—5jx(b 1y(b-1)

O-Pb-1-0)-0-)b-1-§) ¢ o o
(b-1-p)(b-1-5)
(B-5)x(b-1)y(b-1)
= (b_l_ﬂ)(b_1_5) . (2.2)
Since X(b-1) >0, y(b-1) >0, and O > B > (b-1),
W (b-1) <o.




Theorem 1. and

et x(n) = y(n)
x(ny +Dy(ny) — y(n, +1)x(n,)=0. Suppose that x(k)
and y(k), k € |, .are positive solutions of the second order
difference equations (1.1) and (1.2), respectively. If

P, (K)y(k) > p,(K)x(k) for k e I,, then x(k)=>y(k)
forall k e 1.
Proof. Using (1.1), (1.2) and (2.1), we have
AW (k) =
X(k+2)y(k+1) — y(k + 2)x(k +1) — x(k + D y(k) + y(k + ) x(k)
— = X(k+D[y(k +2) + y(K)]+ y(k +D[x(k +2) + x(k)]
== X(k+D[y(k +2) —2y(k +1) + y(k)]
+ y(k +D[x(k +2) — 2x(k +1) + x(k)]
_ —x(k +D[A%y (k)] + y(k + D[AX(K)]
=[p,(k+Dy(k +D) — p(k +Dx(k +DIx(k +Dy(k +1), vk €, (2.3)
Since P,(kK)y(k) = p,(k)x(k), and x(k) and y(k)
are positive for K € I,, AW (k) >0 for kK € 1,.

Furthermore, since
W (n,)=x(n, +)y(n,) — y(n, +1)x(n,) >0, we have

W(n,)+ » AW(i
W) (o) Z ()zo,VKEI?», "
Using (2.4), we get
A( x(k)} Cx(k+D)  x(k)
y(k)) yk+1) y(k)
_ x(k+Dy() - y(k+Dx(k) _ o
y(K)y(k +1) vkel, (g

By (2.5), the function X(K)/y(K) is a nondecreasing
functiononk € 1. Since X(n,)>Yy(n,), we have
x(g) x(p+1)  x(m)
1< y(ny) < y(n, +1) <. < y(m) _ (2.6)
Obviously, X(k)>y(k) for all ke l;, which is the
desired relationship. Theorem 2. Suppose that X(k) and

y(k), k € 1, are respectively nontrivial solutions of the
second order difference equations (1.1) and (1.2), and

P, (K)y(k) = p,(K)x(k) forall k € I,.1f x(k) has two

consecutive nodes @ and b in [ny,,m] then y(k) has a

node in (a,b].
Proof.

N <n-1<a<n, <ng<bcs
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n,,N, €l,.Since @ and b are two consecutive nodes of
X(k) .without loss of generality we can assume that the
broken line X' (t) >0 for all te[n,nJc(@b] .
Obviously,x(n,-1) <0, x(n,)>0, x(n,)>0, X(n, +1) <o.

If we assume that there is not node of y(k) in (a,b],
then the sign of Yy (t) doesn't change in (@,b] . Without
loss of generality we assume that y"(t) >0 in (a,b], then

y(n;)>0, y(n,) >0.Using the method of proof in lemma
1, we can obtain that

W(nJ _1) = X(nJ)y(nJ _1) - y(nJ)X(nJ _1) >0,
and
W () XN +DY(,) = Y +DX(N) 0. 0.5,
On the other hand, by Theorem 1,we have
aw ) =[Pk +D = Pk + DIk +Dy(k +D). Yk €1,

2.9)
From (2.7) and (2.9), we have

W(nK):W(nJ —D+ D AW(]))

j=n,

2.7)

>0,  (2.10)
There is a contradiction between (2.8) and (2.10). So
y(k) has anodein (a,b].

Ill. SUMMARY

Difference equations is a kind of powerful tool to
investigate the rule of natural phenomena, such as, physical
problems arising in a wide variety of applications. In this
paper, we discuss the solutions of a class of second order
difference equation.

Let x(n,) > y(n,) and
X(n, +1)y(ny) — y(n, +1X(n,) >0. Suppose that x(Kk)
and y(k),k € |, are positive solutions of the second order
difference equations (1.1) and (1.2), respectively. If

P, (K)y(k) > p,(kK)x(k) for k e 1, then x(k) > y(k)

forall kK € 1.

Suppose that x(k) and y(k), ke Il, are respectively
nontrivial solutions of the second order difference equations

1) and 1.2), and P2(KY(K) = p(K)X(K) ¢ o

ke |3. If X(k) has two consecutive nodes & and b in
[no’m],then y(k) has a node in (a’b].
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