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Abstract—In this paper, some oscillation theorems of 
differential equation of the even order are established 

( )( ( ) ( ) ( ( ))) ( ) ( ( ( ))) 0ny s P s y s Q s F y sτ σ+ + = ,

0t t≥ ,  here 2n ≥  is even,  00 ( )P s P≤ ≤ < ∞.  The 
theorems extend and supplement some results in the literature. 
An example is investigated to illustrate our results. 
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I. INTRODUCTION 
Neutral differential equations can be applied to 

numerous applications in engineering technique fields, 
physics, and so on. They are used for the research of 
distributed networks, for instance, see [1].  

In the last decades, many researches have been made 
about the oscillation of solutions of neutral functional 
differential equations, we refer the reader to the papers [2–
26].  

In the paper, we consider the oscillatory property of 
nonlinear neutral  differential equations of the even order 

( )( ( ) ( ) ( ( ))) ( ) ( ( ( ))) 0ny t P t y t Q t F y tτ σ+ + = ,  

0t t≥ ,                                 (1) 

here 2n ≥  is even.  
Below, we assume that  

1( )H   Q  and P are continuous functions, 

00 ( )P t P≤ ≤ < ∞,   

( ) 0Q t > ,  [ )t t∗∈ ,∞ , 0t t∗ ≥ ;  

2( )H  τ ′  and σ ′  are continuous functions, 

( ) 0tσ ′ ≥ ,  0( ) 0tτ τ′ = > ,  ( )t tσ ≤ ,  
lim ( )t tσ→∞ = ∞ , ( ( )) ( ( ))t tσ τ τ σ= ,  0τ  is a 

constant.  

3( )H  ( ) 0F u u α/ ≥ > , F  is a continuous 
functions, 0u ≠ ,  α  is a constant.  

Grammatikopoulos, Ladas and Meimaridou [6] 
examined the oscillation of equations of second order 

[ ( ) ( ) ( )] ( ) ( ) 0y s P s y s Q s y sτ σ′′+ − + − = ,  0s s≥ ,  

here 0 ( ) 1P s≤ < .   
Baculíková and Lacková [3], Džurina and Hudáková [4] 

and Liu and Bai [14] examined neutral equations of the 
second order 

1 1( ( ) ( ) ( )) ( ) ( ( )) ( ( )) 0R s Y s Y s Q s y s y sα ασ σ− −′ ′ ′| | + | | = ,  

0s s≥ ,  

here ( ) ( ) ( ) ( ( ))Y s y s P s y sτ= + ,   ( ) ,s sσ ≤  
0 ( ) 1P s≤ < . 

Han et al. [9] and Ye and Xu [22] considered quasilinear 
equations of the second order 

1( ( ) ( ( )) ( ) ( )) ( ) ( ( ( ))) 0R s y s Y s Y s Q s F y sαψ σ−′ ′ ′| | + = ,  

0s s≥ ,  

here ( ) ( ) ( ) ( ( ))Y s y s P s y sτ= + ,  ( ) ,s sτ ≤  ( ) ,s sσ ≤  
0 ( ) 1.P s≤ <  

Meng and Xu [15] examined the oscillation of equations 
of even order 

( 1) 1 ( 1)[ ( ) ( ( ) ( ) ( )) ( ( ) ( ) ( )) ] ( ) ( ( ( ))) 0n nR s y s P s y s y s P s y s Q s F y sατ τ σ− − − ′| + − | + − + = ,  

0s s≥ ,  here 0 ( ) 1,P s≤ <   ( )s sσ ≤ .  
Zafer [23] examined oscillation of the equation  

( )[ ( ) ( ) ( ( ))] ( ( ) ( ( ))) 0ny s P s y s F s y s y sτ σ+ + , , = ,  

0s s≥ ,  

here 1 ( ) 0P s> > .   
Zhang, Yan and Gao [24] investigated the oscillation of 

(1.1), where 0 ( ) 1P s< < .   
Clearly, the above oscillation theorems cannot be used 

to (1.1) when 1 ( )P s< ,  it has few oscillation theorems 
about (1.1), when 1 ( ).P t<   

Han et al. [7, 8] studied equation (1.1) when 2n =  and 

00 ( )P s P≤ ≤ < ∞.  Li et al. [11] considered (1.1),  when 

0 ( ) 0P P s∞ > ≥ >  and ( ) ( )s sσ τ≥ .   
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Motivated by [3,4,11,14], we will investigate equation 
(1),and offer new oscillation theorems for (1) where 

( ) ( )t tσ τ≤ , by employing function Y , and operator T .  
Our results extend and supplement recent results given by 
[3] and [11], respectively.  

Following [14], ( )t s lφ φ= , ,  belongs to the function 
class Y ,  denote by Yφ ∈ ,  if φ  continuous functions, 
which satisfies ( ) 0t s lφ , , > ,  ( ) 0t t lφ , , = ,   

( ) 0t l lφ , , = ,   l s t< < , sφ∂ /∂  is locally integrable with 
respect to s . By choosing φ,  it is possible to derive some 
oscillation theorems to another equations.  

Define [ ]T l t⋅; ,  ,  

[ ] ( ) ( )d
t

l
T g l t t s l g s sφ; , = , , ,∫                    (2) 

0([ ) ),g C t R∈ ,∞ ,   0.t s l t≥ ≥ ≥  ( )t s lϕ ϕ= , ,  is 
defined by  

( ) ( )t s l t s l
s

φ ϕ∂ , ,
= , ,

∂
  ( )t s lφ , , .           (3) 

[ ]T l t⋅; ,  is a linear operator,   

[ ] [ ]T g l t T g l tϕ′; , = − ; , ,                (4) 

g′ is continuous functions. 

II. MAIN RESULT 
In the section, some oscillation theorems of neutral 

functional differential equation of the even order (1) are 
derived. The following lemmas are needed.  

Lemma 2.1.  [16] Suppose 0([ ) ),ng C t R+∈ ,∞ ,  
( ) ( )ng s  is eventually of one sign for s,   so there are 

0xs s> , integer a,  0 a n≤ ≤ ,  with n a+  odd for 
( ) ( ) 0,ng s ≤  or n a+  even for ( ) ( ) 0ng s ≥ , such that 

0a >  implies that  ( 1) ( ) 0,l k kg s+− >  for xt t> ,   
1 1,k a a a= , + , , −L and 1a n≤ −  implies that 

( ) ( ) 0kg s >  for 0 1 2 1.xs s k a> , = , , , , −L   
Lemma 2.2. [16] Suppose g  is as in Lemma 2.1, 

( 1) ( )( ) ( ) 0n ng s g s− ≤  for xs s> ,  so, for every 
0 1λ< < ,  exists 0,M >  the following inequality holds, 

1 ( 1)( ) ( )n ng s Ms g sλ − −≥ | | .  
Lemma 2.3.  [15] Suppose y  is an eventually positive 

solutions of equations of the even order (1), then exists a 

1 0 ,s s≥  the following inequality holds, 

( ) ( ) 0,nB s ≤  ( 1) ( ) 0,nB s− >  ( ) 0B s′ > ,  ( ) 0B s > ,  (5) 

for 1,s s≥  where ( ) ( ) ( ) ( ( ))B s y s P s y sτ= + . 
Theorem 2.1.  If  

 
0

1( )ds
t

Q s
∞

= ∞,∫                            (6) 

here 1( ) min{ ( ) ( ( ))},Q s Q s Q sα α τ= ,  then every 
solution of functional differential equations of the even 
order (1) is oscillatory.  

Proof. Suppose y  be a nonoscillatory solutions of 
equations of the even order (1), then exists a 1,t  ( ) 0y t ≠ ,  

1t t≥ .   
Assume that ( ) 0y t > ,  ( ( )) 0y tσ > , ( ( )) 0y tτ > ,   

1,t t≥  without loss of generality. From Lemma 2.3, exists 

a 2 1,t t≥   (2.1) holds. Using definition of 
( ) ( ) ( ) ( ( ))B t y t P t y tτ= + and applying (1), we get for 

sufficiently large t,  the following inequality holds, 
( ) ( )

0 0( ) ( ) ( ( )) ( ( )) ( ( ( ))) ( ( )) 0n nB t Q t y t P Q t y t P B tα σ α τ σ τ α τ+ + + ≤ .  

So, the following inequality holds, 

 ( ) ( )
1 0( ) ( ) ( ( )) ( ( )) 0n nB t Q t B t P B tσ α τ+ + ≤ ,          (7) 

here 1( ) min{ ( ) ( ( ))}Q t Q t Q tα α τ= , .  Integrating (7) 

from 3t  2( )t≥  to t,  and using 0( )tτ τ′ ≥ ,  we obtain  

3 3 3

( ) ( )
1 0( ) ( ( ))d ( ( ))d ( )d

t t tn n

t t t
Q s B s s P s s s sB Bσ α τ≤ − −∫ ∫ ∫  

( 1) ( 1) ( 1) ( 1)0 0
3 3

0 0

( ) ( ) ( ( )) ( ( ))n n n nP PB t B t B t B tα ατ τ
τ τ

− − − −≤ − + − . (8) 

Since ( ) ( ) 0nB t ≤ , ( 1) ( ) 0nB t− > ,  ( ) 0B t′ > ,  we have 

3
1( )ds

t
Q s

∞
< ∞∫ , 

due to (8), which is a contradiction to (6).  
Remark 2.1. Theorem 2.1 involves [3].  
Theorem 2.2.  Suppose ( ) ( ),t tσ τ≤  exist ,Yφ ∈   

1
0([ ) )k C t R+∈ ,∞ , ,  such that for some 0 1,λ< <  and for 

every 0M > ,   

( )0

0

2( )
( )

1 2

(1 ) ( )( ) ( ) 0
4 ( ) ( )limsup

P k s
k s

n
t

k sT k s Q s l t
M s s

α
τ ϕ

λ σ σ

′

−
→∞

⎡ ⎤+ +
⎢ ⎥− ; , > ,

′⎢ ⎥
⎣ ⎦

   (9) 

here 1( ) min{ ( ) ( ( ))}Q s Q s Q sα α τ= , ,  T  is defined by 
(2), ( )t s lϕ ϕ= , ,  is defined as in (3), so, equations of the 
even order (1) is oscillatory.  
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Proof. Suppose y be a nonoscillatory solutions of 

equations of the even order (1), then exists 1,t  such that 

( ) 0y t ≠ , 1t t≥ .  
Let  ( ) 0y t > ,  ( ( )) 0y tσ > , ( ( )) 0y tτ > ,   

1.t t≥ There is a 2 1,t t≥  (5), (7) hold, by Lemma 2.3 and 

(1). We use Lemma 2.2 for ,g B′=  exist 0,M >  3 2t t≥ , 
the inequality holds,  

 2 ( 1) 2 ( 1)( ( )) ( ) ( ( )) ( ) ( )n n n nB t M t B t M t B tλσ σ σ σ− − − −′ ≥ ≥ ,  (10) 

So, we define 

 
( 1)( ) ( )( )

( ( ))

nk t B tZ t
B tλσ

−

= ,                  (11) 

So, ( ) 0Z t >  and  

( 1) ( ) ( 1)

2

( ) ( ) ( ( )) ( ) ( ( )) ( )( ) ( ) ( )
( ( )) ( ( ))

n n nB t B t B t B t B t tZ t k t k t
B t B t

λσ λ λσ σ
λσ λσ

− − ′ ′−′ ′= + .
(12) 

In view of (10), (11) , (12), we have  
( ) 2

2( ) ( ) ( ) ( )( ) ( ) ( ) ( )
( ( )) ( ) ( )

n nB t k t t tZ t k t Z t M Z t
B t k t k t

σ σλ
λσ

−′ ′
′ ≤ + − .    (13) 

Define another function  

 
( 1)( ) ( ( ))( ) .

( ( ))

nk t B tA t
B t

τ
λσ

−

=              (14) 

So, ( ) 0A t >  and  
( 1)( ) ( ( ))( )

( ( ))

nk t B tA t
B t

τ
λσ

−′
′ =   

( ) ( 1)

2

( ( )) ( ) ( ( )) ( ( )) ( ( )) ( )( )
( ( ))

n nB t t B t B t B t tk t
B t

τ τ λσ λ τ λσ σ
λσ

−′ ′ ′−
+ . (15) 

From (10), (14), (15) and ( ) ( )t tσ τ≤ ,  we get  
( )( ) ( ) ( ( )) ( ) ( )( )

( ( )) ( )

nk t t B t k t A tA t
B t k t
τ τ

λσ
′ ′

′ ≤ +  

2 2( ) ( ) ( ) .
( )

nM t t A t
k t

λ σ σ− ′
−               (16) 

Then, by (13) , (16), we have  

0( ) ( )
( )
pZ t A t
t

α
τ

′ ′+
′

 

( )( )
0 ( ) ( ( ))( ) ( )

( ( )) ( ( ))

nn p k t B tk t B t
B t B t

α τ
λσ λσ

≤ +  

2 2( ) ( ) ( ) ( ) ( )
( ) ( )

nk t Z t M t t Z t
k t k t

λ σ σ−′ ′
+ −  

2
20 0( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )

np pk t t tA t M A t
t k t t k t

α α σ σλ
τ τ

−′ ′
+ −

′ ′
. 

From (7), the following inequality holds,  

0

0

( ) ( ) ( ) ( )pZ t A t k t Q tα
τ

′ ′+ ≤ − +  
( ) ( )
( )

k t Z t
k t
′

 

2 2
0

0

( ) ( ) ( ) ( ) ( )
( ) ( )

n pM t t Z t k t A t
k t k t

αλ σ σ
τ

− ′ ′
− +  

2
20

0

( ) ( ) ( )
( )

np t tM A t
k t

α σ σλ
τ

− ′
−          (17) 

By [ ]T l t⋅; ,  into (17), we have  

0

0

( )( ) p A sT Z s l tα
τ

⎡ ⎤′
′ + ; , ≤⎢ ⎥

⎣ ⎦
 

2 2 2 2
0 0

0 0

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( )

n np p Mk s Z s s s Z s k s A s s s A sT k s Q s M l t
k s k s k s k s

α α λσ σ σ σλ
τ τ

− −⎡ ⎤′ ′ ′ ′
− + − + − ; , .⎢ ⎥
⎣ ⎦

 

By (4) , the inequality of about, the following inequality 
holds,   

[ ] ( )( ) ( ) [ ( )
( )

k sT k s Q s l t T Z s
k s

ϕ
′⎛ ⎞

; , ≤ +⎜ ⎟
⎝ ⎠

 

2
2( ) ( ) ( )

( )

n s sM Z s
k s

σ σλ
− ′

−  

2
20 0

0 0

( ) ( ) ( )( ) ( ) ]
( ) ( )

nP Pk s s sA s M A s l t
k s k s

α α σ σϕ λ
τ τ

−′ ′⎛ ⎞
+ + − ; , .⎜ ⎟

⎝ ⎠
   (18) 

So, by (18), the following inequality holds,   
[ ]( ) ( )T k s Q s l t; ,  

                     

( ) ( )0

0

2 2( ) ( )
( ) ( )

2

( )
4 ( ) ( )

Pk s k s
k s k s

n

k sT l t
M s s

α
τϕ ϕ

λ σ σ

′ ′

−

⎡ ⎤⎛ ⎞+ + +⎢ ⎥⎜ ⎟≤ ; ,
⎢ ⎥⎜ ⎟ ′
⎢ ⎥⎝ ⎠⎣ ⎦

, 

then,  

( )0

0

2( )
( )

2

(1 ) ( )[ ( ) ( ) ] 0
4 ( ) ( )

P k s
k s

n

k sT k s Q s l t
M s s

α
τ ϕ

λ σ σ

′

−

+ +
− ; , ≤ .

′
 

The following results are obtained, 
( )0

0

2( )
( )

2

(1 ) ( )( ) ( ) 0
4 ( ) ( )limsup

P k s
k s

n
t

k sT k s Q s l t
M s s

α
τ ϕ

λ σ σ

′

−
→∞

⎡ ⎤+ +
⎢ ⎥− ; , ≤ ,

′⎢ ⎥
⎣ ⎦

 

which contradicts (9).  
Remark 2.2. Theorem 2 extends [3].  
Remark 2.3. The results got in this paper complement 

the results got in [11].  
Example 2.1 Investigate the even order equations  

( )[ ( ) 2 ( )] ( ) 0.
2

n ny s y s y s ππ+ + + − =       (19) 

Let  

( ) 1Q s = ,  ( ) 2P s = ,   ( )
2

ns s πσ = − , ( )s sτ π= + ,  
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Then, we have every solution of the even order neutral 
equations (19) is oscillatory by Theorem 2.1. In fact, 

( ) siny s s=  is an oscillatory solution of (19).  
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