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Abstract—In this paper, some oscillation theorems of
differential equation of the even order are established

(Y(8)+P(©)y(z(s)™ +Q(s)F (y(c(5)) =0,
t>t,, here N>2 is even, 0<P(S)<P, <oo. The

theorems extend and supplement some results in the literature.
An example is investigated to illustrate our results.
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L INTRODUCTION
Neutral differential equations can be applied to

numerous applications in engineering technique fields,
physics, and so on. They are used for the research of
distributed networks, for instance, see [1].

In the last decades, many researches have been made
about the oscillation of solutions of neutral functional
differential equations, we refer the reader to the papers [2—
26].

In the paper, we consider the oscillatory property of
nonlinear neutral differential equations of the even order

(Y +POY(®)™ +QMF (y(o(1)) =0,

t>t,, (1)

here N> 2 is even.

Below, we assume that

(H) Q and P are continuous functions,
0<P()<P, <o,

Q(t) > 05 t € [t*,(X)) > t* 2t()’

(H,) 7' and o' are continuous functions,
oc't)=0, 7'(t)=17,>0, o(t)<t,

lim,, ot)=0, o(z(t))=1(c(t)), 7, is a

constant.

(H)) FWuza>0, F is a continuous
functions,U # 0, ¢ is a constant.
Grammatikopoulos, Ladas and Meimaridou [6]
examined the oscillation of equations of second order
© 2015. The authors - Published by Atlantis Press

239

[Y(8)+P(s)y(s—7)]"+Q(s)y(s—0) =0, s>s,
here 0 < P(s) <1.

Baculikova and Lackova [3], Dzurina and Hudakova [4]
and Liu and Bai [14] examined neutral equations of the
second order

(RO Y'(S) Y)Y +Q(S) | (o () [ Y(a(5) =0,
s>5,,
here  Y(S)=Y(s)+P(s)y(z(s)),
0<P(s)<1.

Han et al. [9] and Ye and Xu [22] considered quasilinear
equations of the second order

(RO (YN Y'(S) [ Y'(9)) +Q(S)F (y(a(s)) =0,

s>5s,,

o(s)<s,

here Y (S) = Y(S)+ P(S)y(7(S)), 7(S)<S, o(S)<s,
0<P(s)<1.

Meng and Xu [15] examined the oscillation of equations
of even order

[ROI(YE)+PEYE—2)" " (V&) +PE)y(s—2) T +QS)F (Vo)) =0,
S>5,, here 0< P(s)<1, o(s)<s.

Zafer [23] examined oscillation of the equation

[y(s)+P(s)y(z(sH]I™ + F (s, Y(s), y(o(s))) =0,
S>5s,),

here 1 > P(s) > 0.

Zhang, Yan and Gao [24] investigated the oscillation of
(1.1), where 0 < P(s) <1.

Clearly, the above oscillation theorems cannot be used
to (1.1) when 1< P(S), it has few oscillation theorems

about (1.1), when 1 < P(1).
Han et al. [7, 8] studied equation (1.1) when N =2 and
0<P(s)<P, <. Lietal. [11] considered (1.1), when

o> P >P(s)>0 and o(S) = 7(S).



Motivated by [3.,4,11,14], we will investigate equation
(1),and offer new oscillation theorems for (1) where

o(t) <z(t), by employing function Y , and operator T.
Our results extend and supplement recent results given by
[3] and [11], respectively.

Following [14], ¢ = ¢(t,S,|) belongs to the function
class Y, denote by ¢ €Y, if ¢ continuous functions,
which o(t,s,1)> 0, o(t,t,1)=0,
ot 1,1)=0, | <s<t, Of/OS is locally integrable with
respect to S. By choosing @, it is possible to derive some

oscillation theorems to another equations.
Define T[;1,t] ,

satisfies

Tlg:lt]= [ ¢(ts,hg(s)ds, o)

geC([t,,©),R), t=s=>1>t,. p=¢(t,s,l]) is
defined by

oo(t,s,|
9951 =p(t,s,1) 4(t,s,1). 3)
0s
T[-;1,1] is a linear operator,
Tl Lt =-Tlgg;l.t], @)

/. . .
g’ is continuous functions.

IL.

In the section, some oscillation theorems of neutral
functional differential equation of the even order (1) are
derived. The following lemmas are needed.

Lemma 2.1. [16] Suppose geC"([t,,),R"),

MAIN RESULT

g™ (s) is eventually of one sign for S, so there are
S, >S,, integer @&, 0<a<n, with N+a odd for
g™(s)<0, or N+a even for g (s)>0, such that
a>0 (=)™ g*(s)>0, for t>t,
k=a,a+l,---,a—1, and a<n-1 that
9“(s)>0 for s>s,k=0,1,2,---,a—1.

Lemma 2.2. [16] Suppose g is as in Lemma 2.1,
g""($)g™(s)<0 $>5,,
0< A<, exists M >0, the following inequality holds,
g(48) = Ms"" g (s)].

Lemma 2.3. [15] Suppose VY is an eventually positive
solutions of equations of the even order (1), then exists a

implies that

implies

for so, for every

S, = S,, the following inequality holds,

B™(s)<0, B""(s)>0, B'(s)>0, B(s)>0, (5
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for S>S,, where B(S) = y(S)+ P(s)y(7(S)).
Theorem 2.1. If

jf Q,(5)ds = oo,
Q1(S) =min{aQ(S),aQ(z(s))}, then

solution of functional differential equations of the even

order (1) is oscillatory.
Proof. Suppose Y be a nonoscillatory solutions of

(6)

here every

equations of the even order (1), then exists a t,, Yy(t) #0,
t>t,.

Assume that Y(t) >0, Yy(o(t))>0, y(z(t))>0,
t >1t,, without loss of generality. From Lemma 2.3, exists
t, 21, (2.1)  holds. of

B(t) = y(t)+ P(t)y(z(t)) and applying (1), we get for
sufficiently large t, the following inequality holds,

a Using  definition

B (1) +aQ(1)y(a() + aRQ(z (1) Y(a(r(1) + aPB™ (z(1) 0.

So, the following inequality holds,

B (1) +Q(1)B(o(1) +aRB™ (z(t) <0, (1)

here Q,(t) = min{aQ(t),aQ(z(t))}. Integrating (7)
from t, (=t,) to t, and using 7'(t) > 7,,, we obtain

[[QBo(s)ds<-aR, [ B (z(s)ds- [ B™(s)ds

<BON(t) - B (1) + LB (2(t,)) - 20 B (1), ()
T

0 TO

Since B™(t) <0, B™ " (t)>0, B'(t) >0, we have
j: Q,(s)ds < o,

due to (8), which is a contradiction to (6).
Remark 2.1. Theorem 2.1 involves [3].

Theorem 2.2. Suppose o(t) <7(l), exist g€V,
k e C'([t,,),R"), such that for some 0 < A <1, and for
every M >0,

R s ) ©)

k) JLt]>0,
4IM

" 2(s)a'(s)’

limsupT

ton

{k(S)Q.(S)—

here Q,(S) = min{aQ(S),aQ(z(s))}, T is defined by
(), @ =@(t,8,1) is defined as in (3), so, equations of the
even order (1) is oscillatory.



Proof. Suppose Y be a nonoscillatory solutions of
equations of the even order (1), then exists 1, such that
yt)=0,t>t.

Let y(t) >0, y(o(t)) >0, y(z(t))>0,
t>1,.There is a t, > 1, (5), (7) hold, by Lemma 2.3 and
(1). We use Lemma 2.2 for g = B’, exist M >0, t, >t,,
the inequality holds,

B'(Ao(t)) =Mo" *(H)B"(a(t)) = Ma"*(t)B™ (1), (10)

So, we define
k(®)B™ (1)

“O="8 o)

(11)

So, Z(t) >0 and

B™(t)B(Ao(t) - AB" ™ (1)B (Ao (t)o'(t) (12)
B2 (Ao(t))

B (1)
B(Ao(t)

In view of (10), (11), (12), we have

Z'(t)=k'(t) +k(t)

Z'(t) <k(t) BY(®  K® 4 _im mzz(t). (13)
B(Ao(t)) k() k(t)
Define another function
(n-1)
A(t) = M (14)
B(1o(1))

So, A(t) >0 and
a( - KB 0)
B(Zo(1)

(D) B™ (z(t))7'()B(La (1)) - AB" " (z(1))B'(Aa(t))a'(t) (15)
B>(Ao(t)

From (10), (14), (15) and o (t) < 7(t), we get
k(®7'(1)B™ (z(1)) . K'(H) A

A(t) <
B(1o(1) k(t)
_AMo" O OAY M) 6
k(t)

Then, by (13), (16), we have
Z'(t) +“,—p° A'(t)

7'(t)
k(t)B(”)(t) apok(t)B(”)(f(t))
B(ia(t)) B(4o (1))

. K'(DZ(t) AMo"*(t)o'()Z’(t)
k(t) k(t)

LER KW @By o (DT
7'(t) k(t) 7'(t) k(t)
From (7), the following inequality holds,
20+ 2P A < kmam + Dz
7 k(t)

MO MZPM) | ap, KOAD
k() 7, k()

_aPy o D)
7, k(t)
By T[-;1,t] into (17), we have

T {Z’(s)+a PAS) ;I,t} <

AX(t).

A% (t) a7

T
0
K'($)Z(s) MU 2(s)a'(s)Z* (s) ap, K'(5)A(s) _ap,AM o™ 2(s)a’(s)A? (s)
k(s k(s) 7, k@) ) k(s)

[ k(s)Q(s)+
By (4) , the inequality of about, the following 1nequahty
holds,
K'(s)
TIK(GS)QS);Lt|<T[| o+——= |Z(s
[k(s)Q(s);1,t] [[(0 k(s)j (s)
" (3)'(s)

Z%(s)
k(s)
aP( k(S)jA(s) AR M OO gy (18)

7, k(s)
So, by (18), the following inequality holds,

T [k($)Q(S); ]

<TH<¢+:<<:;)2+@?(¢+:’:::)ZJ ) -.t},

4M "2 (s)a'(s)

7, k(s

then,

1+0) (g4 KO’

I G (o+58) k)
4iM c"*(s)a'(s)

The following results are obtained,

1+ o+58) ke .,t}O

;Lt]1<0.

4AM " ?(s)o'(s) |

towo

limsupT [k(S)Q(S)

which contradicts (9).

Remark 2.2. Theorem 2 extends [3].

Remark 2.3. The results got in this paper complement
the results got in [11].

Example 2.1 Investigate the even order equations

[y(s)+2y(s+m)]" +y(s —nf) =0. (19
Let
Q(s)=1, P(s)=2, a(s):s—%”, 7(s)=s+7,



Then, we have every solution of the even order neutral
equations (19) is oscillatory by Theorem 2.1. In fact,

Y(S) =sin S is an oscillatory solution of (19).
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