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Abstract

Up to now, several approaches have been pro-
posed for ranking of fuzzy numbers using maximiz-
ing set and minimizing sets. Often, the reference
points are created by real numbers. In this paper,
we proposed new reference points so called fuzzy
maximizing-minimizing points. To this purpose, we
used the center of gravity of fuzzy numbers and their
left/right spreads to construct such fuzzy points.
Moreover, we suggested a new aggregation function
with pessimistic/optimistic structure for a set of
fuzzy numbers. Also, some examples are given to
show the ability of proposed ranking approach and
the related aggregation function.

Keywords: Fuzzy numbers, Fuzzy maximizing-
minimizing points, Ranking, Center of gravity
(COG) point, Aggregation.

1. Introduction

Fuzzy set theory [20] has been applied to many
areas which need to manage uncertain and vague
data. Such areas include approximate reasoning,
decision making, optimization, control and so on,
where ranking of fuzzy numbers is an important
component of the decision process [19, 21].

A key issue in the fuzzy set theory is how
to compare fuzzy numbers. Several methods
have been developed for raking fuzzy numbers
[1, 4, 17, 18]. Some of these ranking approaches
have compared and reviewed by Bortolan and
Degani [5]. Recently, Chen and Hwang [7] reviewed
the existing methods for ranking fuzzy numbers.
Moreover, Wang and Kerre [12] proposed some
axioms as reasonable properties to determine the
rationality of a fuzzy number ranking approach
and systematically compared a wide array of the
existing fuzzy number ranking methods. Almost
each approach, however, has pitfalls in some aspect,
such as inconsistency with human intuition, indis-
crimination, and difficulty of interpretation. So far,
none of them is commonly and completely accepted.
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Chen [6] proposed the maximizing set and
minimizing set method. Recently, Wang and Luo
[15], suggested an alternative ranking approach
for fuzzy numbers so-called area ranking based on
positive and negative ideal points. Also, Wang
et. al [14] proposed a novel approach to ranking
fuzzy numbers based on the left and right deviation
degree. To this end, the maximal and minimal
reference sets are defined to measure the deviation
degree of fuzzy numbers. Please note that, in all
of the existing ranking approaches based on the
maximizing and minimizing reference sets, these
reference sets are chosen as crisp (real) numbers.

We believe that ” it is reasonable that the
maximizing point and minimizing point for a set
of fuzzy numbers should be stated by fuzzy numbers
instead of crisp number”. So, we propose the
fuzzy maximizing point and the fuzz minimizing
point. To do this purpose, we decided to use the
COG points and the left/right spreads of fuzzy
numbers. Note that, constructing of an unknown
fuzzy number by its COG point and its left/right
spreads was introduced by Hadi et. al [10]. Also,
our proposed method has one another significant
property such that we can aggregate a set of fuzzy
numbers under the pessimistic/optimistic manners.

The paper is organized as follows. Section 2
briefly reviews the basic concepts. In Section 3, the
COG point of fuzzy number is stated briefly and
then the Hadi et. al’s method [10] is reviewed. In
Section 4, we propose new ranking approach using
COG points and left-right spreads. Moreover, a new
pessimistic/optimistic aggregation function is pro-
posed. For convenience, an algorithm is expressed
to fine out the proposed method better. In Section
5, Several examples are solved and compared with
the previously reported ranking approaches. The
paper ends with a short conclusion.

2. Basic concepts

In this section, some basic concepts which will be
used later are given.

The most commonly used fuzzy numbers are
triangular and trapezoidal fuzzy numbers, whose
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membership functions are respectively defined as

µA(x) =


(

x−a1
a2−a1

)
, a1 ≤ x ≤ a2,(

a3−x
a3−a2

)
, a2 ≤ x ≤ a3,

0, Otherwise,

µB(x) =



(
x−a1
a2−a1

)
, a1 ≤ x ≤ a2,

1, a2 ≤ x ≤ a3,(
a4−x
a4−a3

)
, a3 ≤ x ≤ a4,

0, Otherwise,

For brevity, triangular and trapezoidal fuzzy
numbers are often denoted as A = (a1, a2, a3)
and B = (a1, a2, a3, a4). Clearly, triangular fuzzy
numbers are special cases of trapezoidal fuzzy
numbers with a2 = a3.

An equivalent parametric definition is also given
in [8] as follows:

Definition 1 A fuzzy number u in parametric form
is a pair (u, u) of functions u(r), u(r), 0 ≤ r ≤ 1,
which satisfy the following requirements:

1. u(r) is a bounded non-decreasing left continu-
ous function in (0, 1], and right continuous at
0,

2. u(r) is a bounded non-increasing left continu-
ous function in (0, 1], and right continuous at
0,

3. u(r) ≤ u(r), 0 ≤ r ≤ 1.

According to Zadeh,s extension principle, the op-
eration of addition on E is defined by

(u + v)(x) = sup
y∈R

min{u(y), v(x− y)}, x ∈ R, (1)

and scalar multiplication of a fuzzy number is given
by

(k � u)(x) =
{

u(x/k), k > 0,

0̃, k = 0,

where 0̃ ∈ E.

Definition 2 For arbitrary fuzzy numbers A and
B, the quantity

d(A,B) =
[∫ 1

0
(A(r)−B(r))2dr +

∫ 1

0
(A(r)−B(r))2dr

] 1
2

is the distance between A and B. For more detail
see [9].

3. Center of gravity (COG) point of fuzzy
number

Let us consider A is a given fuzzy number such that
A = (a1, a2, a3, a4), then the centroid point of A is
obtained by Wang et. al [16] by

COG(A) = (x0(A), y0(A)) ,

where x0(A) = 1
3

[
a1 + a2 + a3 + a4 − a4a3−a1a2

(a4+a3)−(a1+a2)

]
,

y0(A) = 1
3

[
1 + a3−a2

(a4+a3)−(a1+a2)

]
.

Hence, for any triangular fuzzy number with a
piecewise linear membership function, its centroid
can be derived by

x0(A) =
a1 + a2 + a4

3
,

y0(A) =
1
3
.

Moreover, we need the method which was pro-
posed by Hadi et.al [10] for determining the fuzzy
maximizing-minimizing points according to the cen-
ter of gravity points of fuzzy numbers and their
left/right spreads. So, for convenience, a briefly re-
view of this method is given:
Let us consider the left and right spreads, (L,R),
and COG point (x0(A), y0(A)) of unknown fuzzy
number A are given. The goal is determining such
unknown fuzzy number uniquely. To do this pur-
pose, we should solve the following linear system:


a2 − a1 = L
a4 − a3 = R

x0(A) = 1
3

[
a1 + a2 + a3 + a4 − a4a3−a1a2

(a4+a3)−(a1+a2)

]
,

y0(A) = 1
3

[
1 + a3−a2

(a4+a3)−(a1+a2)

]
.

Note that, for more details see [10].

4. The proposed method

In this section, we propose a new approach for
ranking fuzzy numbers using fuzzy maximizing-
minimizing points which are constructed by their
center of gravity points. To do this purpose, let
us consider n fuzzy numbers Ai, i = 1, 2, . . . , n,
are given. Then, in order to construct the fuzzy
maximizing-minimizing points which are denoted
by M and m, respectively, we adopted the following
procedure:
Let us consider the COG point of Ai, i = 1, 2, . . . , n
are denoted by:

COG(Ai) = (x0(Ai), y0(Ai)), i = 1, 2, . . . , n. (2)

Then, using Hadi’s approach [10], we can obtain
an unique fuzzy number with its COG point
and left right spreads. So, we produce the fuzzy
maximizing-minimizing points using COG points
and left-right spreads of given fuzzy numbers Ai as
follows:

The COG point of fuzzy maximizing point
(M) and fuzzy minimizing point m are derived by

COG(M) =
(

max
i=1,2,...,n

{x0(Ai)} , max
i=1,2,...,n

{y0(Ai)}
)

(3)
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and

COG(m) =
(

min
i=1,2,...,n

{x0(Ai)} , min
i=1,2,...,n

{y0(Ai)}
)

(4)

Also, we chose the following procedure for deter-
mining the left-right spreads of fuzzy maximizing
point:

LM = max
i=1,2,...,n

{LAi
} (5)

RM = max
i=1,2,...,n

{RAi} , (6)

where LM and RM are the left and the right spreads
of fuzzy maximizing point M , respectively. Also,
LAi

and RAi
are the left and the right spreads of

given fuzzy numbers Ai, i = 1, 2, . . . , n. Similarly,
we construct the left and the right spreads of fuzzy
minimizing point as follows:

Lm = min
i=1,2,...,n

{LAi
} (7)

and

Rm = min
i=1,2,...,n

{RAi
} . (8)

Now, the fuzzy maximizing-minimizing points
could be constructed using their COG points and
left-right spreads using Hadi’s approach [10].

Up to now, we built the fuzzy maximizing-
minimizing points. But, the other essential part
is selecting a common way for ranking fuzzy num-
bers using these fuzzy points. To do this purpose,
we introduce the following relative closeness coeffi-
cient of a fuzzy number with respect to the fuzzy
maximizing-minimizing points given by:

D(A) = γ(A)× DL
A

1 + DR
A

(9)

where

DL
A = d(A,m), (10)

DR
A = d(A,M), (11)

and

γ(A) =

 1, if
∫ 1

0

{
A(r) + A(r)

}
dr ≥ 0

−1, if
∫ 1

0

{
A(r) + A(r)

}
dr < 0

(12)

Finally, the ranking of n fuzzy numbers
A1, A2, . . . , An is determined by the following
rules for all i, j = 1, 2, . . . , n:

(1) Ai ≺ Aj if and only if D(Ai) < D(Aj),
(2) Ai � Aj if and only if D(Ai) > D(Aj),
(3) Ai ≈ Aj if and only if D(Ai) = D(Aj).

Consequently, the Wang’s and Kerre’s reason-
able properties are investigated for the ordering ap-
proach (see[12]).

A-1 For an arbitrary finite subset A of S and
u ∈A; u � u.

A-2 For an arbitrary finite subset A of S and
(u, v) ∈ A2; u � v and v � u by D on A,
this method should have u ∼ v.

A-3 For an arbitrary finite subset A of S and
(u, v, w) ∈ A3; u � v and v � w by D on
A, this method should have u � w.

A-4 For an arbitrary finite subset A of S and
(u, v) ∈ A2; inf supp(u)>sup supp(v), this
method should have u � v.

A
′
-4 For an arbitrary finite subset A of S and

(u, v) ∈ A2; inf supp(u)>sup supp(v), this
method should have u � v.

A-5 Let S , S
′

be two arbitrary finite sets of fuzzy
quantities in which D can be applied and u , v
are in S ∩ S

′
. This method obtain the ranking

order u � v on S
′

iff u � v on S.
A-6 Let u, v, u + w and v + w be elements of S. If

u � v by D on u, v, then u + w � v + w.
A

′
-6 Let u, v, u + w and v + w be elements of S. If

u � v by D on u, v, then u + w � v + w.

Proposition 1 The proposed distance D has the
above properties.

4.1. Aggregation of fuzzy numbers

Let us consider a decision group has P decision
makers and the fuzzy rating of each decision
maker Dp, (p = 1, 2, . . . , P ), can be expressed as
fuzzy numbers Rp. An useful aggregation method
must be considered the range of fuzzy rating of
each decision maker. Recently, some aggregation
methods were proposed. Guneri et.al [11] proposed
a method based on the maximum and minimum
values of the end points of supports of given fuzzy
numbers. Consequently, Hadi et. al [10] proposed
a new way for aggregating several fuzzy numbers
using their COG points and left-right spreads.

We introduce another new way to aggregate given
fuzzy numbers to a fuzzy number using COG points.
In accordance with the our proposed method in the
previous section, two obtained fuzzy numbers M
and m can be considered as some aggregation of
given fuzzy numbers. In order to improve such ag-
gregation, we proposed a pessimistic/optimistic ap-
proach as follows:

Agg(Γ;λ) = λ�M + (1− λ)�m, (13)

for all λ in [0, 1]. Note that Γ denotes a set of n
fuzzy numbers {A1, A2, . . . , An}. Clearly, for λ = 0,
the aggregation function is equal to m which is
the pessimistic case and for λ = 1, the aggregation
function is equal to M which is the optimistic case.

Now, we summarize our discussions as follows.
Using Eqs. (3-4), we can construct the centriod
points of given fuzzy numbers both triangular
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and trapezoidal fuzzy numbers. Since, in our
opinion, the maximizing point should possess the
biggest parameters in each cases. For example,
should possess the biggest left/right spreads and
the biggest COG point. Obviously, this is valid
for the minimizing point which should possess the
smallest parameters. Simultaneously, we derive the
left/right spreads for such reference points using
Eqs. (5-6) and Eqs. (7-8). Clearly, these selections
coincide with our procedure. Then, using inter-
esting method which was proposed by Hadi et. al
[10], the unknown reference points are constructed.
In addition, we proposed a new ranking method.
Using it, we can rank given fuzzy numbers in com-
pare of obtained maximizing-minimizing points.
Again, proposed ordering approach coincides with
our thinks. As a novel application, we determine
the pessimistic/optimistic aggregation function by
applying linear combination of the maximizing and
minimizing points.

At the end of this part, we present an algorithm
in order to state the method better as follows:

Algorithm:

Let us consider n fuzzy numbers A1, A2, . . . , An are
given. Then,

• The COG points of fuzzy maximizing-minimizing
points are derived by Eqs. (3-4).

• The left and the right spreads of fuzzy max-
imizing and minimizing points are obtained using
Eqs. (5-6) and Eqs. (7-8).

• The unknown fuzzy maximizing-minimizing
points will be determined using Hadi’s method [10].

• The ordering of fuzzy numbers will be done
using Eqs. (9-12).

• The pessimistic/optimistic aggregation func-
tion is denoted by Agg(Γ;λ) which is evaluated by
Eq. (13).

5. Examples

In this section, we take several examples in order to
show the ability of proposed method in compare of
recently published ordering approaches.

Example 1 Let us consider two fuzzy numbers
A = (1, 2, 6) and B = (2, 3, 4), then using our pro-
posed method, the fuzzy maximizing point M and
the fuzzy minimizing point m are determined as fol-

lows:

COG(M) =
(

3,
1
3

)
, LM = 1, RM = 4,

COG(m) =
(

3,
1
3

)
, Lm = 1, Rm = 1,

then, using Hadi’s approach [10], these fuzzy points
are obtained as follows:

M = (1, 2, 6) & m = (2, 3, 4).

Now, using the proposed relative closeness coeffi-
cient of a fuzzy number with respect to the fuzzy
maximizing-minimizing points, we have:

DL
A = d(A,m) =

√
2,

DR
A = d(A,M) = 0,

and, also

DL
B = d(B,m) = 0,

DR
B = d(B,M) =

√
2.

Therefore, we get:

D(A) =
√

2 > D(B) = 0.

Hence, in accordance with the proposed ordering,
we get: A � B which agrees with the previous re-
sult [3]. However, we can logically infer that the
ordering of images of these fuzzy numbers is as
−A ≺ −B. Clearly, using our proposed method,
the fuzzy maximizing-minimizing points for images
of given fuzzy number A,B are derived:

M = (−6,−2,−1), & m = (−4,−3,−2),

and then, we get:

D(−A) = −
√

2, D(−B) = 0.

Thus, the ranking of images of given fuzzy numbers
is −A ≺ −B. Obtained results agree with Asady’s
result [3] and is the shortcoming of proposed
method by Wang et.al [14]. Since, by using Wang’s
method [14], the unreasonable ordering −A ≈ −B
is derived.

Remark 1 By assumptions of Example 1, we can
aggregate given set of fuzzy numbers Γ = {A,B} by

Agg(Γ;λ) = λ�M + (1− λ)�m

= λ� (1, 2, 6) + (1− λ)� (2, 3, 4)
= (2− λ, 3− λ, 4 + 2λ),

for all λ in [0, 1]. Also, using Hadi’s approach [10],
the aggregated fuzzy rating RH is obtained as fol-
lows:

RH =
(

3
2
,
5
2
,
10
2

)
,
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which agrees with our proposed aggregated fuzzy rat-
ing Agg(Γ;λ) by considering intermediate case λ =
1
2 . It is easy to verify that our sensitive aggregated
method is an extension of Hadi’s approach [10]. In
addition, using Guneri’s method [11] we have:

RG =
(

1,
5
2
, 6

)
.

So, we have the following relation between obtained
aggregated fuzzy numbers:

Agg(Γ;
1
2
) = RH

⊂ RG.

Example 2 Let us consider three fuzzy numbers:

A = (5, 6, 7),
B = (5.9, 6, 7),
C = (6, 6, 7).

Then, we get:

COG(M) =
(

19
3

,
1
3

)
, LM = 1, RM = 1,

COG(m) =
(

6,
1
3

)
, Lm = 0, Rm = 1.

Therefore, by using our proposed method, the fuzzy
maximizing-minimizing points are determined as
follows:

m =
(

17
3

,
17
3

,
20
3

)
& M =

(
16
3

,
19
3

,
22
3

)
,

and then, using simple calculations, we get:

D(A) < D(B) < D(C).

Consequently, the ranking is A ≺ B ≺ C which
agrees with the Abbasbandy et.al’s methods [1, 2]
and Wang et.al approach [14].

Remark 2 In order to construct a pes-
simistic/optimistic aggregation using Example
2, we have:

Agg(Γ;λ) = λ�
(

17
3

,
17
3

,
20
3

)
+ (1− λ)�

(
16
3

,
19
3

,
22
3

)
,

where Γ = {A,B,C}. Note that, the aggre-
gated fuzzy numbers using Hadi’s approach [10] and
Guneri’s approach [11] is obtained as follows:

RH = (5.636, 6, 7) & RG = (5, 6, 7).

Also, for intermediate case 1
2 , we have:

RH ⊂ Agg(Γ;
1
2
) =

(
11
2

, 6, 7
)

⊂ RG.

Example 3 Let us consider two fuzzy numbers
A = (3, 6, 9) and B = (5, 6, 7). Then, the COG
points and left-right spreads of fuzzy maximizing-
minimizing points are obtained as follows:

COG(M) =
(

6,
1
3

)
, LM = 3, RM = 3,

COG(m) =
(

6,
1
3

)
, Lm = 1, Rm = 1.

Consequently, the reference points M and m are de-
termined as follows:

M = (3, 6, 9) & m = (5, 6, 7).

Then, we get:

D(A) = d(A,m) > 0, & D(B) = 0,

therefore, the ordering is derived as A � B which
agrees with the previously reported result [14]. How-
ever, using Abbasbandy’s results [1, 2], the ordering
is derived A ≈ B, which is not intuitionally correct.

Remark 3 Using assumptions of Example 3, we
have below aggregation:

Agg(Γ;λ) = λ� (3, 6, 9) + (1− λ)� (5, 6, 7)
= (5− 2λ, 6, 7 + 2λ)

where Γ = {A,B}. Note that the aggregated fuzzy
numbers using Hadi’s result [10] and Guneri’s result
[11] are obtained as follows:

RH = (4, 6, 8), & RG = (3, 6, 9).

It is easy to verify that we have the following rela-
tion in the intermediate case λ = 1

2 :

Agg(Γ;
1
2
) = RH

⊂ RG.

Now, for emphasizing on the aggregate function, we
take another example which has been taken from
[13] and considered under new method by Hadi et.al
[10].

Example 4 Let us consider five given fuzzy num-
bers:

A1 = (8, 9, 10),
A2 = (9, 10, 10),
A3 = (7, 8, 9),
A4 = (5, 6, 7),
A5 = (6, 7, 8).

Then, the COG points of maximizing and minimiz-
ing points are obtained as follows:

COG(M) =
(

29
3

,
1
3

)
, LM = 1, RM = 1,

COG(m) =
(

6,
1
3

)
, Lm = 1, Rm = 0.
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Therefore, by using our proposed method, the fuzzy
maximizing-minimizing points are determined as
follows:

M =
(

26
3

,
29
3

,
32
3

)
& m =

(
16
3

,
19
3

,
19
3

)
.

Then, using proposed aggregate function we have:

Agg(Γ;λ) = λ�
(

26
3

,
29
3

,
32
3

)
+ (1− λ)�

(
16
3

,
19
3

,
19
3

)
,

where Γ = {Ai}5i=1. Simply, we get:

Agg(Γ;λ) =
(

16 + 10λ

3
,
19 + 10λ

3
,
19 + 13λ

3

)
.

In addition, Hadi et.al [10] obtained the following
aggregated result:

RH =
(

7, 8,
44
5

)
,

and using Guneri’s method, we have:

RG = (5, 8, 10).

Note that, for the intermediate case λ = 1
2 we have

the following result:

Agg(Γ;
1
2
) =

(
7, 8,

17
2

)
⊂ RH

⊂ RG.

6. Conclusion

In this paper we have developed a new approach
for ranking of fuzzy numbers. This approach con-
siders not only the left and right spreads of fuzzy
numbers, but also their COG points have been asso-
ciated in order to construct the fuzzy maximizing-
minimizing points. Then, a new relative closeness
coefficient with respect to such reference points are
introduced which is the basis of our proposed or-
dering. Note that, our proposed method can be
seen as a novel method for aggregate a set of fuzzy
numbers to a fuzzy number. To this end, a new pes-
simistic/optimistic aggregate function is proposed.
It is evident that proposed approach can be used
for trapezoidal fuzzy numbers, since the proposed
formula is general. Notice that, one can easily ob-
tain a new aggregation function using another ap-
proach for constructing the fuzzy maximizing point
and minimizing points. For future research, we will
adopt the mentioned aggregated method for solving
fuzzy MCDM problems.
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