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Abstract. Under differentiated products and distinct cost condition, companies will not price at
marginal cost, therefore they can achieve positive profits. Bertrand paradox can be solved to some
extent. On the basis of price competition, companies can adopt price cooperation to improve their
profit. With equal profit curve, we can observe the differences of increased profits under different
cooperative patterns, which can help companies to improve the cooperative patterns and find better
cooperative pattern.

Introduction

In Bertrand paradox, there are two manufacturers in the market who compete by price but not
output. In the game, there is only one Nash equilibrium, in which the price of the two manufacturers
equal to their marginal cost and each manufacturer get no profit. Since oligopolistic market and
perfect competitive market are quite different, economist Bertrand proved that since there only two
manufacturers in the market, perfect competition can be achieved totally. That is so called Bertrand
paradox. There are four assumptions for Bertrand Model: (1) There are two oligopoly
manufacturers in the market, producing homogenous products. The market demand is Q = D(P);
(2) The marginal cost of production is the same for these two manufacturers, and no fixed cost; (3)
Manufacturers compete only one time, and make price decision at the same time; (4) There is no
other manufacturers entering the market. To solve Bertrand Paradox, we need to change the
assumption of the model. In this paper, we change the assumptions of homogenous products and the
same cost for these two manufacturers and discuss the equilibrium under new assumptions. In
addition, we discuss the possibility of cooperation between these two manufacturers with equal
profit curve which is developed in this paper.

The Model

We assume there are two manufacturers, manufacturer one and manufacturer two. They produce
similar but differential products. The price of their products are P, and P,. Therefore the products
of these two manufacturers can substitute each other but not completely substitute. The demand
functions of these two manufacturers are q,=q,(R,P,)=a -bP +d,P, and
q,=9,(P,P,)=4a,—-b,P, +d,P,. In the functions, d,,d, >0, which refers to the substitution

coefficient, indicating the extent that the products of these two manufacturers substitute each other.
In addition, we assume there are no fixed cost for these two manufacturers, and the marginal cost of
themare c, and c, separately. They make their price decision at the same time.

u, and u, are used to represent the profits of these two manufacturers, which are the function
of their price.

u = u1(Plv Pz) = P1q1 —C0, = (P1 _Cl)(al _blpl + dlpz)
u, = UZ(P1' Pz) = quz —C,(, = (Pz _Cz)(az —b2P2 +d2P1)
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=0, we get the response curve of manufacturer one as follow.
1
P = Rl(PZ):E(al+blcl+le2) 1)
1

. ou
Ordering aTZ =0, we get the response curve of manufacturer two as follow.
2

1
P,=R,(R)=—:(, +b,c, +d,P)

Solving above questions, we get equilibrium price as follow.

" d 2b

P=———(a,+bec,)+——*—(a, +bc
| 4b1b2—d1d2(2 2C2) 4b1b2—dld2(1 Cr)
. d 2b

Pp,=——%*—(a +bc)+—"F—(a, +h,c
> 4b1b2—d1d2(1 Cr) 4b1b2—d1d2(2 2C2)

At the equilibrium price, the output and profits of these two manufacturers are as follow.

0 = b,{d,(a, +b,c,) +[2ab, +¢,(d,d, — 2b,b,)]}
=

4bb, —d,d,
0 = b,{d,(a, +b,c,) +[2a,b, +¢,(d,d, — 2bb,)]}
? 4bb, —d,d,

2 %2
u;:bz{olz(al+b1c1)+[2azb1+c2(ollolz—2b1|oz)]} % pr )

4bb, —d,d, " b,

x2
q *
=bL1 =b (R, _Cl)z

2
U* =b d1(a2 +b202)+[2a1b2 +Cl(dldz _2b1b2)]
v 4b,b, —d,d,

The Price under Cooperation Condition

When competing, the P and P, are the equilibrium price of these two manufacturers, which

means each manufacturer can not enhance its own profit by only changing its own price. The price
in the market is stable. At this price, the profits of these two manufacturers are not maximized, for
they can collude to raise their price in order to increase their profits. Following, we intend to prove
the process.

u, +u, =(P, -¢,)(@ —bPR +d,P,)+ (P, -c,)(a, —b,P, +d,P)

o+ o A +u)

0
oP, oP,

Ordering and , We get the prices of manufacturers as follow.
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_dyc, +2b,P, —a, —b,c,

]

d, +d, 3)
P _ d,c, +2b,P, —a, —bc,
) =

d, +d, )

Solving above equations, we get the optimal prices of these two manufacturers as follow.

p™ — 2b,(a, +b,c, —d,c,)+(d; +d,)(a, +b,c, —d,c,)
' 4b1b2 _(dl +d2)2

P _ 2b,(a, +b,c, —d;c,)+(d, +d,)(a, +b,c, —d,c,)
’ 4b1b2_(d1+d2)2

at these prices, the outputs, marginal profits and profits of these two manufacturers are as follow.

q** _ 2a1b1b2 + (dl + dz)(blbzcz — aldz — Czdldz) + 2b101 (dldz — blbz) + aZbl (dl — dz)
1 4b1b2—(dl+d2)2

o = 2a,b,b, +(d, +d,)(b,b,c, —a,d, —c,d,d,) + 2b,c,(d,d, —b,b,) +ab,(d, —d,)
’ abb, —(d, +d,)?
P ¢ = 2b,(a, —b,c, —d,c,)+(d, +d,)(a, +b,c, +c,d,)

LT 4bb, —(d, +d,)?

P —c, = 2b,(a, —b,c, —d,c;)+(d, +d,)(a + b, +c,d,)
4b1b2 _(d1+d2)2
[2b2 (al _blcl _Czdz)"‘(dl +d2)(a2 +b202 +Cld2)]x
o - _[2a,b,b, +(d, +d,)(b,b,c, —a,d, —c,d,d,) +2b,c, (d,d, —b;b,) +a,b, (d; —d,)]

UI* = (Pl _Cl)ql = 2
[4b,b, - (d, +d,)?]
[Zbl (@, —=b,c, —c,d,)+(d, +d,)(a, +bc, + CZdl)]x
u = (P —c,)q = [2a2b1b2 +(d, +d,)(bb,c, —a,d, —c,d,d,) +2b,c,(d,d, —b,b,) +a,b,(d, - dl)]
2 =\ 20 =

[ab,b, - (@, +d,)f

Above results shows when manufacturers raise the prices from P and P, to P~ and P,”,
the profits of these manufacturers will rise from u, and u, to u, and u, . However, the P,

and P, are not equilibrium prices, which means any manufacturer can enhance its own profit by
only changing its own price. Therefore, when manufacturers do not cooperate with each other, the
market price will stabilize at P, and P,. When they collude to enhance the prices, the market

prices will be above P and P,. In fact, on the base of P, and P,, they can enhance their

profits by raising the price at the same time. And the P and P,” can maximize the total profits
of them.
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The Geometric Analysis of Price Cooperation between Manufacturers

Since these two manufacturers can improve their profits by enhance their prices, we can analysis
the benefit of price cooperation in a geometric way.

Response Curve

From the response functions of these two manufacturers, we can get the response curves of them
as showed in following figure.
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Fig. 1. Response Curve Fig. 2. Equal Profit Curve of Manufacturer one
e Lo +be L . . .
The response curve of manufacturer one is a line with T as its intercept in horizontal axis

2b, a, +b,c,
and q & its slop. The response curve of manufacturer two is a line with T op s its

1 2

2b,
intercept in vertical axis and q its slop. Response curve shows, given the price of another

1

manufacturer, the price which can maximize the profit of this manufacturer. The interception of
these two response curves are equilibrium price P and P, . At this point, each manufacturer can
not enhance its own profit by only changing its own price, hence its is a equilibrium point.

Equal Profit Curve
u, = (Pl _Cl)(al - blpl + dlpz)

Above function is the profit function of manufacturer one. We can regard it as the relationship
between P, and P, ata certain profit level. With transformation, we get the equal profit function

of manufacturer one as follow.

p,=2(p_c)r—tn _ DOTA
d d(P-c) d

1

1

Above equation is the equal profit function of manufacturer one, which represent all the possible
combination of P, and P, to achieve a certain u,. Based on the equal profit function of
manufacturer one, we can draw the equal profit curve of manufacturer one as follow.

Above figure shows that the equal profit curve of manufacturer one is a U shape curve with

2 +bc, —
R=¢ and P :_i—i_ipl as its asymptotic lines and with (Cl+\/u_T’ b+ al)
d d by d,
vertex. The equal profit curve of manufacturer one has following features.

as its
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(DThe higher the equal profit curve, the higher profit of manufacturer.
@The connection of the vertex of all the equal profit curve is the response curve of the
manufacturer.

@Given PZ, the optimal profit can be achieved by manufacturer one is the equal profit curve

which tangents to R , Its cut-off point be the vertex of the equal profit curve.

@The area above equal profit curve is the cooperation area of manufacturer one, that is taking
the curve as the boundary, manufacturer one can enhance its profit by cooperating with another
manufacturer within this area. However, the area below this curve is the non cooperation area,
which means taking the curve as the boundary, manufacturer one can not enhance its own profit by
cooperating with another manufacturer within this area.

The Price Cooperation between Manufacturers

Following, we put the equal profit curves of manufacturer one and manufacturer two together to
discuss the price cooperation of these two manufacturers.

v

s

Fig. 3. The Price Cooperation of These Two Manufacturers

The point A in the figure is the intersection of the response curves of these two manufacturers. At
this point, each manufacturer can not increase its profit by only changing its own price. When
manufacturers do not cooperate with each other, the market reaches equilibrium. However, the
equilibrium at this point is not Pareto optimal, for at least one manufacturer’s profit can be
increased by changing their prices. Suppose the equal profit curve of manufacturer one, which
crosses the equilibrium point, is U, , and the equal profit curve of manufacturer two, which crosses

the equilibrium point, is U,. U, and U, divide the figure into four areas, I,II,III and IV.

Beginning with point A, the cooperation within area I can improve both the profits of these two
manufacturers. If the price cooperation falls into area II, the profit of manufacturer one will be
increased but the profit of manufacturer two will be decreased. If the price cooperation falls into
area IlI, the profit of manufacturer one will be decreased but the profit of manufacturer two will be
increased. If the price cooperation falls into area IV, the profits of both manufacturers will be
reduced. Hence only area [ is the possible cooperation area for these two manufacturers, yet areas
IT,IIT and IV are non cooperation areas for them.

Based on the market equilibrium, these two manufacturers can collude to increase the price to
enhance their profits. Although the possible price cooperation within area I have much quantity,
not all of them are Pareto optimal. Only the cut-off points of the manufacturers’ equal profit curves
are Pareto optimal, for Pareto improvement can not be achieved at these cut-off points. We connect
the cut-off points to form curve |, which falls into area I with C and D.

The best cooperation should lie at curve |, for the cooperation at this position have the best
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efficiency. All the points out of curve | have the possibility of make Pareto improvement, which
means at least one manufacturer’s profit can be increased by changing their prices. The cooperation
among line | has the best efficiency, but the revenue sharing at different points in line | is
different. The closer to C, the more increased profit for manufacturer one and the less increased
profit for manufacturer two. The closer to D, the more increased profit for manufacturer one and
the less increased profit for manufacturer two. The point where the cooperation can be achieved will
determined by the bargaining power of them.

Although the points among curve | are all Pareto optimal, there is a point where the overall
optimization can be achieved. At this point, the total profits of these two manufacturers are
maximized. We use B to represent this point. The sum of these two manufacturers’ profits is

maximized, which is the result (P,”, P,”) we have got.

Conclusion

In Bertrand pricing model, if the hypothesis of homogeneous products and undifferentiated cost
are changed, manufacturers can reach equilibrium price through competition to achieve their profits.
At equilibrium price, each manufacturer can not increase its own profit by only changing its own
price. Under non-cooperation game, the market reaches at equilibrium.

If the manufacturers can cooperate with each other, based on equilibrium prices their profits can
be increased by raising their prices together. Although the possible price cooperation is much, some
of them are Pareto optimal and some are not. Different price cooperation results in the different
benefits sharing among the manufacturers.

Base on Bertrand pricing model to analysis the effect of price cooperation, this paper develops
equal profit curve to analysis the equilibrium and the benefits of price cooperation in a geometric
way.
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