
Intersection and union of type-2 fuzzy sets and

connection to (α1, α2)-double cuts

Zdenko Takáč1

1Institute of Information Engineering, Automation and Mathematics
Slovak University of Technology, 812 37 Bratislava, Slovakia

e-mail: zdenko.takac@stuba.sk

Abstract

It is known that the standard intersection and
union of type-1 fuzzy sets (i.e., the intersection and
union under the minimum t-norm and maximum t-
conorm) are the only cutworthy operations for type-
1 fuzzy sets. The aim of this paper is to show that
similar property holds also for type-2 fuzzy sets,
with respect to some special cutting. As was already
demonstrated, the intersection and union of type-2
fuzzy sets are not preserved in α-planes. Thus, we
study another kind of cutting, so-called double cuts,
and show that the intersection and union of type-2
fuzzy sets are preserved in these double cuts.

Keywords: Type-2 fuzzy sets, double cut, α-plane,
intersection, union, fuzzy sets

1. Introduction

The standard intersection and union operations of
type-1 fuzzy sets (T1 FSs, in abbreviation) are cut-
worthy operations, which means that they are pre-
served in α-cuts for all α ∈ [0, 1] in the classical
sense (see [1]). This is a very useful property of
α-cuts for computation. Furthermore, it is a ’nice’
relation between the intersection and union of fuzzy
sets A, B and the intersection and union of crisp sets
Aα, Bα:

(A ∩ B)α = Aα ∩ Bα , (A ∪ B)α = Aα ∪ Bα .

Recently has been published an α-plane represen-
tation for type-2 fuzzy sets (T2 FSs) in [2] and [3],
which is some kind of generalization of α-cut repre-
sentation for T1 FSs. As was pointed out in [4] the
intersection and union of T2 FSs are not preserved
in α-planes in general, i.e. they are not cuthworthy
operations. The main results of [4] are summarized
in this paper too.

The α-cuts of T1 FSs have two properties that
make them very useful: 1. α-cut is a (crisp) subset
of a universe of discourse, 2. α-cut emphasizes el-
ements with high membership (higher or equal to
α). The α-planes have no these two properties.
Hamrawi et al. (see [5]) defined an α-cut of T2
FS, denoted by Ãα̃,α (as α-cut of α̃-plane). We in-
dependently defined (α1, α2)-double cut of T2 FS
(see [6]), which is very similar notion to Hamrawi’s

one1. Furthermore, the (α1, α2)-double cut meets
both over mentioned properties. The main aim of
this paper is to show that intersection and union of
T2 FSs are preserved in (α1, α2)-double cuts (un-
der some special conditions). We study relations
between the intersection (union) of (α1, α2)-double
cuts of T2 FSs and (α1, α2)-double cuts of intersec-
tion (union) of T2 FSs, and provide relevant proofs.
We study these relations for the intersection and
union under various t-norms and t-conorms. Fur-
thermore, we discuss differences between α-planes
and (α1, α2)-double cuts in this context.

The rest of this paper is organized as follows. Sec-
tion 2 contains basic definitions and notations that
are used in the remaining parts of paper. We sum-
marize properties of α-planes in connection with the
intersection and union of T2 FSs under various t-
norms and t-conorms in Section 3. In Section 4,
we study properties of (α1, α2)-double cuts. The
conclusions are discussed in Section 5.

2. Preliminaries

2.1. Type-2 fuzzy sets and vertical slices

A T2 FS, denoted by Ã, in a crisp set X is charac-
terized by a type-2 membership function µÃ(x, u) ,
i.e.,

Ã = {((x, u), µÃ(x, u))|∀x ∈ X, ∀u ∈ Jx ⊆ [0, 1]} ,

where 0 ≤ µÃ(x, u) ≤ 1 , u is a primary grade and
µÃ(x, u) is a secondary grade ([7], [8], [9]).

The T2 FS Ã can also be expressed as

Ã =

∫

x∈X

∫

u∈Jx

µÃ(x, u)/(x, u), Jx ⊆ [0, 1],

where
∫ ∫

denotes a union over all admissible x and
u. For discrete universes of discourse,

∫

is replaced
with

∑

(e.g. [10], [9]).
At each value of x, say x = x′, the 2D plane

whose axes are u and µÃ(x′, u) is called a verti-
cal slice of T2 FS Ã (see [9]). Type-2 membership

1An α-cut of T2 FS is represented by α-cut of UMF and
LMF of α-plane, an (α1, α2)-double cut is represented only
by α-cut of UMF of α-plane. Hamrawi’s α-cut leads to much
more easier representation theorem as our (α1, α2)-double
cut, but we consider our approach to be more natural in some
point of view - if one can emphasizes elements of X with both
high primary and secondary grades, then only α-cut of UMF
is important.
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function µÃ(x, u) : X × [0, 1] → [0, 1] is a function
that assigns a secondary grade to each pair (x, u),
where x ∈ X and u ∈ Jx ⊆ [0, 1] is its primary
grade. fx(u) : Jx → [0, 1] where Jx ⊆ [0, 1] is a
function that assigns a secondary grade to each pri-
mary grade u for some fixed x. It is a T1 FS in
[0, 1] (or in Jx) in the vertical slice. Secondary MF
or vertical slice µÃ(x) : X → [0, 1] [0,1] is a function
that assigns a function fx(u) to each x ∈ X .

We can review a T2 FS set in a vertical-slice man-
ner, as

Ã = {(x, µÃ(x))|∀x ∈ X}

or, as

Ã =

∫

x∈X

µÃ(x)/x =

∫

x∈X

[

∫

u∈Jx

fx(u)/u]/x =

=

∫

x∈X

[

∫

u∈Jx

µÃ(x, u)/u]/x,

where Jx ⊆ [0, 1].
Membership function µÃ(x) for some x is convex

if u1 ≤ u2 ≤ u3 implies µÃ(x, u2) ≥ µÃ(x, u1) ∧
µÃ(x, u3), for all u1, u2, u3 ∈ [0, 1], and is normal if

max
u∈[0,1]

{µÃ(x, u)} = 1 .

2.2. α-planes

A two dimensional α-plane, denoted by Ãα, is a
union of all primary memberships whose secondary
grades are greater or equal to a special value α ([2],
[3], [9]), i.e.,

Ãα =
⋃

x∈X

(x, u)|µÃ(x, u) ≥ α =
⋃

x∈X

(µÃ(x))α , (1)

where (µÃ(x))α is an α-cut of vertical slice µÃ(x).
Both α-plane of T2 FS and α-cut of T1 FS are crisp
sets (see Definition 1 in [2]), however, in spite of
α-cut, α-plane is not a subset of an universe of dis-
course X .

Let IÃα
(x, u) be an indicator function of the α-

plane Ãα, i.e.,

IÃα
(x, u) =

{

1, (x, u) ∈ Ãα,
0, otherwise.

Then, the associated T2 FS (α-level T2 FS) of the
α-plane, denoted by Ã(α), is defined ([2], [3]) as (see
Figure 1)

Ã(α) = {((x, u), αIÃα
(x))|∀x ∈ X, ∀u ∈ Jx ⊆ [0, 1]}.

2.3. (α1, α2)-double cuts

An (α1, α2)-double cut of a T2 FS Ã in a set X ,
denoted by Ãα1,α2

, is a crisp set containing all ele-
ments x ∈ X with property (see [6]): there exists at
least one primary grade u ∈ Jx greater or equal to

Figure 1: a) T2 FS with triangular secondary mem-
bership functions, triangular UMF and LMF. ’Cut-
ting’ plane in level α = 0.6 . b) α-plane for α = 0.6
and associated T2 FS of the α-plane.

α1 such that the secondary grade of (x, u) is greater
or equal to α2, i.e.,

Ãα1,α2
= {x|∃u ∈ Jx(u ≥ α1&µÃ(x, u) ≥ α2)}.

An (α1, α2)-double cut is a crisp subset of an uni-
verse of discourse X , so it meet both properties dis-
cussed in Introduction.

Let IÃα1,α2

(x) be an indicator function of

(α1, α2)-double cut Ãα1,α2
. Then, the associated T2

FS of the (α1, α2)-double cut, denoted by Ã(α1, α2),
is defined as (see Figure 2)

Ã(α1, α2) =

= {((x, α1IÃα1,α2

(x)), α2IÃα1,α2

(x))|∀x ∈ X}.

2.4. Intersection and union of T2 FSs

Using Zadeh’s Extension Principle ([7]), the mem-
bership grades for intersection and union of T2 FSs
Ã and B̃ are defined as follows:

µÃ∩B̃(x) = µÃ(x) ⊓ µB̃(x) =

=

∫

u

∫

v

(µÃ(x, u) ⋆ µB̃(x, v))/(u ∗ v), (2)

µÃ∪B̃(x) = µÃ(x) ⊔ µB̃(x) =

=

∫

u

∫

v

(µÃ(x, u) ⋆ µB̃(x, v))/(u ◦ v), (3)
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Figure 2: a) T2 FS with triangular secondary mem-
bership functions, triangular UMF and LMF. ’Cut-
ting’ planes in level α1 = 0.5, α2 = 0.6 . b) (α1, α2)-
double cut for α1 = 0.5, α2 = 0.6 and associated T2
FS of the (α1, α2)-double cut.

where ∗ and ⋆ represent t-norms (both mostly mini-
mum t-norm), ◦ represents a t-conorm (mostly max-
imum t-conorm) and ⊓, ⊔ denote meet and join op-
erations, respectively ([11], [12]). It is not usual
to distinguish between the t-norms ∗, ⋆ in (2), but
there is no reason not to do it (see [13], [14]). Note
also, that we do not use symbols ∧ and ∨ for t-norms
and t-conorms, because we will use them hereafter
for special cases - for minimum t-norm and maxi-
mum t-conorm, respectively.

Let Ã, B̃ be T2 FSs in X with convex, normal
secondary MFs µÃ(x′), µB̃(x′) for some x′ ∈ X , re-
spectively (recall that µÃ(x′) is in fact a function
of u). Let v1, v2 ∈ [0, 1], v1 ≤ v2 and µÃ(x′, v1) =
µB̃(x′, v2) = 1. Then, for intersection and union un-
der minimum t-norm and maximum t-conorm fol-
lowing holds ([11]),

µÃ∩B̃(x′, u) =

=







µÃ(x′, u) ∨ µB̃(x′, u), u < v1,
µÃ(x′, u), v1 ≤ u < v2,
µÃ(x′, u) ∧ µB̃(x′, u), u ≥ v2

(4)

and

µÃ∪B̃(x′, u) =

=







µÃ(x′, u) ∧ µB̃(x′, u), u < v1,
µB̃(x′, u), v1 ≤ u < v2,
µÃ(x′, u) ∨ µB̃(x′, u), u ≥ v2,

(5)

where ∧ denotes minimum and ∨ maximum (see
Figure 3 and Figure 4).

3. Properties of α-planes

3.1. Inclusion

Following is a well known property of α-cuts of T1
FS A:

if α1 ≤ α2 then Aα2
⊆ Aα1

, (6)

where α1 and α2 denote specific values of grade of
T1 FS A. It shows that an α-cut for greater α is
included in an α-cut for smaller α .

For α-planes of T2 FS Ã similar property holds:

if α1 ≤ α2 then Ãα2
⊆ Ãα1

, (7)

where α1 and α2 denote specific values of secondary
grade of T2 FS Ã. Liu (see [2, p. 11], [3]) states
this property of α-planes of T2 FS Ã without proof,
which was not necessary with respect to his work,
and which is very simple: if (x, u) ∈ Ãα2

for some
x ∈ X, u ∈ Jx, α2 ∈ [0, 1], then µÃ(x, u) ≥ α2,
and for any α1 ≤ α2 it follows µÃ(x, u) ≥ α1, so
(x, u) ∈ Ãα1

and consequently Aα2
⊆ Aα1

.

3.2. Intersection and union

3.2.1. α-cuts of T1 FSs

We recapitulate and remind properties of intersec-
tion and union of T1 FSs with respect to α-cuts
first. Following are well known properties of α-cuts
of T1 FSs A, B:

(A ∩ B)α = Aα ∩ Bα, (8)

(A ∪ B)α = Aα ∪ Bα, (9)

where ∩ and ∪ on the left sides of equalities denote
intersection and union, respectively, of T1 FSs and
the same symbols on the right sides of the equalities
denote intersection and union, respectively, of crisp
sets.

Note that these properties hold only for mini-
mum t-norm and maximum t-conorm within defi-
nition of intersection and union of T1 FSs. These
standard intersection and union operations are the
only cutworthy operations among the t-norms and
t-conorms, which means that they are preserved in
α-cuts for all α ∈ [0, 1] in the classical sense (see
e.g. [1]).

Proposition 1 Formulas (8) and (9) hold for the
standard intersection and union of T1 FSs, i.e., for
µA∩B(x) = µA(x) ∧ µB(x) and µA∪B(x) = µA(x) ∨
µB(x) .

Proposition 2 Formulas (8) and (9) do not hold
for the intersection and union of T1 FSs un-
der t-norm, t-conorm different from minimum t-
norm, maximum t-conorm, respectively, i.e., for
µA∩B(x) = µA(x) ∗ µB(x) and µA∪B(x) = µA(x) ◦
µB(x) , where t-norm ∗ is not minimum and t-
conorm ◦ is not maximum.
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Figure 3: a) Convex, normal secondary membership
functions µÃ(x), µB̃(x) of T2 FSs Ã, B̃ for some x ∈
X . b) Secondary membership function µÃ∩B̃(x) of
the intersection of the T2 FSs Ã, B̃ for the same
x ∈ X as in a).

Proposition 3 Inclusions (A ∩ B)α ⊆ Aα ∩ Bα

and Aα ∪ Bα ⊆ (A ∪ B)α hold for intersection and
union of T1 FSs under each t-norm and t-conorm,
respectively, i.e., for µA∩B(x) = µA(x) ∗ µB(x) and
µA∪B(x) = µA(x) ◦ µB(x) .

Similar properties of intersection and union of T2
FSs with respect to α-planes are discussed in detail
in [4]. We summarize the main results of the article
without proofs here.

3.2.2. Intersection of α-planes

We will investigate two following inclusions first:

Ãα ∩ B̃α ⊆ (Ã ∩ B̃)α, (10)

(Ã ∩ B̃)α ⊆ Ãα ∩ B̃α. (11)

Theorem 1 Let Ã and B̃ be T2 FSs in a set X,
let ∗ and ⋆ are t-norms from the definition (2) of
intersection of T2 FSs. Then

i) (10) holds, if ∗ and ⋆ are both minimum t-norm,

ii) (10) does not hold, if ∗ is a t-norm different from
minimum t-norm,

iii) (10) does not hold, if ⋆ is a t-norm different
from minimum t-norm.

Theorem 2 Let Ã and B̃ be T2 FSs in a set X,
let ∗ and ⋆ are t-norms from the definition (2) of
intersection of T2 FSs. Then (11) does not hold for
any t-norms ∗, ⋆.

Using (4) it is easy to see that (11) does not
hold under minimum t-norm for convex, normal sec-
ondary MFs. Situation is depicted in Figure 3.

Example 1 Let Ã, B̃ be T2 FSs in X =
{x1, x2, x3, x4} given as follows (we will focus just
on x1): µÃ(x1) = {(0.3, 0.2), (0.4, 0.8), (0.5, 0.3)};
µB̃(x1) = {(0.4, 0.4), (0.5, 0.6), (0.6, 0.3)}. Let α =
0.5 and u = 0.4. Then (x1, u) ∈ Ãα and (x1, u) 6∈
B̃α, so consequently (x1, u) 6∈ (Ãα ∩ B̃α) and
(x1, u) ∈ (Ãα ∪ B̃α).

Using (2) we compute Ã ∩ B̃ (under min-
imum t-norms), for which µÃ∩B̃(x1) =
{(0.3, 0.2), (0.4, 0.6), (0.5, 0.3)}. Thus,
(x1, u) ∈ (Ã ∩ B̃)α. Hence, (Ã ∩ B̃)α 6⊆ Ãα ∩ B̃α

(see the proof of Theorem 1).
Using (3) we compute Ã ∪ B̃, for which

µÃ∪B̃(x1) = {(0.4, 0.4), (0.5, 0.6), (0.6, 0.3)}. Thus,
(x1, u) 6∈ (Ã ∪ B̃)α. Hence, Ãα ∪ B̃α 6⊆ (Ã ∪ B̃)α

(see the proof of Theorem 3). �

Example 2 We show that the restriction to mini-
mum t-norm in the first part of Theorem 1 is rea-
sonable. Let ∗ and ⋆ both denote product t-norm in
the definition of intersection of T2 FSs (2). Let Ã
and B̃ be T2 FSs in a set X with constant secondary
grades equal to 0.8. Then, for all (x, u) and (x, v),

where x ∈ X, u ∈ J Ã
x ⊆ [0, 1], v ∈ J B̃

x ⊆ [0, 1], sec-
ondary grades satisfy µÃ(x, u) = µB̃(x, v) = 0.8.
Furthermore, for all (x, w), where x ∈ X, w = u · v,
secondary grades satisfy µÃ(x, w) = 0.82 = 0.64.
So, e.g. for α = 0.7, (Ã ∩ B̃)α has to be an empty
set, but Ãα ∩ B̃α may be a nonempty set. Hence,
(10) does not hold in general under product t-norms.

Note that this take place also if ∗ denotes product
t-norm and ⋆ denotes minimum t-norm. �

3.2.3. Union of α-planes

We will investigate two following inclusions next:

(Ã ∪ B̃)α ⊆ Ãα ∪ B̃α. (12)

Ãα ∪ B̃α ⊆ (Ã ∪ B̃)α, (13)

Theorem 3 Let Ã and B̃ be T2 FSs in a set X,
let ∗ and ◦ are t-norm and t-conorm, respectively,
from the definition (3) of union of T2 FSs. Then

i) (12) holds, if ◦ is maximum t-conorm (and ∗ is
arbitrary t-norm),

ii) (12) does not hold, if ◦ is a t-conorm different
from maximum t-conorm (and ∗ is arbitrary t-
norm).

Theorem 4 Let Ã and B̃ be T2 FSs in a set X, let
∗ and ◦ are t-norm and t-conorm, respectively, from
the definition (3) of union of T2 FSs. Then (13)
does not hold for any t-norm ∗ and any t-conorm
◦ .

Using (5) it is easy to see that (13) does not hold
under minimum t-norm and maximum t-conorm for
convex, normal secondary MFs. Situation is de-
picted in Figure 4.
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Figure 4: a) Convex, normal secondary membership
functions µÃ(x), µB̃(x) of T2 FSs Ã, B̃ for some x ∈
X . b) Secondary membership function µÃ∪B̃(x) of
the union of the T2 FSs Ã, B̃ for the same x ∈ X
as in a).

4. Properties of (α1, α2)-double cuts

4.1. Inclusion

We stated well known property of α-cuts of T1 FSs
(6) and then we proved property of α-planes of T2
FSs (7). A similar property holds also for (α1, α2)-
double cuts of T2 FSs. Lemma 5, Lemma 6 and
Theorem 7 show this fact.

Lemma 5 Let α1
1, α2

1 ∈ [0, 1] be two specific values
of α1, and let Ã be a T2 FS. Then following holds:

if α1
1 ≤ α2

1 then Ãα2

1
,α2

⊆ Ãα1

1
,α2

.

�

Proof . Let x be an arbitrary element of the crisp
set Ãα2

1
,α2

. From the definition of Ãα2

1
,α2

it follows
that there exists u ∈ Jx ⊆ [0, 1] such that

u ≥ α2
1 and µÃ(x, u) ≥ α2.

Because α1
1 ≤ α2

1, there exists u ∈ Jx ⊆ [0, 1] such
that

u ≥ α1
1 and µÃ(x, u) ≥ α2.

Hence, x ∈ Ãα1

1
,α2

and finally Ãα2

1
,α2

⊆ Ãα1

1
,α2

.
q.e.d.

Lemma 6 Let α1
2, α2

2 ∈ [0, 1] be two specific values
of α2, and let Ã be a T2 FS. Then following holds:

if α1
2 ≤ α2

2 then Ãα1,α2

2

⊆ Ãα1,α1

2

.

�

Proof . Proof is similar to the proof of Lemma 5.
q.e.d.

Theorem 7 Let α1
1, α2

1 ∈ [0, 1] be two specific val-
ues of α1, let α1

2, α2
2 ∈ [0, 1] be two specific values of

α2, and let Ã be a T2 FS in a set X. Then following
holds:

if α1
1 ≤ α2

1 and α1
2 ≤ α2

2 then Ãα2

1
,α2

2

⊆ Ãα1

1
,α1

2

.

�

Proof . Immediately follows from Lemma 5 and
Lemma 6. q.e.d.

4.2. Intersection and union of
(α1, α2)-double cuts

4.2.1. Intersection of (α1, α2)-double cuts

In Section 3 we studied inclusions (10) - (13) for α-
planes of T2 FSs. Now we focus on (α1, α2)-double
cuts of T2 FSs and investigate:

(Ã ∩ B̃)α1,α2
⊆ Ãα1,α2

∩ B̃α1,α2
, (14)

Ãα1,α2
∩ B̃α1,α2

⊆ (Ã ∩ B̃)α1,α2
. (15)

Theorem 8 Let Ã and B̃ be T2 FSs in a set X.
Then (14) holds.

Proof . Let x be an arbitrary fixed element of
(Ã ∩ B̃)α1,α2

. Using (2) one can deduce that there

exists u ∈ J Ã
x , v ∈ J B̃

x such that u ∗ v ≥ α1 and
µÃ(x, u)⋆µB̃(x, v) ≥ α2. From well known property
of t-norms (x, y ≥ T (x, y) for each x, y ∈ [0, 1] and
for each t-norm T ), it follows u ≥ α1, v ≥ α1 and
µÃ(x, u) ≥ α2, µB̃(x, v) ≥ α2. Hence, x ∈ Ãα1,α2

and x ∈ B̃α1,α2
, so x ∈ Ãα1,α2

∩ B̃α1,α2
. Finally

(Ã ∩ B̃)α1,α2
⊆ Ãα1,α2

∩ B̃α1,α2
. q.e.d.

Thus, formula (14) holds for intersection of T2
FSs under each t-norm ⋆ and ∗. Remind that similar
formula (11) for α-planes does not hold under any
t-norms.

Theorem 9 Let Ã and B̃ be T2 FSs in a set X,
let ∗ and ⋆ are t-norms from the definition (2) of
intersection of T2 FSs. Then

i) (15) holds, if ∗ and ⋆ are both minimum t-norm,

ii) (15) does not hold, if ∗ is a t-norm different from
minimum t-norm,

iii) (15) does not hold, if ⋆ is a t-norm different
from minimum t-norm.

Proof . i) We prove that formula (15) holds, if ∗
and ⋆ both denote minimum t-norm. Let x be an
arbitrary fixed element of Ãα1,α2

∩ B̃α1,α2
, i.e., x ∈

Ãα1,α2
and x ∈ B̃α1,α2

. Then, according to (2),

there exists u ∈ J Ã
x ⊆ [0, 1] such that u ≥ α1 and

µÃ(x, u) ≥ α2, and there exists v ∈ J B̃
x ⊆ [0, 1] such

that v ≥ α1 and µB̃(x, v) ≥ α2. Because ∗ and
⋆ denote minimum t-norms, it follows u ∗ v ≥ α1

and µÃ(x, u) ⋆ µB̃(x, v) ≥ α2, and consequently x ∈
(Ã∩B̃)α1,α2

. Finally Ãα1,α2
∩B̃α1,α2

⊆ (Ã∩B̃)α1,α2
.
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Figure 5: Secondary membership functions
µÃ(x), µB̃(x) of T2 FSs Ã, B̃ for some x ∈ X .

ii) We prove failure of (15), if ∗ is a t-norm
different from minimum t-norm by counterexam-
ple. Remind that minimum t-norm is the only t-
norm, whose set of idempotents is equal to [0, 1],
i.e., it is the only t-norm, which has not any non-
idempotents (e.g. [15]). Thus, for ∗ there exists at
least one non-idempotent in (0, 1).

Let w ∈ (0, 1) be a non-idempotent of ∗ and let
Ã, B̃ be T2 FSs in X , whose secondary member-
ship functions µÃ(x), µB̃(x), respectively, for some
x ∈ X satisfy following conditions: let µÃ(x, w) =
µB̃(x, w) and let µÃ(x), µB̃(x) are decreasing in

[w, 1] ∩ J Ã
x , [w, 1] ∩ J B̃

x , respectively (see Figure
5). Let α1 = w and α2 = µÃ(x, w) = µB̃(x, w) .
Then obviously x ∈ Ãα1,α2

and x ∈ B̃α1,α2
, so

x ∈ Ãα1,α2
∩ B̃α1,α2

. Now we show that x 6∈ (Ã ∩
B̃)α1,α2

. Let u ∗ v ≥ w = α1 for some u, v ∈ [0, 1].
Then u > w or v > w (w is non-idempotent). Let
the former is true. Because µÃ(x) is decreasing in
[w, u], it follows µÃ(x, u) < µÃ(x, w) and conse-
quently µÃ(x, u) ⋆ µB̃(x, v) < µÃ(x, w) = α2 . Fi-
nally, x 6∈ (Ã ∩ B̃)α1,α2

.
iii) We prove failure of (15), if ⋆ is a t-norm differ-

ent from minimum t-norm by counterexample. Let
Ã, B̃ be T2 FSs in X , whose secondary member-
ship functions µÃ(x), µB̃(x), respectively, for some
x ∈ X satisfy following conditions: let µÃ(x, w) =
µB̃(x, w) be a non-idempotent of ⋆ for some w ∈
(0, 1) and let µÃ(x), µB̃(x) are both decreasing in

[w, 1] ∩ J Ã
x , [w, 1] ∩ J B̃

x , respectively (see Figure 5).
Let α1 = w and α2 = µÃ(x, w) = µB̃(x, w) . Then
obviously x ∈ Ãα1,α2

∩ B̃α1,α2
- see item ii of this

proof. Now we show that x 6∈ (Ã ∩ B̃)α1,α2
. Let

u ∗ v ≥ w = α1 for some u, v ∈ [0, 1]. Then there
are two options:

1. u > w or v > w (or both) - it is easy to see that
in this case following holds µÃ(x, u) ⋆ µB̃(x, v) <
µÃ(x, w) = α2 (see item ii of this proof).

2. u = v = w - from µÃ(x, u) = µB̃(x, v) =
α2 and fact that α2 is a non-idempotent it follows
µÃ(x, u) ⋆ µB̃(x, v) < α2 .

Thus, in both cases x 6∈ (Ã ∩ B̃)α1,α2
. q.e.d.

Example 3 We demonstrate failure of (15) under
product t-norm by counterexample.

Let Ã, B̃ be T2 FSs in X = {x1, x2, x3, x4}
given as follows (we will focus just on x3):
µÃ(x3) = {(0.5, 0.9), (0.6, 0.8), (0.8, 0.6)};
µB̃(x3) = {(0.7, 0.7), (0.8, 0.4)}. Let α1 = 0.6
and α2 = 0.7. Then x3 ∈ Ãα1,α2

and x3 ∈ B̃α1,α2
,

and consequently x3 ∈ (Ãα1,α2
∩ B̃α1,α2

). We
compute Ã ∩ B̃ under different t-norms:
1. ∗ and ⋆ denote minimum t-norms:
µÃ∩B̃(x3) = {(0.5, 0.7), (0.5, 0.4), (0.6, 0.7),
(0.6, 0.4), (0.7, 0.6), (0.8, 0.4)} = {(0.5, 0.7),
(0.6, 0.7), (0.7, 0.6), (0.8, 0.4)} ,
2. ∗ and ⋆ denote product t-norms:
µÃ∩B̃(x3) = {(0.35, 0.63), (0.4, 0.36), (0.42, 0.56),
(0.48, 0.32), (0.56, 0.42), (0.64, 0.24)} ,
3. ⋆ denotes product t-norm and ∗ denotes mini-
mum t-norm:
µÃ∩B̃(x3) = {(0.5, 0.63), (0.5, 0.36), (0.6, 0.56),
(0.6, 0.32), (0.7, 0.42), (0.8, 0.24)} = {(0.5, 0.63),
(0.6, 0.56), (0.7, 0.42), (0.8, 0.24)} .

Thus, in case 1, under minimum t-norms, x3 ∈
(Ã ∩ B̃)α1,α2

, which corresponds to the Theorem
9. On the other hand, in case 2, under product t-
norms, x3 6∈ (Ã ∩ B̃)α1,α2

, which shows that the
restriction in the theorem is reasonable. Similarly,
in case 3, under product t-norm ⋆ and minimum
t-norm ∗, x3 6∈ (Ã ∩ B̃)α1,α2

. �

Theorems 8 and 9 lead to an obvious corollary
- equality between intersection of (α1, α2)-double
cuts of T2 FSs and (α1, α2)-double cuts of intersec-
tion of T2 FSs holds (just) under minimum t-norms
∗ and ⋆.

Corollary 10 Let Ã and B̃ be T2 FSs in a set X,
let ∗ and ⋆ denote minimum t-norms (in the defini-
tion (2) of intersection of T2 FSs). Then following
holds:

Ãα1,α2
∩ B̃α1,α2

= (Ã ∩ B̃)α1,α2
.

Proof : Immediately follows from Theorem 8 and
Theorem 9. q.e.d.

4.2.2. Union of (α1, α2)-double cuts

Now we are going to investigate following inclusions:

(Ã ∪ B̃)α1,α2
⊆ Ãα1,α2

∪ B̃α1,α2
, (16)

Ãα1,α2
∪ B̃α1,α2

⊆ (Ã ∪ B̃)α1,α2
. (17)

Theorem 11 Let Ã and B̃ be T2 FSs in a set X,
let ⋆ is t-norm and ◦ is t-conorm from the definition
(3) of union of T2 FSs. Then

i) (16) holds, if ◦ is maximum t-conorm (and ⋆ is
arbitrary t-norm),

ii) (16) does not hold, if ◦ is a t-conorm different
from maximum t-conorm.
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Figure 6: Secondary membership functions
µÃ(x), µB̃(x) of T2 FSs Ã, B̃ for some x ∈ X .

Proof . i) We prove that formula (16) holds, if ◦
denotes maximum t-norm. Let x be an arbitrary
fixed element of (Ã ∪ B̃)α1,α2

. Then, according to

(3), there exists u ∈ J Ã
x and v ∈ J B̃

x such that
u ◦ v ≥ α1 and µÃ(x, u) ⋆ µB̃(x, v) ≥ α2 . Then
u = α1 or v = α1 (remind that ◦ is maximum).
Furthermore µÃ(x, u) ≥ α2 and µB̃(x, v) ≥ α2 .
Hence, x ∈ Ãα1,α2

or x ∈ B̃α1,α2
and finally

x ∈ Ãα1,α2
∪ B̃α1,α2

.
ii) We prove failure of (16), if ◦ is a t-conorm

different from maximum t-conorm by counterexam-
ple. Because of maximum is the pointwise small-
est t-conorm, there exist u, v ∈ (0, 1) such that
u ◦ v > u ∧ v. Let Ã, B̃ be T2 FSs in X , whose sec-
ondary membership functions µÃ(x), µB̃(x), respec-
tively, for some x ∈ X satisfy following conditions:
let µÃ(x, u ◦ v) = µB̃(x, u ◦ v), let µÃ(x, u) = 1,
µB̃(x, v) > µB̃(x, u ◦ v) and µÃ(x), µB̃(x) are both

decreasing in [u, 1]∩J Ã
x , [v, 1]∩J B̃

x , respectively (see
Figure 6). Let α1 = u ◦ v and α2 = µB̃(x, v).
Then obviously x 6∈ Ãα1,α2

and x 6∈ B̃α1,α2
, so x 6∈

Ãα1,α2
∪ B̃α1,α2

. Furthermore, from u ◦ v = α1 and
µÃ(x, u) ⋆ µB̃(x, v) = 1 ⋆ µB̃(x, v) = µB̃(x, v) = α2

it follows x ∈ (Ã ∪ B̃)α1,α2
. q.e.d.

In the next theorem we can see that truth of (17)
does not depend on t-norm and t-conorm. It de-
pends on normality or subnormality of secondary
membership functions of T2 FSs.

Theorem 12 Let Ã and B̃ be T2 FSs in a set X.
Then

i) (17) holds, if secondary membership functions of
Ã and B̃ are normal for all x ∈ X,

ii) (17) does not hold, if secondary membership
function of Ã or B̃ is not normal for some
x ∈ X.

Proof . i) Let x be an arbitrary fixed element of
Ãα1,α2

∪ B̃α1,α2
. Hence, x ∈ Ãα1,α2

or x ∈ Ãα1,α2
.

Let the former is true. Then there exists u ∈ J Ã
x

such that u ≥ α1 and µÃ(x, u) ≥ α2 . Further-
more, because secondary membership function is
normal, there exists v ∈ [0, 1] such that µB̃(x, v) =
1. Thus, u ◦ v ≥ α1 (for each t-conorm ◦) and
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Figure 7: Secondary membership functions
µÃ(x), µB̃(x) of T2 FSs Ã, B̃ for some x ∈ X .

µÃ(x, u) ⋆ µB̃(x, v) = µÃ(x, u) ⋆ 1 = µÃ(x, u) ≥ α2 ,
from which follows that x ∈ (Ã ∪ B̃)α1,α2

.
ii) Let there exists x ∈ X such that sec-

ondary membership function µÃ(x) is not normal,

i.e., max{µÃ(x, u)|u ∈ J Ã
x } = mÃ < 1. Let

max{µB̃(x, v)|v ∈ J B̃
x } = mB̃ > mÃ. Let α2 ∈

(mÃ, mB̃) and let α1 = 0 (see Figure 7). Then ob-
viously x ∈ B̃α1,α2

and consequently x ∈ Ãα1,α2
∪

B̃α1,α2
. Furthermore, µÃ(x, u) ⋆ µB̃(x, v) ≤ mÃ <

α2 for all u, v ∈ [0, 1], so µÃ∪B̃(x, w) < α2 for all
w ∈ [0, 1] and finally x 6∈ (Ã ∪ B̃)α1,α2

. q.e.d.

Example 4 Let Ã, B̃ be T2 FSs in X =
{x1, x2, x3, x4} given as follows (we will focus just
on x4): µÃ(x4) = {(0.5, 0.9), (0.8, 0.6)}; µB̃(x4) =
{(0.7, 0.4), (0.8, 0.4)}. Let α1 = 0.6 and α2 = 0.5.
Then x4 ∈ Ãα1,α2

and x4 6∈ B̃α1,α2
, and conse-

quently x4 ∈ Ãα1,α2
∪B̃α1,α2

. We compute Ã∪B̃ un-
der maximum t-conorm and two different t-norms
(see (2)):
1. min t-norm: µÃ∪B̃(x4) = {(0.7, 0.4), (0.8, 0.4),
(0.8, 0.4), (0.8, 0.4)} = {(0.7, 0.4), (0.8, 0.4)} ,
2. product t-norm: µÃ∩B̃(x4) = {(0.7, 0.36),
(0.8, 0.36), (0.8, 0.24), (0.8, 0.24)} = {(0.7, 0.36),
(0.8, 0.36)} .

Thus, in both cases, under min t-norm and under
product t-norm, x4 6∈ (Ã ∪ B̃)α1,α2

, which shows
that Ãα1,α2

∪ B̃α1,α2
⊆ (Ã ∪ B̃)α1,α2

does not hold
in general. �

Theorems 11 and 12 lead to an obvious corollary
- equality between union of (α1, α2)-double cuts of
T2 FSs and (α1, α2)-double cuts of union of T2 FSs
holds (just) for normal secondary MFs under maxi-
mum t-conorm ◦ (and arbitrary t-norm ⋆).

Corollary 13 Let Ã and B̃ be T2 FSs in a set X
with normal secondary MFs, let ◦ denotes maximum
t-conorm (in the definition (3) of union of T2 FSs).
Then following holds:

Ãα1,α2
∪ B̃α1,α2

= (Ã ∪ B̃)α1,α2
.

Proof : Immediately follows from Theorem 11 and
Theorem 12. q.e.d.
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Table 1: Summary of obtained results

Property α-cut α-plane
double

cut

(A ∩ B)α ⊆ Aα ∩ Bα T —
⋆ = T

∗ = T

Aα ∩ Bα ⊆ (A ∩ B)α ∧
⋆ = ∧

∗ = ∧

⋆ = ∧

∗ = ∧

(A ∩ B)α = Aα ∩ Bα ∧ —
⋆ = ∧

∗ = ∧

(A ∪ B)α ⊆ Aα ∪ Bα ∨
⋆ = T

◦ = ∨

⋆ = T

◦ = ∨

Aα ∪ Bα ⊆ (A ∪ B)α S —

⋆ = T

◦ = ∨

normal

(A ∪ B)α = Aα ∪ Bα ∨ —

⋆ = T

◦ = ∨

normal

5. Conclusion

It is known, that the standard intersection and
union of T1 FSs are (the only) cutworthy operations
for T1 FSs (e.g. [1]). In [4] we showed that α-planes
do not meet this useful property for T2 FSs. The
reason is that computation of intersection (union)
of type-2 FSs requires an interval arithmetic, while
intersection (union) of α-planes is just an intersec-
tion (union) of crisp sets. Thus, we studied another
kind of cutting of T2 FSs, so-called (α1, α2)-double
cuts, and showed that intersection and union of T2
FSs are preserved in these double cuts. The exis-
tential quantifier in the definition of (α1, α2)-double
cut is significant for this fact.

The results are summarized in Table 1. We see
that for intersection as well as for union, one in-
clusion holds for both α-planes and (α1, α2)-double
cuts, but inverse inclusion holds only for (α1, α2)-
double cuts. Thus, for (α1, α2)-double cuts hold
similar equalities (see Corollary 10 and Corollary
13) as for α-cuts of T1 FSs, though these do not
hold for α-planes.
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