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Abstract

Presented are preliminary results on ordinary-style
and graded-style completeness results for fuzzy at-
tribute logic with models constrained by fuzzy clo-
sure operators with hedges.
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1. Introduction and problem setting

This paper deals with rules of the form E ⇒ F ,
where E and F can be seen as conjunctions of at-
tributes, i.e., names of properties that an object can
have or a collection of object can share. Formulas of
this type are widely used in computer science, e.g.,
in data mining as attribute implications [13] and as-
sociation rules or in database systems as functional
dependencies [20]. In the data-mining sense, E ⇒ F
is interpreted as a rule saying: “if an object has all
the attributes from E, then it has all the attributes
from F ”. As functional dependency, E ⇒ F is in-
terpreted as “if two tuples (or database table) have
the same values on all the attributes from E, then
they have the same values on all the attributes from
F ”. Although these two interpretations are differ-
ent, the notions of semantic entailments based on
the different interpretations are the same, see [20].
In addition, the semantic entailment is axiomati-
zable using a small set of deduction rules, called
Armstrong rules [1].

The objective of this paper is to present a prelimi-
nary study of entailment of analogous rules from the
perspective of fuzzy logic considering, in addition,
constraints on permissible models. The motivation
for a graded extension stems from the fact that “x
having an attribute y” is, in many cases, a graded
relationship rather than bivalent one. Thus, we may
wish to consider rules saying, e.g., “if an athlete is
explosive to degree a and lightweight to degree b,
then he will be fast on short distances to degree c”
which can be seen as a generalized attribute implica-
tions where attributes are permitted to be weighted
by truth degrees. A different motivation can be
found in database systems with domains equipped
with similarity relations [7, 10] cf. also [11]. Then,
it makes sense to consider rules like “if two athletes
have similar blood pressure to degree a and similar
speed on short distances to degree b, then they have
similar speed on longer distances to degree c”. An
important feature that such rules can be considered
true to various degrees (fully true, more or less true,

not at all true, . . . ). This paper develops a complete
logic, called fuzzy attribute logic, for dealing with
such rules.

Model constraints can be seen as constraints on
permissible models. Instead of using all possi-
ble models, we restrict ourselves to models that
are fixed points of a particular closure operator.
The reason is that when reasoning with the above-
mentioned rules, one is often interested only in rules,
where the antecedent (part before ⇒) and conse-
quent (part after ⇒) satisfies an additional con-
dition. In addition, such rules are evaluated in
models that also satisfy the condition. We showed
in [8], many natural constraints can be formulated
by means of fixed points of closure operators. For
instance, constraints by the size of support, which
are crucial in mining association rules, are a par-
ticular example of this constraint. Therefore, we
present here an extension of fuzzy attribute logic
considering additional model constraints.

The paper is organized as follows. Section 2
contains preliminaries, Section 3 introduces formu-
las, constraints, and semantic entailment. In Sec-
tion 4, we introduce the deductive system and show
its soundness. Section 5 presents various com-
pleteness results (ordinary-style completeness and
graded-style completeness).

2. Preliminaries

The logic of fuzzy attribute implications with model
constraints will be developed over complete resid-
uated lattices with truth-stressing hedges (shortly,
hedges). Recall that a complete residuated lat-
tice with a hedge is an algebra L = 〈L, ∧, ∨, ⊗, →
, ∗, 0, 1〉, where 〈L, ∧, ∨, 0, 1〉 is a complete lattice,
〈L, ⊗, 1〉 is a commutative monoid, and ⊗ and →
satisfy the adjointness property: a ⊗ b ≤ c iff
a ≤ b → c for any a, b, c ∈ L. Hedge ∗ is a unary
operation ∗ : L → L satisfying

1∗ = 1, (1)
a∗ ≤ a, (2)

(a → b)∗ ≤ a∗ → b∗, (3)
a∗∗ = a∗, (4)

for all a, b ∈ L. As usual, ⊗ and → serve as
truth functions of binary logical connectives “fuzzy
conjunction” and “fuzzy implication”. The mu-
tual relationship of ⊗ and → posed by adjoint-
ness stems from a graded generalization of modus
ponens, see [3, 15, 17]. The hedge ∗ serves as
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a truth function of logical connective “very true”,
see [17, 18]. Properties (1)–(4) have natural inter-
pretations, e.g. (3) can be read: “if a → b is very
true and if a is very true, then b is very true”, etc.

Examples of (complete) residuated lattices in-
clude residuated lattices on the real unit interval
given by left-continuous t-norms [12, 19] and can be
found in monographs [3, 17]. Two boundary cases
of hedges are (i) identity, i.e. a∗ = a (a ∈ L); (ii)
globalization [23] which can be seen as a truth func-
tion of connective “fully true”: 1∗ = 1 and a∗ = 0
if a < 1.
Remark 1. Note that globalization agrees with
Baaz’s ∆-operation [2] in case of linearly ordered
residuated lattices. Also note that the conditions
(1)–(4) posed on hedges are slightly different from
those presented in [18]. Namely, we do not require
(a ∨ b)∗ ≤ a∗ ∨ b∗ which is used in [18]. On the
other hand, we use (4) which is not used in [18].
As we will see later, we introduce (4) for technical
reasons. In practice, a hedge ∗ satisfying (1)–(4) is
an interior operator.

We now recall basic notions of fuzzy relational
structures that will be used throughout the paper.
Given a complete residuated lattice L, we define
usual notions: an L-set (fuzzy set) A in universe
U is a map A : U → L, A(u) being interpreted
as “the degree to which u belongs to A”. LU de-
notes the collection of all L-sets in U . The opera-
tions with L-sets are defined componentwise. For
instance, intersection of L-sets A, B ∈ LU is an L-
set A ∩ B in U such that (A ∩ B)(u) = A(u) ∧ B(u)
for each u ∈ U , etc. For a ∈ L and A ∈ LU , we
define L-sets a ⊗ A (a-multiple of A) and a → A
(a-shift of A) by (a ⊗ A)(u) = a ⊗ A(u), (a →
A)(u) = a → A(u) (u ∈ U). Given A, B ∈ LU ,
we define a subsethood degree of A in B as follows:
S(A, B) =

∧
u∈U

(
A(u) → B(u)

)
. Described ver-

bally, S(A, B) represents the degree to which A is
a subset of B. In addition, we write A ⊆ B iff
S(A, B) = 1, i.e. if A is fully included in B. Using
adjointness, we get that A ⊆ B iff, for each u ∈ U ,
A(u) ≤ B(u).

Recall from [4] that a system S ⊆ LU of fuzzy
sets is called an L∗-closure system on U if (i), for
any fuzzy sets Ai ∈ S (i ∈ I) we have

⋂
i∈I Ai ∈ S,

and (ii) for any fuzzy set A ∈ S and a truth degree
a ∈ L, a∗→A ∈ S. Thus, S is an L∗-closure system
if it is closed under arbitrary intersections and a∗-
shifts. An L∗-closure operator on U is any map
C : LU → LU satisfying, for each A, B1, B2 ∈ LU ,

A ⊆ C(A), (5)
S(B1, B2)∗ ≤ S(C(B1), C(B2)), (6)

C(A) = C(C(A)). (7)

Observe that (6) can be read: “if B1 is very in-
cluded in B2, then C(B1) is included in C(B2)”.
Put in words, ∗ which appears in (6) plays the role
of a parameter of monotony. With stronger hedges,

we put more emphasis on B1 being a subset of B2.
L∗-closure systems and operators have a mutual re-
lationship which is analogous to ordinary closure
systems and closure operators. Namely, (i) a set
of all fixed points of an L∗-closure operator forms
an L∗-closure system; (ii) a map assigning to each
L-set A ∈ LU the least element of an L∗-closure
system which contains A is an L∗-closure operator;
(iii) there is a one-to-one correspondence between
L∗-closure systems and L∗-closure operators, see [4]
for details. In the sequel, we will denote by fix(C)
the set of all fixed points of an L∗-closure operator
C : LU → LU , i.e.

fix(C) = {A ∈ LU | A = C(A)}
= {C(A) | A ∈ LU}. (8)

In the following we use well-known properties of
residuated lattices and fuzzy structures which can
be found, e.g., in monographs [3, 17].

3. Constrained fuzzy attribute implications

This section introduces formulas of our logic, so
called fuzzy attribute C-implications, constraints on
models, and notion of semantic entailment.

3.1. Definition and interpretation

Fuzzy attribute implications and their semantics
have been introduced and studied in [5, 6, 9]. Recall
that given a finite set Y , a fuzzy attribute impli-
cation (over attributes Y ), we mean an expression
E ⇒ F , where E, F ∈ LY (i.e., A and B are fuzzy
sets of attributes), and L is a support of a complete
residuated lattice L.
Remark 2. Each y ∈ Y is called an attribute. At-
tributes can be understood as names of proper-
ties/features which may be shared by objects. Since
we are interested in graded extension ordinary at-
tribute implications, we allow object to have at-
tribute to degrees (taken from L).

In order to consider truth of fuzzy attribute im-
plications, we introduce a semantic component (a
structure) in which we evaluate the formulas and
their formal interpretation. The informal meaning
of E ⇒ F is: “if it is (very) true that an object
has all attributes from E, then it has also all at-
tributes from F ”. Formally, for an L-set M ∈ LY

of attributes, we define a degree ||E ⇒ F ||M ∈ L to
which E ⇒ F is true in M by

||E ⇒ F ||M = S(E, M)∗ → S(F, M), (9)

where S(· · ·) denote subsethood degrees, and → and
∗ are operations of a “fuzzy conjunction” and a
hedge of a complete residuated lattice L, see Sec-
tion 2.
Remark 3. The degree ||E ⇒ F ||M can be under-
stood as follows: if M (semantic component) rep-
resents presence of attributes of some object, i.e.
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M(y) is truth degree to which “the object has the
attribute y ∈ Y ”, then ||E ⇒ F ||M is the truth de-
gree of “if the object has all attributes from E, then
it has all attributes from F ”, which corresponds to
the desired interpretation of E ⇒ F .

Note that fuzzy attribute implications can be rep-
resented as formulas of first-order predicate fuzzy
logics (in narrow sense) and their interpretation can
be expressed as truth of the formulas in fuzzy struc-
tures [3, 17]. Indeed, one can consider a first-order
language with unary relation symbols e, f, m and
pairwise different symbols for constants y1, . . . , yn

(nullary function symbols). Then a fuzzy attribute
implication can be seen as a formula of the form

∆((e(y1) ⇒ m(y1)) � · · · � (e(yn) ⇒ m(yn)))
⇒ ((f(y1) ⇒ m(y1)) � · · · � (f(yn) ⇒ m(yn))),

where � is a symbol for min-conjunction (i.e., a con-
junction interpreted by ∧), ⇒ is a symbol for im-
plication (interpreted by →), and ∆ is a symbol for
unary connective (interpreted by ∗). Denote such a
formula by ϕ.

Observe that using the standard interpretation of
ϕ in a first-order fuzzy structure M where each yi

is interpreted by a constant yM
i from its universe M

and any of e, f , and m is interpreted by an L-set
eM, fM, and mM in M , respectively, ϕ can be read:
“if it is very true that y1 is in m1 at least to degree
to which y1 is in e1 and, . . . , and yn is in mn at least
to degree to which yn is in en, then y1 is in m1 at
least to degree to which y1 is in f1 and, . . . , and yn

is in mn at least to degree to which yn is in fn”.
Hence, for ϕ, we can consider L-sets M(yi) =

mM(yM
i ), E(yi) = eM(yM

i ), F (yi) = fM(yM
i ). Un-

der this notation, we have ||ϕ||M = ||E ⇒ F ||M ,
where ||ϕ||M is the degree to which ϕ is true in M
as it is usually defined, see [3, 17] for details.

Hence, E ⇒ F can be seen a abbreviation for ϕ.
Working with such an abbreviation instead of ϕ is
beneficial mainly for technical reasons (the repre-
sentation is concise).
Remark 4. Note that the hedge ∗ serves as a mod-
ifier of interpretation of E ⇒ F , see [6] for details.
For instance, if ∗ is globalization then ||E ⇒ F ||M =
1 (i.e. E ⇒ F is true in M) means that if E ⊆ M
then F ⊆ M , i.e. only full subsethood is taken into
account. If ∗ is identity then ||E ⇒ F ||M = 1 means
S(E, M) ≤ S(F, M), i.e. any subsethood degree is
taken into account.

3.2. Constraints by L∗-closure operators

The definitions of fuzzy attribute implications and
models use arbitrary L-sets in Y . For an expert,
who uses such formulas, e.g., to describe dependen-
cies in a problem domain, many L-sets in Y do not
represent “interesting collections of attributes”. The
expert may wish to restrict himself only to a par-
ticular subset S ⊆ LY . Then, only E ⇒ F where

E, F ∈ S will be taken into consideration. Similarly,
degrees ||· · ·||M will be considered only if M ∈ S.

In this paper, we assume that S is an L∗-
closure system. Because of the correspondence of
L∗-closure systems and L∗-closure operators, S =
fix(C) for some L∗-closure operator C : LY → LY .
The operator can be seen so that given M ∈ LY , the
value of C(M) is the least “interesting” (i.e., con-
strained) L-set in LY according to the constraint
represented by C.

Given the set of attributes Y and C : LY → LY ,
a fuzzy attribute implication E ⇒ F such that
C(E) = E and C(F ) = F shall be called a fuzzy
attribute implication constrained by C (shortly, a
fuzzy attribute C-implication).
Remark 5. (1) Note that the requirement for C be-
ing an L∗-closure operator is a technical one (with
this requirement, the notions of semantic entailment
and provability introduced hereinafter enjoy fruitful
properties). On the other hand, many natural con-
straints can be represented by L∗-closure operators,
see [8] for examples.

(2) As a special case, for C : LY → LY being the
identity map (C(E) = E for each E ∈ LY ), fuzzy
attribute C-implications are the ordinary (uncon-
strained) fuzzy attribute implications.

In the next section, we introduce semantic entail-
ment of fuzzy attribute C-implications.

3.3. Semantic entailment

Let C : LY → LY is an L∗-closure operator de-
scribing a constraint. Let T be a set of fuzzy at-
tribute C-implications. A fixed point M ∈ fix(C) is
called a C-model of T if ||E ⇒ F ||M = 1 for each
E ⇒ F ∈ T . The set of all C-models of T shall be
denoted by ModC(T ), i.e.

ModC(T ) = {M ∈ fix(C) | M is C-model of T }.

A degree ||E ⇒ F ||CT ∈ L to which a fuzzy attribute
C-implication E ⇒ F semantically follows from T
is defined by

||E ⇒ F ||CT =
∧

M∈ModC(T ) ||E ⇒ F ||M . (10)

Described verbally, ||E ⇒ F ||CT is defined as a de-
gree to which “E ⇒ F is true in each C-model of T ”.
Hence, ||· · ·||CT defined by (10) represents a degree
of semantic entailment from T under C.

If C is the identity (no constraint), then ||E ⇒
F ||CT becomes ||E ⇒ F ||T as it is defined in [6].
Remark 6. The database interpretation of fuzzy at-
tribute implication mentioned in Section 1 will not
be described in this paper since both of the inter-
pretations have the same concept of semantic en-
tailment. That is a degree ||E ⇒ F ||CT defined by
(10) can be shown to be exactly the degree which
E ⇒ F semantically follows from T under C when
using the database interpretation. Therefore, a log-
ical calculus which is complete (either in ordinary
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or in graded style) with respect to one of these in-
terpretations is also complete with respect to the
other interpretation. For details we refer to [7].

Recall that the (unconstrained) fuzzy attribute
logic (when C is identity) is both ordinary-style and
graded-style complete, see [9]. We can obtain the
notion of provability from [9] to a completeness re-
sults for our logic with any C. Indeed, the ordinary
provability 
 of fuzzy attribute implications from a
C-theory can be used to characterize semantic en-
tailment from T under C provided that we consider
provability form T enriched by additional fuzzy at-
tribute implications. Indeed, for any C-theory T ,
we can define

TC = T ∪ Th(C), (11)

where Th(C) satisfies Mod(Th(C)) = fix(C). Such
Th(C) always exists. For instance, for

Th(C) = {E ⇒ C(E) | E ∈ LY }, (12)

we get that the models of Th(C) are exactly the
fixed points of C. Using TC , we can get the following
characterization:

Theorem 1. For any C-theory T any fuzzy at-
tribute C-implication E ⇒ F , we have

TC 
 E ⇒ F iff ||E ⇒ F ||CT = 1,

where TC is given by (11) with Th(C) being (12).

Theorem 1 can be seen as a completeness result
for entailment under C that uses the ordinary no-
tion of provability of fuzzy attribute implications.
Therefore, in general, proofs of fuzzy attribute C-
implications from TC contain unconstrained formu-
las. This kind of mixing of constrained and uncon-
strained formulas in proofs may be seen as an unde-
sirable feature. Therefore, we might be interested
in finding a deductive system that works solely with
constrained formulas and related notion of provabil-
ity. This will be the subject of further sections.

4. Deduction rules and soundness

In this section, we introduce a deductive system for
fuzzy attribute logic with model constraints and
prove its soundness over all C-models. We be-
gin with deduction rules and appropriate notions
of proofs and provability.

Our deductive system will consist of three inde-
pendent deduction rules:

(AxC) infer C(E∪F ) ⇒ F , where F ∈ fix(C),

(CutC) from E ⇒ F and C(F ∪G) ⇒ H
such that E, F, H ∈ fix(C) and G ∈ LY

infer C(E∪G) ⇒ H ,

(MulC) from E ⇒ F such that E, F ∈ fix(C)
infer a∗⊗E ⇒ a∗⊗F for any a ∈ L.

Remark 7. The rules are inspired by Armstrong-like
axioms which are well known in database systems,
see [1] and also [20] for a good overview. Also note
that (AxC) is, in fact, an axiom scheme stating that
each C(E ∪ F ) ⇒ F is derivable in a single step
(from no preceding formulas). On the other hand,
(CutC) is a deduction rule which, considering two
formulas of the form E ⇒ F and C(F∪G) ⇒ H
as the input (the part of the rules preceding “in-
fer”), produces a single formula C(E∪G) ⇒ H
as the output (the part of the rule following “in-
fer”). Analogously, (MulC) can be used to produce
a∗⊗E ⇒ a∗⊗F given E ⇒ F .

Using (AxC)–(CutC), we define the notions of a
proof and a provability. A sequence ϕ1, . . . , ϕn of
fuzzy attribute C-implications is called a C-proof of
ϕ from T if ϕn = ϕ and, for each i = 1, . . . , n, one
of the following conditions holds

(i) ϕi ∈ T ,
(ii) ϕi results using (AxC),

(iii) ϕi results from ϕj , ϕk (j, k < i) using (CutC),
(iv) ϕi results from ϕj (j < i) using (MulC).

A fuzzy attribute C-implication E ⇒ F is C-
provable from T , written T 
C E ⇒ F , if there is
a C-proof of E ⇒ F from T . If C is clear from the
context, we say just “proof” and “provable” instead
of “C-proof” and “C-provable”, respectively.
Remark 8. If C : LY → LY is the identity map, then
(AxC)–(MulC) become the rules of (unconstrained)
fuzzy attribute logic, cf. [9]. In that case, the no-
tions of C-proofs and C-provability become the no-
tions of proofs and provability as in [9]. This is how
the present approach generalizes the observations
from [9].

The following assertion shows basic properties of
(AxC)–(MulC).

Lemma 1. If F, M ∈ fix(C) and E ∈ LY , then
||C(E ∪ F ) ⇒ F ||M = 1.

If ||E ⇒ F ||M = 1 and ||C(F ∪ G) ⇒ H ||M = 1
for E, F, H, M ∈ fix(C) and G ∈ LY , then ||C(E ∪
G) ⇒ H ||M = 1.

If ||E ⇒ F ||M = 1 for E, F, M ∈ fix(C), then
||a∗⊗E⇒a∗⊗F ||M = 1 for any a ∈ L.

The deductive system presented in this section is
sound in the following sense:

Theorem 2 (soundless). Each of the rules (AxC),
(CutC), and (MulC) is sound over all C-models.
That is, if T 
C A ⇒ B then ||A ⇒ B||CT = 1.

5. Completeness

This section deals with completeness issues. We
begin with showing ordinary-style completeness of
(AxC)–(MulC) over C-models, meaning that a fuzzy
attribute C-implication is provable from a theory
T iff it semantically follows from T to degree 1.
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First, we prove the result for over all finite resid-
uated lattices taken as structures of truth degrees.
Second, we introduce an additional infinitary deduc-
tion rule which will allow us to attain ordinary-style
completeness over all complete residuated lattices.
Later on, we introduce degrees of provability and
prove a graded-style (Pavelka-style [21]) complete-
ness. We conclude the section by extending the pre-
vious results by considering theories as fuzzy sets of
formulas.

5.1. Ordinary-style completeness

In this section, we establish ordinary-style com-
pleteness over any finite residuated lattice. Thus,
throughout the section we assume that L is finite.
We begin with technical observations on properties
of C-provability and C-models that will be used to
prove completeness.

Lemma 2. Let T be a C-theory and E ∈ fix(C).
Then, a system AC

T (E) ⊆ fix(C) of L-sets given by

AC
T (E) = {F ∈ fix(C) | T 
C E ⇒ F } (13)

has a greatest element, i.e.,
⋃

AC
T (E) ∈ AC

T (E).
Moreover,

⋃
AC

T (E) ∈ ModC(T ).

Lemma 3. Let T be a C-theory and E, F ∈ fix(C)
such that T �
C E ⇒ F . Then ||E ⇒ F ||M < 1 for
some M ∈ ModC(T ).

Using Lemma 3 and Theorem 2, we come up with
the following result.

Theorem 3 (ordinary-style completeness). Let L
be finite, T be a C-theory. Then, for any fuzzy at-
tribute C-implication E ⇒ F ,

T 
C E ⇒ F iff ||E ⇒ F ||CT = 1.

5.2. Dealing with infinite L

Theorem 3 is confined to finite residuated lattices.
It can be easily shown that (AxC)–(CutC) are not
complete over C-models considering arbitrary com-
plete residuated lattice (including infinite ones). On
the other hand, we can take an approach described
in [9] and extend the deductive system by an addi-
tional infinitary deduction rule:

(Addω
C) from E ⇒ Fi (i ∈ I)

such that E, Fi ∈ fix(C) (i ∈ I)
infer E ⇒ C

(⋃
i∈I Fi

)
.

Notice that (Addω
C) contains infinitely many formu-

las in the input part (the part preceding “infer”).
Infinitary rules like (Addω

C) are widely used in logic
and computer science. For instance, they are used
in universal algebra [24] as well as fuzzy logic in
narrow sense (e.g., in TT∀, see [17]).

In order to use (Addω
C), we have to generalize

the notion of a proof and consider proofs as certain
labeled infinitely branching rooted (directed) trees

with finite depth [16, 24]: under the notation T =
〈l, St〉 which means that T is a tree with root label
l (a formula) and subtrees from a set St, we can
define proofs as follows.

Given a set T of fuzzy attribute C-implications,
a C-proof from T is defined by two rules:

(i) for each E ⇒ F ∈ T , tuple T = 〈E ⇒ F, ∅〉 is
a C-proof from T ,

(ii) if Ti = 〈ϕi, . . . 〉 (i ∈ I) are C-proofs from T and
if ϕ results from ϕi (i ∈ I) by any of the deduc-
tion rules (AxC), (CutC), (MulC), or (Addω

C),
then T = 〈ϕ, {Ti | i ∈ I}〉 is a C-proof from T .

The generalized notion of C-proof gives a general-
ized notion of C-provability: E ⇒ F is C-provable
from T , written T 
ω

C E ⇒ F , if there is a C-proof
(in the generalized sense) of E ⇒ F from T .

We can show that the generalized notion of a C-
proof is sufficient to characterize semantic entail-
ment using arbitrary complete residuated lattice:

Theorem 4. Let L be a complete residuated lattice
with hedge and T be a C-theory. Then, for any fuzzy
attribute C-implication E ⇒ F ,

T 
ω
C E ⇒ F iff ||E ⇒ F ||CT = 1.

5.3. Graded-style completeness

Since semantic entailment is a graded notion and we
work with a fixed (but arbitrary) complete residu-
ated lattice, it might be tempting to provide a full
characterization of ||E ⇒ F ||CT by means of prov-
ability degrees. In this section, we show that in case
of fuzzy attribute logic with model constraints, such
characterization is possible.

We take a reductionist approach to the problem:
we introduce provability degrees which are express-
ible by the ordinary-style provability and show that
degrees ||· · ·||CT of semantic entailment can be ex-
pressed via formulas which are entailed to degree 1
(fully entailed). After that, we will be able to uti-
lize the ordinary-style completeness results to ob-
tain graded completeness.

For any C-theory T , define a degree |E ⇒ F |CT
to which a fuzzy attribute C-implication E ⇒ F is
provable from T by

|E ⇒ F |CT =
∨

{a ∈ L | T 
C E ⇒ a⊗F}. (14)

We now have the following assertion:

Theorem 5 (graded-style completeness). Let T
be a C-theory. Then, for any fuzzy attribute C-
implication E ⇒ F ,

|E ⇒ F |CT = ||E ⇒ F ||CT .

Optionally, we can utilize 
ω
C instead of 
C in

(14) if L is infinite, see Section 5.2.
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5.4. Theories as fuzzy sets of formulas

Graded-style semantic entailment is often consid-
ered so that one considers fuzzy sets of formulas as
theories. This approach is used in abstract fuzzy
logic [14, 17] and was introduced by Pavelka [21].
We now show that both semantic entailment and
provability in our logic can be generalized utilizing
that concept. Moreover, we show that such an ex-
tension is graded-style complete.

Given an L-set T of fuzzy attribute C-
implications, one can introduce a notion of a model
of T as follows. An L-set M ∈ fix(C) is a C-model of
T if T (E ⇒ F ) ≤ ||E ⇒ F ||M for all E, F ∈ fix(C).
Then, a degree ||E ⇒ F ||CT to which E ⇒ F follows
from an L-set T of fuzzy attribute C-implications
can be defined as in (10) with ModC(T ) denoting
the set of all C-models of T .

Using a reductionist approach, we can establish a
graded-style completeness:

Theorem 6. Let T be an L-set of fuzzy attribute
C-implications. Then, for any fuzzy attribute C-
implication E ⇒ F ,

||E ⇒ F ||CT =
∨

{a ∈ L | T ◦ 
C E ⇒ a⊗F},

where T ◦ = {E ⇒ T (E ⇒ F )⊗F | E, F ∈ fix(C)}.

Again, 
C can be replaced by 
ω
C to get a com-

pleteness result for arbitrary L.
Remark 9. The set T ◦ is in general infinite and con-
tains redundant formulas. For instance, one can re-
move from T ◦ all formulas E ⇒ T (E ⇒ F )⊗F such
that T (E ⇒ F )⊗F ⊆ E, see [9] for details.
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