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Abstract. The stability ~ problem of  the bi-additive functional equation

f (X, + X%, +%,) =8 i f (X, ,X,;, ) has been studied by Krzysztof Cieplifiski. In this paper,

we will investigate the stability of the bi-additive functional equation on a restricted domain.

Introduction

The stability problem of functional equations originated from the stability problem of group
homomorphisms which was presented by S.M. Ulam [1] in 1940. In 1941, Hyers [2] became the first
mathematician to give an affirmative partial answer to this question. In 1978, Th.M. Rassias [3] took
account of the unbounded Cauchy difference in Hyers’ theorem and then obtained the results for linear
mappings. The result of Rassias has played an important role in the development of the
Hyers-Ulam-Rassias stability phenomenon. Since then numbers of papers on the stability problem for
various function equations have been published (See [4,5] and references therein).

Throughout this paper, let X be a complex normed space and let Y be a complex Banach space.

Definition 1.1. A mapping f : X*> ® Y is called a bi-additive mapping if f satisfies the system of
equations

f(X]I +X]2’X21): f(X]I’X21)+ f(XIZ’XZI)’

f(X]]’XZI +X22) = f(X]]’X2])+ f(X]]’XZZ)’

Xips X0 Xy, X | X (1.1)

Lemma 1.1. A function f : X*> ® Y satisfies (1.1) if and only if it satisfies the functional equation
o ~

f(Xn X, Xy Xzz) = am 1.2} f(X]il ’Xziz)’ Xi15 X125 X515 Xy I X. (1.2)

Krzysztof Cieplinski [6] contributed to the stability problem of the multi-additive functional equation,
when n=2 we give the following theorem:

Theorem 1.1.1 Let V be a commutative semigroup with an identity element and W be a Banach
space. Assume also that | :V* ® [0,¥) is a mapping such that

N 4
]]’X]2’X2]’X22)| V .

Y (X1 Xy » Xop 5 Xy ) = é:zoﬁj (2"%,1,2"%5,2" %, ,2" %y, ) < ¥, (X
If f:V>® W is a function satisfying
| F(X, +X,,%, +X,)- éilm . FOXG X ) IET (X5 X505 %505 X5, ) 5
for all (X, X, %5 X,,)1 V*, then there exist a unique bi-additive mapping F :V> ® W such that
I (X5 %0) = FOXLX ) IEY (X X1 %15 %501) (x]],x2])T AV
The function F is given by

F (X0 %) = lim 2 (27X,

1

27%,), (x le)T Ve

11°

In 1994, F. Skof [7] proved an important result on Hyers-Ulam-Rassias stability of functional
equation on a restricted domain. In 1998 S.M. Jung [8] investigated the Hyers-Ulam stability of
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additive and quadratic mappings on restricted domains. The next year, Bogdan Batko and Jacek Tabor
[9] proved the result on the stability of an alternative Cauchy equation on a restricted domain. In 2013,
Yang-Hi Lee [10] solved the stability problem for the quadratic-additive type functional equation on a
restricted domain. In this paper, we will investigate the stability of the bi-additive functional equation
on a restricted domain.

Main results

Theorem 2.1. Let d >0 and d 3 0 be given. Assume that a function f:X*> ® Y satisfies the
inequality

1F OG0+ %00 %, +X0) = @, gy T o) IE 2.1
for all X,,,X,,%,,X, 1 X with || X, || +][ X, | d and || X, ||[+] X, [F d . Then there exists a
unique bi-additive function F : X* ® Y such that

| F(X]’XZ)- f(X],X2)||£ 23_5d > (2.2)
forall x,,x,1 X.

Proof: Assume || X, || +]| X, [|<d and || X, ||+ X,, [P d. If X, =X, =0, then we choose a
pl X with [ p[l=d . Otherwise, let p =1+d/[x,[Dx, for [Ix, [P, or
Py =(+d/ X, (DX, for [[ X, [I<] X, || Clearly, we see

%+ %, - 2p | +12p, [P d,

X+ X, - 2p [+ Py [P d,

1% [+ 11X, - oy [P d,

X, - Bl +12p [P d,

1% [+ Py [P d (2.3)
From (2.1), (2.3), and the relation

f(Xn T X, Xy Xzz)' éil,izT 1,2 f(X]il ’Xziz)

= f(Xn X0 Xy Xy ) - f(Xn + X, - 2P, %)

- f(Xn + X, - 2P, %y) - f(2p]’x2])- f(2p]’X22)

B [f(X” Xy - P Xy FXy) - f(Xn + X, - 2P, %)

- f(Xn X, - 2P, %y,) - f(p]’XZI)- f(p]’XZZ)]

+ f(Xn Xy - P Xy X)) - f(X]]’XZI)- f(Xn’Xzz)

- f(Xlz' P> Xy) - f(Xlz' P> Xy )

- [f(XIZ P, X X)) f(2p]’x2])_ f(2p],X22)

- f(Xlz' P, %) - f(Xlz' P> %y,)]

+ f(X]2 0%+ Xy) - f(p]’XZI)

- f(pl’xzz)' f(X]2’X2])- f(Xlz’Xzz)’

we get

FF OG0+ X%+ X0) = @, gy T s Xar ) IE 5D (2.4)
Thus the inequality (2.4) holds true for all X, X, 1 X and || X, || +] X,, |} d.

Assume || X,, || +|| X,, [[<d.If X, =%,, =0, then we choosea p,1 X with || p, |=d . Otherwise,
let p, =(1+d/[|X, [)Xy for || X, Bl Xy [| or p, =(1+d/[| X, [)Xy, for [| X, [I<|| Xy, [|. Clearly,
we see

| Xy + Xy - 2, ||+||2p2 [? d,

I Xyt Xy - 2p2 |+l P, [? d,

| X1 |+l Xp - P, 12 d,
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||X22 ) ||+||2p2 I d,

1%, 141, [P d. (2.5)
From (2.5), (2.4), and the relation

f(Xn X, Xy Xzz) - é. iyi0 {1,2) f(X]il ’Xziz)

= f(Xn * X5 %y +X22)' f(Xnale Xy - 2p2)

- f(X]2’X2] Xy - 2p2)' f(X”,2p2)- f(X]2,2p2)

- [f(X” X Xy T Xy - pz)' f(Xnale Xy - 2p2)

- f(Xn’ pz)' f(X]2’X2] Xy - 2p2)' f(X]2’ pz)]

+ f(Xn X, X T Xy - pz)' f(X]]’XZI)- f(Xn’Xzz - pz)

- f(X]2’X2])_ f(Xlz’Xzz' pz)

- [f(X” X, Xy pz)' f(X”,2p2)- f(Xn’Xzz - pz)

- f(X]2,2p2)- f(X]2,X22- pz)]

+ f(Xn X, Xy pz)' f(Xn’Xzz)

- f(Xlz’Xzz)' f(Xn’ pz)' f(X]2’ pz)a
we get

1F OG0+ %%, +X0) = @, g T %) IE 250 (2.6)
Thus the inequality (2.6) holds true for all X, X,, X,;, X, 1 X.
Fix (X,,,X,)1 X?.Putting x, =x, for i1 {1,2} in (2.6) we get

| f(2X”,2X2])- 4f(X11’X21)||£ 25d.
Dividing both sides of the above inequality by 4™ and replacing x, by 2"x, for i1 {1,2} we see that

I 27 %27 %) - 5 F(27%,,,27%,)) [[E 3d
and consequently for any non-negative integer m with m<n we obtain

| 4+1 f(znxnaznle)' 4Lm f(zmxnazmle) |

£l F2"%.2" %) - = 271 %27 ) [+
n-1

m+ m+ m m -2
+||ﬁf(2 ]X”,2 ]le)'%mf(z X127 %) [IFa
Letting M® ¥ in (2.7) we see that || - f(2"%,,2"%,)- -5 F(27%,,2"%,)) [® 0. Hence, the

254 2.7)

j:m 4j+l

Hyers-Ulam sequence {-%- f(2"x,,2" X is a Cauchy sequence. Since the space Y is complete, this
Y q 7 11 21

sequence is convergent and we define F : X> ® Y by

F(X]],XZI):%I;% f(znxn’znle)- (2.8)
Putting m=0, letting Nn® ¥ in (2.7) we see that (2.2) holds.
Next, fix also (X,,,X,,)T X* and note that according to (2.6) we have

I @M%, +27%,.27%, #2750 ) = @, F27%27%) [E 2d
Letting N® ¥ in the above inequality and using (2.8) we see that the mapping F is a bi-additive
mapping.

Finally, assume that F : X>® Y is another bi-additive mapping satisfying (2.2) and fix
nl N E {0}. Then, using the bi-additivity of F and F ', we have

IF (X, %)= F'(%,%,)]]

= 4]_.1 F(znxl ,2nX2) - 4]_.1 F (2nX1 ,2nX2) |

£|| n F(2n X a2n Xz) - % f (2n X a2n Xz) |

1
4

idod (1,2} 1) >
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I F(2"%.2"%) - 5 F(27%.2"%) |
£224

4" 3

whence letting N® ¥ we obtain F =F .
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