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Abstract. At present, Non-Uniform Rational B-Spline(NURBS) curves are mostly used to generate 
arbitrary contour of  a complex shape in the CAD field. In this article, a new method with NURBS 
technology is presented and realized in a location and federate controlling system. In the method, the 
tool paths and the cutter locations(CL) were represented into NURBS curves based on the same knot 
vector. The above CL data was firstly calculated and then transformed to five motion commands of five 
axes of machine through the real-time post-procession algorithm. The acceleration/deceleration 
controlling method is also presented to avoid the impact of machine. The proposed 5-axis spline 
interpolation method is realized and the experimental result of machining shows that the method is 
valid. 

Introduction 
Till now, most of complex products such as aeronautical turbine blades, impellors, dies, molds etc. 

are machined on 5-axis Computer Numerical Controlled (CNC) machines. The core of the machines is 
the contour controlling system which decides machining efficiency and accuracy of a part. However, 
the current 5-axis CNC system mostly provide only line interpolators, that is, tool motion along 
straight lines is supported. To machine a surface, the tool paths, which are also known as the cutter 
location (CL) paths, are typically approximated with piecewise linear segments by CAD/CAM systems. 
The approximately machining method has its own drawbacks in advancing efficiency and accuracy of a 
machined part. To overcome the disadvantages, it must be taken into account that the 5-axis control 
system has intelligent ability to generate the tool paths of the machined surfaces.  

Non-Uniform Rational B-Spline (NURBS), as the only standard of data-exchange of  product 
sanctioned by ISO, has been mostly used in almost all CAD/CAM systems to describe work-piece’s 
surface. Based on the reality, the CNC system should be provided with the ability to directly generate 
5-axis NURBS curves or surfaces in real-time.  

Some NURBS interpolation methods had been proposed by several investigators[2-6]. Cheng et 
al.[4] had proposed a real-time NURBS curve motion command generator for CNC machines. Zhiming 
et al.[6] developed a NURBS curve interpolator for CNC machining based on the geometric properties 
of the tool path. However, most of them had concentrated their attentions on 3-axis ball-end machining, 
but for 5-axis NURBS surface interpolator, little has been done.  

When developing and realizing a 5-axis CNC system with function of NURBS interpolation, related 
study must be carried out. In this paper, a real-time 5-axis NURBS curve interpolation method is given 
and also its’ format of G code. 

NURBS Method 
A p-degree NURBS curve with parameter u can be defined as follows: 
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where Pi is the ith 3-D control point; Wi is the corresponding weight factor of Pi; (n+1) is the number of 
control points; Ni,p(u), B-spline basis function with degree of p, can be calculated by the following 
formula: 
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where 1[ ,..., ]i i pu u + + is the knot vector. More information about NURBS can be found in Ref.[1]. 

Location Controlling Method 
The task of real-time NURBS spline interpolation is to calculate next interpolation period’s CL data 

that including tool-tip location coordination and tool-axis orientation and then transfer the CL data into 
machine tool’s motion commands such as X,Y,Z,A,C through post-procession. 

As shown in Fig.1, C0(u) and C1(u) is the cutter center point spline and the orientation spline, 
respectively. The two splines are constructed in the same knot vector. Assumed that parameter u is 
function of time t, that is, u=u(t). By using Taylor’s expansion of the parameter u with respect to time 
t to obtain the first order approximation interpolation algorithm, the first order approximation up to the 
first derivatives is 

1ku + = ku + s
d |
d kt t
uT
t =                                                                                                          (3) 

where Ts is interpolation period, uk and uk+1 are corresponding parameters of current and next time tk 

and tk+1. 
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Figure 1.  Principle of NURBS interpolation method 

The federate of tool-tip point along the curve C0(u) is defined by 
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Since the curve speed  
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The first derivative of u with t is obtained as 
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Therefore, the first-order interpolation algorithm is obtained by substituting Eq.(6) into Eq.(5), Eq. 
(5) can be processed as follows: 
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The first and second derivative of C0(u) with u  is obtained as 
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where the general algorithm for 1st order derivative of Ni,p(u) is 
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0 1( )ku +C and 1 1( )ku +C  are obtained by substituting the calculated 1ku +  into 0 ( )uC  and 1( )uC . 
Suppose the tool-axis unit vector is 1k +T , so 

1k +T = 1 1 0 1
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Federate Controlling Method 
In this paper, it assumed that the federate controlling law is linear variable with acceleration a and 

deceleration -a and the destination controlling federate is v as shown in Figure 2. 
V
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Figure 2.  Model of linear feedrate controlling 

For the acceleration process, the following method can be used 
( )kV u = kat  

For the acceleration process, the key problem to be solved is evaluation of deceleration point. In 
Figure 2, SD, distance of deceleration, can be calculated as follows 

SD=
2

2
v
a

                                                                                                                     (11) 
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The distance of deceleration, which is also the length between deceleration point and destination 
point along the spline curve, can be calculated as follows 

D
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where uD is corresponding parameter of the deceleration point. The following Newton-Rapson method 
is used to calculate uD. 
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we have 
D( )f u =0 

Assumed the initial value of uD is 1, that is, 0( )f u = -SD，then we have the following equation 
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where i is integer. Eq.(14) can be equivalent to the following formula 
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( )if u in Eqs.(14) and (15) can be obtained using Simpson integral method. 

Realization 
The proposed 5-axis NURBS interpolation method has been realized in the developing 5-axis CNC 

system. The type of the 5-axis machine is table tilting/rotating. Fig.4 shows that the CNC system is 
controlling cutting tool along a NURBS curve path to machine an impeller. 

 

 

Figure 3.  Application in itegral impeller machining 

Summary 
Thoroughly analyzing the defects of the existing 5-axis linear interpolation method used in the 

machining of sculptured surface, 5-axis NURBS interpolation method with location and federate 
controlling is presented and realized in a real-time CNC system. Different from the traditional 
machining method of the 5-axis linear interpolation, the proposed method can directly obtain a curve 
on a free-form surface. Consequently, the number of the NC code for the same machining path can be 
greatly decreased and machining efficiency and accuracy is also improved. 
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