
 

Reliability -based Sensitivity Intelligent Design of Capstan with 
Non-normal Distribution Parameters  

Zhe Liu1, a *, Fenghe Tao1,b and Changzhi Jia1,c  
1 Department of Artillery Engineering, Ordnance Engineering College 

Shijiazhuang, Hebei, 050003, P.R. China 
alzlz1313@126.com, bfhtao63@163.com, cchaoyang1974@126.com 

Keywords: Capstan; Reliability Sensitivity Design; Arbitrary Distribution Parameters; 
Fourth-moment Technique. 
Abstract. Numerical method for reliability sensitivity design is presented based on fourth moment 
technique, and the reliability sensitivity of the capstan in track-laying vehicle with non-normal 
random parameters is extensively discussed. The variation regularities of reliability sensitivity are 
obtained and the effects of design parameters on reliability of the capstan in track-laying vehicle are 
studied. The method presented in this paper provides the theoretic basis for the reliability design of 
the capstan in track-laying vehicle, the production can be very useful if it extended to correlated area 
of machine sensitivity design.  

Introduction 
Reliability analysis of automobile components is highly related to the quality of product in terms 

of its service lifetime, maintenance cost, and the risk of failure. In engineering practice, given the 
probability distribution of basic modelling variables, reliability analysis determines the 
corresponding failure probability of the structure under consideration[1,2]. Inversely, it is also 
significant to calibriate the distribution parameters of modelling variables given an predefined level 
of structural failure probability. The inverse procedure of reliability analysis is referred to the 
reliability-based design optimization in the paper[3,4]. Since that available optimization procedures are 
usually fomulated as the gradient-based trade-off process, sensitivities of structural failure 
probability(Pf)with respect to each distributon parameter, then, are vital to implement the 
optimization. In addition, reliability-based sensitivity analysis is cosidered to be important due to the 
fact that it is capable of evaluating the impact of design parameter changes on component safety[5,6]. 

This paper discusses the reliability-based analysis of capstan with non-normal distributions of 
parameters, based on the perturbation technique and the fourth-moment technique[7]. The paper is 
organized as follows. Section 1 reviews the developments of reliability-based analysis by using the 
methods of stochastic perturbation and first-four moments. In section 2, the reliability-sensitivity 
analysis is determined to measure the variations of structural reliability with respect to distribution 
parameters of input random variables. In section 3, numerical examples of on reliability-based 
sensitivity analysis on capstan are employed to illustrate the application of the proposed method. 
Finally, section 4 summarizes the conclusions. 

Perturbation Method of Reliability Design 
A fundamental problem in reliability analysis is the computation of the multi-fold integral of the reliability R: 

( )
( ) 0 Xg X

R f X dX
>

= ∫                                                                               (1) 

Where ( )Xf X  denotes the probability density function of random parameter vector ( )1 2
T

nX X X X= L , 

and ( )g X  defines the state function, representing the safe and failure states where 

( )
( )

0, ,
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g X failurestate
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                                                                          (2) 

3rd International Conference on Mechatronics, Robotics and Automation (ICMRA 2015) 

© 2015. The authors - Published by Atlantis Press 690



 

And ( ) 0g X =  is the limit-state equation representing an n-dimensional surface, which may be called the 
“limit-state surface” or “failure surface”. 
The vector of random parameters X  and the state function ( )g X  are expanded as 

= d pX X Xε+                                                                                            (3) 

( ) ( ) ( )= d pg X g X g Xε+                                                                             (4) 

Where ε  is a small parameter. The part of Eqs. (3) and (4) that is denoted by subscript d is the certain 
part of the random parameters, and the part that is denoted by subscript p is the random part, having a 
zero mean value in the random parameters. Obviously, it is necessary for the value of the random part 
to be smaller than the value of the certain part. Both sides of Eqs.(3) and (4) are evaluated about the 
mean value of the random variables as follows: 

( ) ( ) ( )=E d p dE X X E X Xε+ =                                                                 (5) 

   ( ) ( ) ( ) ( )=E g d p dE g X X E g X g Xε  + =                                                       (6) 

Both sides of Eqs.(3) and (4) are evaluated about the variance and third and fourth moments of the 
random variables, and the state function as follows: 

( ) ( ) ( ) ( )=E g d p dE g X X E g X g Xε  + =                                                  (7) 

( ) ( ) ( ) [ ]{ } ( ) [ ]{ }22 2ar pV g X E g X Eg X E g Xε  = − =                             (8) 

( ) ( ) ( ) [ ]{ } ( ) [ ]{ }33 3
3 pC g X E g X Eg X E g Xε  = − =                           (9) 

( ) ( ) ( ) [ ]{ } ( ) [ ]{ }44 4
4 pC g X E g X Eg X E g Xε  = − =                            (10) 

According to Kronecker algebra, the notation  represents the k th order Kronecker power of an 
arbitrary matrix. i.e., for the arbitrary matrix P , its k th Kronecker power can be expressed as 

[ ] [ ]1k kP P P P P P−= ⊗ = ⊗ ⊗L . The symbol ⊗  represents the Kronecker product, which is defined 
as ( ) ( ) ( )ijp q s t ps qt

A B a B
× × ×

⊗ = . 

The probability density function or joint probability density function of the basic random parameters 
is needed to calculate the structural reliability or failure probability. However, it is difficult in practice 
to have enough information to determine their distribution types. Even when the probability 
distribution of the state function is approximated, it is difficult to obtain failure probability by 
numerical integration[8]. 
Thus, the moment-based method is one of the most practical methods for reliability analysis. In the 
second-moment method, the reliability can be defined as 

( )SM SMR β≈ Φ                                                                         (11) 
Where 

( )
( )

g
SM

g

E g X

Var g X

µ
β

σ

  = =
  

                                                       (12) 

and ( )Φ g  is the cumulative stand normal distribution function, gµ  is the mean value of the state 

function ( )g X . 
The Fourth-moment method can be used under the circumstance of the state function being explicit 
expression and the first four terms of the random parameters being known[9]. The limitation of the 
Fourth-moment method is that more moments should be known while comparing to the 
Second-moment method and thus statistical difficulties may occur. However, because of this 

691



 

limitation, the Fourth-moment method has the advantage when dealing with reliability problems with 
abnormal distribution functions. 
Under the circumstance of the first four moments of state function and random variables being given, 
and the first four moments of the basic random parameters known, the reliability can be obtained by 
using the fourth-moment method: 

( )FM FMR β≈ Φ                                                                          (13) 
where 

( ) ( )
( )( )

2
4 3

2
4 3 4

3 1 1
=

9 5 9 1
g SM g SM

FM

g g g

α β α β
β

α α α

− + −

− − −
                                              (14) 

And 3gα 、 4gα  is the coefficient of skewness and kurtosis, 

( )3

3 3 3

g g
g

g g

E X µ θ
α

σ σ

 −  = =
 

( )4

4 4 4

g g
g

g g

E X µ η
α

σ σ

 −  = =
                                 (15) 

The computational relationship between the skewness and Kurtosis of arbitrary random variables in 
the state equations is 2

4 3 1g gα α≥ + . 

Reliability Sensitivity 

The reliability sensitivity with respect to the mean value dX  and variance ( )Var X  of the basic 
random parameters X  is derived as follows: 

( ) ( ) gFM FM FM FM SMFM
T T
d FM SM g d

dR R
dX X

µβ β ββ
β β µ

∂∂ ∂∂
= ⋅ ⋅ ⋅

∂ ∂ ∂ ∂                                                (16) 

( ) ( )
gSM SM SMFM FM

SM SM g g

dR R
dVar X Var X

σβ β β
β β σ σ

   ∂∂ ∂ ∂∂
= +   ∂ ∂ ∂ ∂ ∂                                             (17) 

The terms on the right side of Eqs. (16) and (17) can be expressed as 

( )FM
FM

FM

R
ϕ β

β
∂

=
∂                                                                                      (18) 

where ( )ϕ g  is the probability density function of standard normal distribution, 

( )
( )( )

4 3

2
4 3 4
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=
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1=SM

g g
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∂
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                                                               (21) 
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∂
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g
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σ
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( ) ( )2
4 3 44

3 3
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2
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where 2
4 39 5 9g gQ α α= − −  

4 1gM α= −  

( )2
3 1g SMU α β= −

 
Substituting Eqs. (18)-(24) into Eqs. (16) and (17), one will obtain the reliability sensitivity results[10], 

T
FM ddR dX  and ( )FMdR dVar X . 

Examples 
A capstan is an important power transmission drive system components, it can transfer the power 
from the side reducer to track wheel, which engages through the gear and track wheel, it can toggle 
track campaign, only to withstand the torque effect. 
Typically, the reliability-based robust design of automobile 

                  
Fig.1 Solid models of capstan           Fig.2 Structure sketch of a gear on capstan 

 
The tensile stresses on the I-section of the capstan is 

0 1
2

1

3 ( )P D D
D h

τ
π

−
=                                                                                      (25) 

where P  is the tensile load on the capstan, and the I-section dimensions are h , 0D , 1D , P . 
From reliability theory, the state equation of the capstan is defined as 

( )g X r τ= −                                                                                               (26) 

where r is the material strength. The random variable vector is given by ( )0 1
TX r D D h P=     . 

Generally speaking, dimensions and material properties are usually within normal distribution. The 
statistical characterization of material strength r is ( ) ( ), 135,5.256 MPar rµ σ = . The dimensions are 

( ) ( ), 50,0.25h h mmµ σ = , ( ) ( )
0 0
, 1200,6D D mmµ σ = , ( ) ( )

1 1
, 1000,5D D mmµ σ = . The load P  is an 

arbitrary distributed random variable, with first four moments. 
( ) ( )6 5 2 15 3 21 4, , , 1.3025 10 N,1.2024 10 N ,1.9872 10 N ,1.5724 10P P P P Nµ σ θ η = × × × ×  

 Then, the reliability index, the reliability, and the reliability sensitivities can be determined as 
3.102912, 2.466713, 0.9931821, 0.9935SM FM FM MCSR Rβ β= = = =  

4

4
0

4
1

3

8

8.096 10
5.586 10

6.737 10
4.709 10
6.703 10

TT

T

R r
R D

dR dX R D
R h
R P

−

−

−

−

−

 ∂ ∂ × 
  ∂ ∂ − ×  
  = =∂ ∂ ×
  ∂ ∂ ×  
  ∂ ∂ − ×   

 

From the results obtained by reliability sensitivity method respectively, it can be found out that this 
method compared with MSC numerical simulation have a high accuracy, and the results from the 
sensitivity analysis, the thickness of the capstan with the highest sensitivity, the sensitivity of the load 
is minimum, so the need to control when design and manufacture of capstan, secondly, at the time of 
design and manufacturing parameters capstan main material strength should also be considered. With 
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these parameter sensitivity analysis results, we can design and manufacture of intelligent mechanical 
structures have some help and guidance significance. 

Summary 
Based on the reliability of the study, this paper propose a method for calculating the reliability of the 
sensitivity of the capstan numerical methods, effective response to the various factors that affect their 
reliability capstan extent, if certain factors on the tracked vehicle parts failure have a greater impact, 
so in the process of design and manufacture of it needs to be strictly controlled, making it small 
enough to ensure that the changes in vehicle parts have adequate safety and reliability; on the contrary, 
if the change of a factor of vehicle reliability is not significantly affected parts, vehicle parts during 
the design and manufacturing process, can be treated as a fixed value, which can reduce the 
complexity of the design and manufacture. 
The numerical method only needs to know the first four moments of random parameters for each 
component, the fourth moment approach for reliability sensitivity design of vehicle components is 
proposed, an assessment of influence of changes of determined design parameters on vehicle 
components’reliability is made to fully reflect the sensitivity of each design parameter to vehicle 
components’failure. 
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