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Abstract

AD-formulas are simple formulas representing particular
dependencies in data tables. We study AD-formulas from
the logical point of view. In particular, we present results
regarding the relationship of AD-formulas to attribute
implications, models and entailment of AD-formulas,
non-redundant bases, and computation of non-redundant
bases.
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1. Introduction and preliminaries

The paper presents a contribution to reasoning about tab-
ular data and, in particular, to formal concept analysis
(FCA). FCA is a method of knowledge extraction from
data tables describing relationships between objects and
attributes, see [2, 4] for details. In a basic setting, a data
table which enters FCA is represented by a triplet〈X,Y, I〉
whereX is a finite set of objects (table rows),Y is a finite
set of attributes (columns), andI ⊆ X×Y is a binary rela-
tion betweenX andY specifying whether an objectx has
an attributey (in which case〈x,y〉 ∈ I ) or not (〈x,y〉 6∈ I ). A
(formal) conceptin 〈X,Y, I〉 is a pair〈A,B〉 of a setA⊆ X
of objects (so-calledextent) and a setB⊆Y of attributes
(so-calledintent) such thatA is the set of all objects which
have all attributes fromB, andB is the set of all attributes
sharing all objects fromA. Formal concepts can be par-
tially ordered by putting〈A1,B1〉 ≤ 〈A2,B2〉 iff A1 ⊆ A2

(or, equivalently,B2 ⊆ B1). A setB(X,Y, I) of all formal
concepts in〈X,Y, I〉 equipped with≤ is called aconcept
latticeof 〈X,Y, I〉. B(X,Y, I) represents a collection of hi-
erarchically ordered clusters extracted from the input data.
Many applications of FCA can be found in [2] and in the
references therein.

In [1], the authors introduced so-called attribute de-
pendency formulas (AD-formulas). The aim is the follow-
ing. It is very often the case that the user has some fur-
ther information, additional to〈X,Y, I〉. An AD-formula,
e.g. “green color”v “cold-blooded”t “warm-blooded”,
is an example of such an information expressing a rela-
tive importance of attributes (whether an animal is green

is less important than whether it is cold-/warm-blooded).
Then, for a given setT of AD-formulas, one can consider
the collection BT(X,Y, I) of concepts fromB(X,Y, I)
which respectT. The main benefits are the following:
BT(X,Y, I) is smaller and thus better comprehensible for a
user thanB(X,Y, I); BT(X,Y, I) contains only those con-
cepts which respect the constraints represented by AD-
formulas fromT, i.e. only “the interesting” concepts
from B(X,Y, I). Note that the concept of AD-formulas
is closely related to the concept of a surmise relation, see
[3], and that AD-formulas are particular cases of clauses
studied in [5]. In this paper, we concentrate on AD-
formulas from the logical point of view. In particular,
we present basic relationships between AD-formulas and
attribute implications, results on models, semantic entail-
ment, and non-redundant bases including an algorithm for
their computation.

In the rest of this section, we present preliminaries.
An attribute implication [4] (overY) is an expression
A⇒ B, whereA,B⊆ Y. A⇒ B is true in M⊆ Y, writ-
ten M |= A⇒ B, if we have: if A⊆ M thenB⊆ M. A
setM ⊆Y is called amodel of Tif, for eachA⇒ B∈ T,
M |= A ⇒ B. Let Mod(T) denote the set of all models
of T. A⇒ B semantically follows from T(T semantically
entails A⇒B) if, for eachM ∈Mod(T), M |= A⇒B. Ba-
sic results concerning attribute implications can be found
in [2, 4]. Attribute implications are also used in database
theory (as functional dependencies), see [8].

An attribute-dependency formula[1] (shortly, an AD-
formula) overY is an expressionAv B, whereA,B⊆Y.
Av B is true in M⊆Y, written M |= Av B, if we have:
if A∩M 6= /0 thenB∩M 6= /0. Analogously as in case of
attribute implications, we introduce models and semantic
entailment. A setM ⊆ Y is called amodel of T if, for
eachAv B∈ T, M |= Av B. Let Mod(T) denote the set
of all models ofT. A v B semantically follows from T
(T semantically entails Av B) if, for eachM ∈ Mod(T),
M |= Av B. For brevity, we writeyv B (Av y) instead
of {y} v B (Av {y}).

The following assertion shows a connection between
validity (truth) of attribute implications and AD-formulas
which will be used in the sequel.

Lemma 1 (see [1])For A,B,M ⊆Y, we have M|= Av B
iff M |= B⇒ A, whereM = Y−M. 2



S ⊆ 2Y is a closure (interior) systemon Y iff S is
closed under arbitrary intersections (unions). Operator
op: 2Y → 2Y is a closure(interior) operator if, for each
A,B⊆ Y, (i) A⊆ op(A) (op(A) ⊆ A); (ii) A⊆ B implies
op(A)⊆ op(B); (iii) op(op(A)) = op(A).

2. Entailment of AD-formulas

In this section we are interested in semantic entailment of
AD-formulas. We show that the system of all models of a
set of AD-formulas is an interior system and describe the
associated interior operator. Furthermore, we show that
semantic entailment of an AD-formula form a set of AD-
formulas can be decided using a single model. Finally,
we show that each interior operator can be described by a
set of AD-formulas so that the fixed points of the interior
operator coincide with models of the AD-formulas.

In [1], AD-formulas were introduced as expressions of
the formyv y1t ·· · t yn, i.e., under our notation, as ex-
pressions of the formyv B, whereB⊆Y. The following
assertion shows that our definition presented in Section 1.
which allows for more than one attribute on the left-hand
side ofv is, in fact, an inessential extension of that one
presented in [1].

Theorem 2 (i) M |= {y1, . . . ,ym} v B iff, for each i=
1, . . . ,m, we have M|= yi v B.

(ii) For each set T of AD-formulas and each AD-
formulaϕ, T |= ϕ iff bTc |= ϕ, wherebTc= {yv B|Av
B∈ T and y∈ A}.
Proof. “(i)”: Let M |= {y1, . . . ,ym} v B. Thus, for each
i = 1, . . . ,m, if yi ∈ M thenM |= {y1, . . . ,ym} v B gives
M∩B 6= /0, i.e. M |= yi v B.

Conversely, letM |= yi v B be true for eachi =
1, . . . ,m. Then, fromM∩{y1, . . . ,ym} 6= /0 it follows that
there isi0 such thatyi0 ∈ M. SinceM |= yi0 v B, we get
M∩B 6= /0, which yieldsM |= {y1, . . . ,ym} v B.

“(ii)”: It suffices to check that Mod(T) = Mod(bTc).
This claim follows directly from (i). 2

Theorem 2 (i) allows us to merge AD-formulas with
the same right-hand side ofv into a single AD-formula,
which is true in a model iff all the original AD-formulas
are true in that model. Due to Theorem 2 (ii), we are able
to reduce our considerations about semantic entailment
only to AD-formulasyv B when desirable.

Recall that the system of all models of a set of at-
tribute implications is a closure system [4]. This pertains
to sets of AD-formulas of the formy1 v y2 because we
haveM |= y1 v y2 iff M |= {y1}⇒ {y2}. For general sets
of AD-formulas, the models do not form a closure system
as demonstrated by the following example.

Example 3 Take a setT = {y v {y1,y2}}. Obviously,
bothM1 = {y,y1} andM2 = {y,y2} are models ofT. On
the other hand,M1∩M2 = {y} is not a model ofT.

For models of general sets of AD-formulas, we have

Theorem 4 Let T be a set of AD-formulas. ThenMod(T)
is an interior system.

Proof. Take{Mi ∈Mod(T) | i ∈ I}. We show that
S

i∈I Mi

is a model ofT. Take anyAv B∈ T. If A∩
S

i∈I Mi 6= /0,
then there isi0 ∈ I such thatA∩Mi0 6= /0. SinceMi0 is
a model ofT, Mi0 |= A v B givesB∩Mi0 6= /0. Hence,
B∩

S
i∈I Mi 6= /0 which shows that

S
i∈I Mi |= AvB. Since

Av B∈ T was taken arbitrarily, we get that
S

i∈I Mi is a
model ofT. 2

Using Theorem 4, for each setT one can consider
an associated interior operatorIT : 2Y → 2Y defined by
IT(M) =

S
{N ∈Mod(T) |N ⊆M}. Clearly, we have

Mod(T) = {M ⊆Y |M = IT(M)}.

That is, IT is an interior operator which assign to each
M ⊆Y the greatest modelIT(M) of T which is less than
or equal toM. The following algorithm shows a way to
computeIT(M) givenT andM.

Algorithm 1
Input: setT of AD-formulas,M ⊆Y
Output: IT(M)

set N to M
while there is yv B∈ bTc such that N6|= yv B:

choose yv B∈ bTc such that y∈ N and B∩N = /0
remove y from N

return N

Proof. In order to check soundness of the algorithm, we
prove that (i)N, which is returned, is a model ofT such
that N ⊆ M; and (ii) for each modelM′ ∈ Mod(T) such
thatM′ ⊆M we haveM′ ⊆N. From (i) and (ii) we imme-
diately get thatN = IT(M).

Claim (i) is easy to see: using Theorem 2 (ii), if there
is noyv B∈ bTc such thatM 6|= yv B thenM is a model
of bTc, i.e. it is a model ofT. In addition to that,N ⊆ M
becauseN is constructed by removing attributes fromM.

To see (ii), first observe thatN results fromM by se-
quential removing of attributes. Hence, we can consider a
sequenceM = N0 ⊃ N1 ⊃ ·· · ⊃ Nk = N which represents
the changes ofN during the computation.

We now prove the following property of eachNi (i =
0, . . . ,k): for each modelM′ ∈Mod(T) such thatM′ ⊆M
we haveM′ ⊆ Ni . For N0 = M, the claim is trivial. By
induction, assume that the claim is true for eachNj with
j < i ≤ k. Ni results by removing of an attribute from
Ni−1. Thus, forNi andNi−1 there isyv B∈ bTc such that
Ni ∪{y}= Ni−1 andNi−1 6|= yv B. That is,Ni−1∩B = /0.
Using the assumption, we get that for eachM′ ∈ Mod(T)



with M′ ⊆ M, M′ ⊆ Ni−1, i.e. M′ ∩B = /0. Thus, the at-
tribute y cannot be contained in anyM′ ∈ Mod(T) such
thatM′ ⊆ M. This yields thatNi = Ni−1−{y} is greater
than or equal to each modelM′ ∈ Mod(T) such that
M′ ⊆M. Altogether, eachNi (i = 0, . . . ,k) has the desired
property. SinceN = Nk, the property yields that for each
modelM′ ∈Mod(T) with M′ ⊆M we haveM′ ⊆ N. 2

Analogously, as in case of attribute implications [4],
semantic entailment ofA v B from a set T of AD-
formulas can be characterized by a single model ofT as it
is shown by the following theorem. Note that an anal-
ogous property is also known from logic programming
where the role of “important models” is played by least
Herbrand models, see [7].

Theorem 5 Let T be a set of AD-formulas, Av B be an
AD-formula. Then the following are equivalent.

(i) T |= Av B,
(ii) IT(B) |= Av B,

(iii) A∩ IT(B) = /0.

Proof. “(i) ⇒ (ii)”: T |= Av B means thatAv B is true in
each model ofT. SinceIT(B) is a model ofT, we get (ii).

“(ii) ⇒ (iii)”: Let (ii) be true. We haveIT(B) |= Av B
iff if A∩ IT(B) 6= /0 then B∩ IT(B) 6= /0. The latter is
true iff B∩ IT(B) = /0 impliesA∩ IT(B) = /0. Now, since
IT(B)⊆ B, we getB∩ IT(B) = /0, yieldingA∩ IT(B) = /0.

“(iii) ⇒ (i)”: Let A∩ IT(B) = /0. It suffices to check
that, for each modelM ∈Mod(T), M |= Av B. We show
that under the assumption ofB∩M = /0 we getA∩M = /0.
Thus, letB∩M = /0. This yieldsM ⊆ B. Moreover, we
getM = IT(M)⊆ IT(B) becauseIT is monotone, andM is
closed underIT (recall thatM is a model ofT). Now, since
we assumeA∩ IT(B) = /0, the latter observationM⊆ IT(B)
yieldsA∩M = /0, which proves the claim. 2

Thus, Algorithm 1 together with Theorem 5 allow us
to check ifT |= Av B without the need to go through all
the models ofT:

Algorithm 2
Input: setT of AD-formulas and AD-formulaAv B
Output: true if T |= Av B, falseotherwise.

compute IT(B) using Algorithm 1
if A∩ IT(B) = /0:

return true
else:

return false

Proof. Application of Algorithm 1 and Theorem 5. 2

Theorem 4 says that, givenT, models ofT can be seen
as the fixed points of interior operatorIT . We now show
that for each interior operatorI : 2Y → 2Y there is a set
of AD-formulas such that the models of that set are ex-
actly the fixed points ofI . In other words, this means that

each interior operatorI onY can be described by a set of
AD-formulas. Taking into account Theorem 4, we get that
there is a one-to-one correspondence between systems of
models of AD-formulas and interior operators onY.

The following assertion is proved indirectly. That is,
instead of finding a set of AD-formulas directly for a
given I , we use the facts thatI naturally induces a clo-
sure operator and that such a closure operator can be fully
described by a set of attribute implications. The desired
result then follows using Lemma 1.

Theorem 6 Let I : 2Y → 2Y be an interior operator. Then
there is a set T of AD-formulas such that I= IT .

Proof. Take an interior operatorI : 2Y → 2Y. Consider
an operatorC : 2Y → 2Y defined byC(A) = I(A). It is a
well-known fact that such aC is a closure operator. In ad-
dition to that, for the closure operatorC there is a setT ′

of attribute implications such that

M = C(M) iff M ∈Mod(T ′). (∗)

One can take, for instance,T ′ = {A⇒C(A) |A⊆Y}. Put
T = {Bv A|A⇒ B∈ T ′}. Using Lemma 1, we have

M ∈Mod(T ′) iff M ∈Mod(T). (∗∗)

Obviously, we have

M = C(M) = I(M) iff M = I(M).

Putting (∗)–(∗∗∗) together, we get that

M = I(M) iff M ∈Mod(T) (∗∗∗)

is true for eachM ⊆ Y. Hence, models ofT are exactly
the fixed points ofI , i.e. I = IT . 2

3. Non-redundant bases

In this section we are interested in non-redundant bases
of sets of AD-formulas. In the standard database
terminology, non-redundant bases are also known as
non-redundant covers [8]. Described verbally, a non-
redundant basis of a setT of AD-formulas is a setT ′

of AD-formulas which entails exactly the same AD-
formulas asT, and T ′ is a least set with this property.
Thus, non-redundant bases describe the same informa-
tion (via semantic entailment) as the original sets of AD-
formulas and are, in a sense, the least sets of AD-formulas
that do the job. This has particular relevance in data min-
ing (smaller set of formulas is sufficient to describe a
larger one) and computation efficiency (e.g., Algorithm 2
runs faster with smallerT ’s).

We first introduce the notion of an equivalence of sets
of AD-formulas and show its basic properties. Given sets
T1,T2 of AD-formulas, we say thatT1 and T2 are equiv-
alent, written T1 ≡ T2, if for eachϕ ∈ T1 andψ ∈ T2 we
haveT1 |= ψ andT2 |= ϕ.



Theorem 7 Let T1,T2 be sets of AD-formulas. Then the
following are equivalent.

(i) Mod(T1) = Mod(T2),
(ii) for each AD-formulaϕ, T1 |= ϕ iff T2 |= ϕ,

(iii) T1 ≡ T2.

Proof. “(i) ⇒ (ii)”: Follows by definition of “|=”.
“(ii) ⇒ (iii)”: Take ϕ ∈ T1. We have,T1 |= ϕ because

ϕ is true in each model ofT1. Now, (ii) gives T2 |= ϕ.
Dually, ψ ∈ T2 givesT1 |= ψ. Hence,T1 ≡ T2.

“(iii) ⇒ (i)”: Let T1 ≡ T2. By contradiction, assume
Mod(T1) 6= Mod(T2). Thus, either Mod(T1) 6⊆ Mod(T2)
or Mod(T2) 6⊆ Mod(T1). Suppose Mod(T1) 6⊆ Mod(T2).
Then, there isM ∈Mod(T1) such thatM 6∈Mod(T2). This
means that there isAv B∈ T2 such thatM 6|= Av B. On
the other hand,T1≡ T2 yieldsT1 |= AvB, i.e. M |= AvB
becauseM is a model ofT1, a contradiction. 2

Coming back to our initial motivation, for a givenT
we wish to find a leastT ′ such thatT ≡ T ′. More pre-
cisely, a setT ′ of AD-formulas is called anon-redundant
basis of Tif T ≡ T ′ and there is noT ′′ ⊂ T ′ with T ′′ ≡ T.
A set T ′ of AD-formulas is called aminimal basis of T
if T ≡ T ′ and for eachT ′′ such thatT ≡ T ′′, we have
|T ′| ≤ |T ′′|. Obviously, if T ′ is a minimal basis ofT,
thenT ′ is a non-redundant basis ofT (but notvice versa
in general). Hence, we are interested in generating of
non-redundant (or minimal) bases of given sets of AD-
formulas.

A naive way to find a non-redundant basis ofT is to
start with T and remove AD-formulas fromT until no
AD-formula from T follows from the others. This pro-
cedure is, however, inefficient, and does not ensure that a
non-redundant basis found this way is minimal.

In the sequel we present an algorithm which generates
a minimal basis of anyT. Again, we use an indirect proce-
dure together with observations from Theorem 6. Namely,
we first associate with anyT a closure operatorC, then
use Ganter’s NEXTCLOSUREalgorithm [4] to compute a
minimal basis (of attribute implications) related toC, and
then use the set to determine a minimal basis ofT. Due to
the lack of space, we omit detailed description of the algo-
rithm which will be available in full version of this paper.
Let us mention that the algorithm allows us to list a min-
imal basis ofT with a polynomial time delay, cf. [4, 6].
The algorithm is sketched below.

Algorithm 3
Input: setT of AD-formulas
Output: minimal basisTmin of T

define C(M) by IT(M)
if C( /0) 6= /0:

set T′ to { /0 ⇒C( /0)}
else:

set T′ to /0
set P to/0
while P 6= Y:

set P toNEXTCLOSURE(P,T ′)
if P 6= C(P):

add P⇒C(P) to T′

set Tmin = {B−Av A|A⇒ B∈ T ′}
return Tmin

Proof. Omitted due to the limited scope of this paper.2

Example 8 Take the following set of AD-formulas:

T={av {b,c,e},bv {c,d,e},bv {b,c,d},
cv {a,b,d},dv {c,e},dv {b,d},ev {c,d}}.

The minimal basisTmin of T which is computed by Algo-
rithm 3 is the following:

{{c,e}v{a,b,d},{a,b,e}v{c,d},{a,b,d}v{c,e}}.
Hence, compared to the original setT which consists of
seven AD-formulas,Tmin consists of three AD-formulas
which encompass the same information about attribute de-
pendencies asT.
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