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Abstract. In this paper, we present a mixed covolume method for the initial-boundary value problem 
of the pseudo-parabolic integro-differential equation. This method uses the lowest order 
Raviart-Thomas mixed element space on triangles as the trial space. The convergence analysis shows 
that this method yields the approximate solution with optimal accuracy in 2div;Ω (Ω)H( ) L× . 

Introduction 
Consider the following initial-boundary value problem of the pseudo-parabolic integrodifferential 

equation 

1 20

0
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0 0
0
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∫
                      (1.1) 

where Ω is a bounded convex polygonal domain in R2  with the boundary ∂Ω, 0 T< < ∞ . ,t
uu
t

∂
= ∇

∂
 

and div denote the gradient and the divergence operators, respectively. The functions 1 2, ,a b b  with 
their derivatives are smooth enough, and there exist two positive constants 1c  and 2c  such that 

1 20 c a c< ≤ ≤ . Here and in what follows, we will not write the independent x, ,t τ  for any functions 
unless it is necessary. Vectors will be expressed in boldface. 

Introduce a new variable 1 20

t

ta u b u b udτ= − ∇ + ∇ + ∇∫p ( ) , and let 1
1, , ,a b b bα α β−= = = −∇  

2 ,c b cα γ= = −∇ , then (1.1) can be written as a system of first-order partial differential equations 
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                       (1.2) 

The pseudo-parabolic integro-differential equation is an important integro-differential equation 
because of its wide application in many practical problems such as fluid mechanics, nuclear 
dynamics, or biomechanics. The existence and uniqueness problem of the solution has been done 
in [6, 14, 10, 11]. 

Recently, some numerical methods of (1.1) or (1.2) are studied by several authors([16,3]). In [16], 
Zhou et al. studied a H1-Galerkin mixed finite element method of the problem (1.1) and proved the 
optimal convergence of the method. In [3], Che studied the mixed finite element method of (1.2) and 
obtained the optimal error estimates of this mixed finite element scheme in the div;ΩH( ) -norm and 
L2-norm. 

The purpose of this paper is to study the mixed covolume method for the problems (1.2). Mixed 
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covolume method was first proposed by Russell([13]). The basic technique of this method was to 
relate the Petro-Galerkin scheme to a standard finite element Galerkin or mixed method through an 
introduction of the transfer operator γh that maps the trial function space into the test function space. 
This method not only preserves the simplicity of finite difference and the high accuracy of finite 
element but maintains the mass conservation law, which is very important to fluid and under-ground 
fluid computations. The optimal convergence of the mixed covolume method for linear elliptic 
problems on triangular grids was given by Chou et al.([4]), and Yang et al.([15]) extended this 
numerical method to the parabolic problem. 

In a mixed covolume method for differential systems (1.2) one uses two staggered irregular gridsa 
primal grid consisting of primal volumes (elements) and a dual grid consisting of covolumes (dual 
elements). The associated discretization equations are derived by integrating the differential equations 
over the volumes and using the divergence theorem or the Stokes theorem when proper. The balance 
between the numbers of unknowns and equations depends on a judicious placement of the degrees of 
freedom for the unknown functions. 

The goal of this article is to consider the error estimates of this mixed covolume scheme. We give 
the approximate solution with optimal accuracy in 2div;Ω (Ω)H( ) L× . Hence we give the following 
assumptions. 

Assumption 1. We suppose that 
1,

2
1, 2 1,

1 2
0

1( ) 0 , (0, ; ( )),

( ) , (0, ;( ( )) ) , , (0, ; ( )),
( ) ( ), (0, ; ( )).

a L T W
c

b L T W b c L T W
c u H f L T L

α α

β γ

∞ ∞

∞ ∞ ∞ ∞

∞

< ≤ ∈ Ω

∈ Ω ∈ Ω

∈ Ω ∈ Ω

 

The organization of this paper is as follows. In the next section we describe the mixed covolume 
method for the problem (1.1) on triangles. In section 3, we introduce a generalized mixed covolume 
elliptic projection associated with (1.2) and study the error estimates of the generalized mixed 
covolume elliptic projection. In section 4, using the error estimates obtained in section 3, we establish 
the optimal rate of convergence for the approximate solution in the div;ΩH( ) -norm and L2-norm. 

Throughout this paper, we use C (without or with subscript) to denote a generic constant 
independent of the discretization parameters, which has different values in different appearances. 
We also adopt the standard definitions and notations of Sobolev spaces and their full norms and 
seminorms in [1], [5], [9]. 

Mixed covolume formulation 
For the problem (1.2), we adopt W×V  as the weak solution space, where the space 

2 (Ω): 0 onW u L u= ∈ = ∂Ω{ }  and the space div;ΩV H( )=  is the set of all vector-valued functions 
2 2(Ω)L∈v   such that divv 2div (Ω)L∈v  and its norm is defined as 

2 2 2
div divH = +( )|| v || || v || || v || .                                                   (2.1) 

Noting that 0u t ∂Ω =(x, ) |   and 0tu t ∂Ω =(x, ) | , the weak formulation associated with (1.2) is to find  
(p, u) : [0, T] → W×V  such that 

    
0 0

0

( , ) ( ,div ) ( , ) 0, ,0 ,

( , ) (div , ) ( , ), ,0 ,
( (0), ) ( , ) ,

t t

t

t

a a u bu cud u ud t T

b u w w f w w W t T
c u w u w w W

τ β γ τ+ + + + + = ∀ ∈ < ≤

+ = ∀ ∈ < ≤

= ∀ ∈

∫ ∫( ) p v v v v V

( ) p
( )

                   (2.2) 

where (·, ·) is the (L2)2 or L2-inner product. 
In order to describe the mixed covolume method for the problem (1.2), we first construct the 

partition Th of the domain Ω and the trial function space. Referring to Fig.1, let h BT K= ∪  be a 
quasi-uniform (regular) triangulation of the domain Ω, where KB is the triangle with the barycenter B, 
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and max
BKh h= , 

BKh  is the diameter of the triangle KB. The nodes of a triangular element KB  are the 

midpoints of the edges of KB.  Let P1, P2, · · · , 
sNP  denote the nodes belonging to the interior of  Ω 

and 
1
, ,

sN NP P
+

L   the nodes on the boundary ∂Ω. Based on the partition Th, we select the lowest-order 

Raviart-Thomas mixed space Vh hW×  as the trial function space, where the spaces 
div;ΩV {v H( ) : v | ( ), }h h h K ha bx,c by K T= ∈ = + + ∀ ∈  

and 
h h h k hW w W w const K T= ∈ = ∀ ∈{ : | , } . 

For any 1 2w ( , ) Vh h h hw w= ∈ , we define the discrete seminorm and norm as 
2 2 2 2 2 2

1 21 0 0 1 1
h

h h h h h hh K K h h
K T

w w
∈

= ∇ + ∇ = +∑, , , , ,
w ( ), w w w   .                                  (2.3) 

We introduce the Raviart-Thomas projection 12 8
h h∏ →[ , ] : V V  satisfying 

                                        (div 0(p p), ) ,h h h hw w W− Π = ∀ ∈ ,                                                             (2.4) 
and the L2 orthogonal projection :h hP W W→  satisfying  

0h h h hw P u - u w W= ∀ ∈( , ) .                                                                  (2.5) 
Then the following properties of the projections Πh and Ph hold[12]: 

                                            1 2
1

p p p , p ( ( ))h Ch H− ∏ ≤ ∀ ∈ Ω ,                                               (2.6) 
1div div 0 1 divl

h l
Ch l H− ∏ ≤ = ∀ ∈ Ω(p p) p , , p ( ) ,                                (2.7) 

                                             hP u C u u W≤ ∀ ∈, ,                                                                  (2.8) 

                                  2 1
1 1h hP u u h P u u Ch u u H

−
− + − ≤ ∀ ∈ Ω, ( ) ,                                      (2.9) 

                                    1
0 1hP u u Ch u u W ∞

∞ ∞
− ≤ ∀ ∈ Ω,

, ,
, ( ) .                                                         (2.10) 

Next, we construct the dual partition * *
h pT K= ∪  and the test function space. Choose the barycenter 

B of B hK T∈   and connect it with three vertices of the element BK . Then wepartition BK   into three 
subtriangles. For any interior node P, which is the midpoint of the edge e, the dual element PK *  is the 
quadrilateral consisting of the two subtriangles which have e as their common edge. For any node P 
on the boundary ∂Ω, the corresponding dual element is the subtriangle, where P is one of the 
midpoints of its edges. The dual partition hT *  is the union of the interior quadrilaterals and the border 
triangles. Referring to Fig.1, the interior node P1 belongs to the common side of the triangles 

1 1 2 3BK A A A= ∆  and 
2 1 3 5BK A A A= ∆  and the quadrilateral 1 1 3 2A B A B  is the dual element 

1

*
PK  with node 

P1. For a boundary node like 6P   the associated dual element 
6

*
PK  is a triangle ( 5 3 4A B A∆  in this case). 

In general, let *
P PL PRK K K= ∪ , where when P is a interior node, for example 

11 1 1 3, P LP K A B A= ∆  and 

1 1 3 2P RK A A B= ∆ , and P PLK K=*  when P is a boundary node. Define the transfer operator 
4 2 2

h h Lγ → Ω[ ] : V ( ) :  

1

* *v (v | ( ) v | ( ) ), v V
P L P L P R P Rj j j j

N

h h h K j K h K j K h
j

P Pγ χ χ
=

= + ∀ ∈∑ , 

where Qχ *  is the characteristic function of the set Q. Now let us define the test function space 
associated with the dual partition to be Yh hL× , where ( )=Yh hR γ=  the range of hγ . 
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Fig.1 Primal and Dual Domains 
 

From the definition of the operator hγ , we know that the function w Yh h∈  is a piecewise constant 
vector function. It takes on different constant vectors on the left and right parts of an interior dual 
element. Note that the two constant vectors w |

PLh K  and w |
PRh K  must satisfy w | n w | n

PL PRh K h K⋅ = ⋅  

where n is a fixed normal unit vector to the common edge of PLK and PRK . Obviously, the transfer 
operator hγ  sets up a one-to-one correspondence between thetrial and the test spaces and  
dimYh =  dimVh. 

Finally, we construct the mixed covolume method for the problem (1.2). For 0( , ]t T∈ ,integrating 
the equation (a) in (1.2) on the dual domain PK *  and applying Green’s formula, we get that 

                          
0 0

0 0

0 d d dx

= d dx+ d d

P

P P

t t

tK

t t

tK K

u bu u cu u

u u u bu cu s

α β τ γ τ

α β γ τ τ
∂

= + ∇ + ∇ + + ∇ +

+ + + +

∫ ∫ ∫

∫ ∫ ∫ ∫

*

* *

( p ( ) ( ) )

( p ) ( )n ,
                               (2.11) 

where n stands for the unit outer normal direction of PK∂ *  . Noting that the boundary condition 
0u t ∂Ω =(x, ) |  implies 0(x, ) |tu t ∂Ω = , (2.11) can be rewritten as 

0 0
d dx+ d d 0

P P

t t

tK K
u u u bu cu sα β γ τ τ

∂ ∂Ω
+ + + + =∫ ∫ ∫ ∫* * \

( p ) ( )n .                          (2.12) 

Integrating the equation (b) in (1.2) on the primal element BK K= , we obtain that 

                                                   div dxtK K
u f+ =∫ ∫( p)dx  .                                                       (2.13) 

For 1 2v ( , ) Yhv v= ∈ , 2 ( )u L∈ Ω , let 

1
ds ds}

* *
(v, ) { n v n v

s

P P L P P Rj j j j

N

j jK K K K
j

B u u u
∂ ∩ ∂ ∩

=

= ⋅ + ⋅∑ ∫ ∫   ,                       (2.14) 

where nj stands for the unite outer normal direction of 1
jP sK j N= ⋅⋅⋅* , , , . Using the bilinear form B(·, ·) 

and the transfer operator hγ , (2.12) and (2.13) can be rewritten as 

0 0
0

div

t t

h h h h t h h

t h h h h h

a u ud , B ,u bu cud , ,

b u ,w ,w f,w , w ,

α β γ τ γ γ τ+ + + + + = ∀ ∈

+ = ∀ ∈
∫ ∫( ) ( p v ) ( v ) v V

( ) ( ) ( p ) ( ) W
             (2.15) 

Replacing p and u in (2.15) by their approximations ph   and hu , we construct the semidiscrete 
mixed covolume scheme for the problem (1.1) (or (1.2)) as: Find 0{p , } :[ , ] Vh h h hu T W→ ×  such that 

0 0

0

0 0

div 0
0

( ) ( p v ) ( v ) v V [ ]

( ) ( ) ( p ) ( ) W [ ]
( ) ( ( ), ) ( ) W .

t t

h h h h h h h ht h h h h

ht h h h h h h

h h h h h

a u u d , B ,u bu cu d , ,t ,T ,

b u ,w ,w f,w , w ,t ,T ,
c u w u ,w , w

α β γ τ γ γ τ+ + + + + = ∀ ∈ ∈

+ = ∀ ∈ ∈

= ∀ ∈

∫ ∫
         (2.16) 

From [4] and [15], the operator hγ   has the following properties. 
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Lemma 2.1 [4] For any function v Vh h∈  and h hw W∈ , the following relations 
                                                 div( v , ) ( v , )h h h h hB w wγ = −   ,                                                           (2.17) 

|| v || || v ||h h hγ =                                                                        (2.18) 
hold. 

Lemma 2.2[15]  There exists a positive constant C1 independent of h such that 

1

1|| v , v || || v ||, v Vh h h h h hC
α γ ≥ ∀ ∈ .                                                   (2.19) 

Lemma 2.3[15]  For any functions v ,q Vh h h∈  , the following symmetry relation 
|| q , v || || q , v ||h h h h h hγ γ=                                                         (2.20) 

holds. 
Lemma 2.4[15]  There exists a positive constant C independent of h such that 

 1,|| ( ) v || || v || , v Vh h h h h hI Chγ− ≤ ∀ ∈                                                    (2.21) 

1,| ( q ,( ) v ) | || q || || v ||, q , v Vh h h h h h h h hI Chα γ− ≤ ∀ ∈                                      (2.22) 
1 2

1 ( ( ))| ( q,( ) v ) | || q || || v ||, q , v Vh h h h hI Ch Hα γ− ≤ ∀ ∈ Ω ∈                (2.23) 
Lemma 2.5[15]  There exists a positive constant C independent of h such that 

1 2
0 1 ( ) 1,

, ,|| q q || || q || , q ,q
h h q qCh W qγ− Π ≤ ∀ ∈ < < ∞ .                              (2.24) 

Theorem 2.6  There exists a unique solution {p , }h hu  in Vh hW×  for the system (2.16). 
Proof.  Since the system (2.16) is linear, it suffices to show that the associated homogeneous 

system 

0 0
0 0

div 0
0 0

( ) ( p v ) ( v ) v V [ ]

( ) ( ) ( p ) ( ) W [ ]
( ) ( ( ), ) W .

t t

h h h h h h h ht h h h h

ht h h h h h h

h h h h

a u u d , B ,u bu cu d , ,t ,T ,

b u ,w ,w f,w , w ,t ,T ,
c u w , w

α β γ τ γ γ τ+ + + + + = ∀ ∈ ∈

+ = ∀ ∈ ∈

= ∀ ∈

∫ ∫
      (2.25) 

has only the trivial solution. 
In fact, choosing v ph h=  in (a) equation and in (b) equation in (2.25) and using (2.17), we have that 

  0 0

0

( p , p ) ( , ) ( p ) ( ,( ) ( ) )

( p ( ) ( ) )

t t

h h h ht ht h h h h ht h h h h

t

h h h h h h

u u u u d , u P b u P c u d

B , b P b u c P c u d A

α γ β γ τ γ τ

γ τ

+ = − + − +

− − + − =

∫ ∫
∫

          (2.26) 

Lemma 2.2 implies that 
2 2

1

1( p , p ) ( , ) || p || || ||h h h ht ht h htu u u
C

α γ + ≥ +                                          (2.27) 

Noticing (2.18) and the Lemma 4.2 in the four section of this paper, we obtain that 

 
0

2 2 2

0
1

1

1 1
2 2

| | ( )(|| || || || )(|| p || || ||)

(|| || || || ) || p || || ||

t

h h h ht

t

h h h ht

A C h u u d u

C u u d u
C

τ

τ

≤ + + +

≤ + + +

∫

∫
                             (2.28) 

Combining (2.26) with (2.27) and (2.28), we have that 

0
|| p || || || (|| || || || )

t

h ht h hu C u u dτ+ ≤ +∫                                                          (2.29) 

(c) equation in (2.25) and (2.29) implies that 

0 0
|| || || || || ||

t t

h ht hu C u d C u dτ τ≤ ≤∫ ∫ . 

Using Gronwall’s inequality we have 0|| ||hu = , which and (2.29) implies that 0|| p ||h = . Hence we 
have 0hu =  and p 0h = . This completes the proof of the lemma. 

By Lemma 2.1, we know that 
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0 0

0

div( v ) ( v , ( ) ( ) )

( v ( ) ( ) )

t t

h h ht h h h ht h h h h

t

h h h h h h

B ,u bu cu d u P b u P c u d

B , b P b u c P c u d

γ τ τ

γ τ

+ + = − + +

+ − + −

∫ ∫
∫

 

which implies that the mixed covolume method (2.16) can be rewritten as: Find 
 0{p , } :[ , ] Vh h h hu T W→ ×  such that 

0 0

0

0

( ) div

0 0

div 0
0

( p , v ) ( v , ( ) ( ) )

( v ( ) ( ) ) , v V [ ]

( ) ( ) ( p ) ( ) W [ ]
( ) ( ( ), ) ( , ) W .

t t

h h h h h h ht h h h h

t

h h h h h h h h

ht h h h h h h

h h h h h

a u u d u P b u P c u d

B , b P b u c P c u d ,t ,T ,

b u ,w ,w f,w , w ,t ,T ,
c u w u w , w

α β γ τ γ τ

γ τ

+ + − + +

+ − + − = ∀ ∈ ∈

+ = ∀ ∈ ∈

= ∀ ∈

∫ ∫
∫               (2.30) 

Generalized Mixed Covolume Elliptic Projection 
In the study of mixed covolume methods for parabolic problems, we usually introduce a mixed 

covolume elliptic projection associated with our equations. Modifying this idea according to our 
pseudo-parabolic integro-differential equations, we define a map 0{p , } :[ , ] Vh h h hu T W→ ×  such that 

0

0 0

0

( ) div

0
( ) div( 0 0
( ) 0

( (p p), v ) ( v ,( ) ( ) ( ) )

( ( ) ( ) , v ) ( p,( ) v ) ( , ( ) v ),

v V ]
( p p) ) W ]
( ( ), ) ( , )

t

h h h h ht t h h

t t

h h h h h h h h

h h

h h h h

h h h

a u u b u u c u u d

u u u u d I u ud I

,t ,T ,
b ,w , w ,t ,T ,
c u w u w ,

α γ τ

β γ τ γ α γ β γ τ γ

− − − + − + −

+ − + − = − + + −

∀ ∈ ∈

− = ∀ ∈ ∈

=

∫
∫ ∫

% % % %

% %

%
%

（

（

W .h hw∀ ∈

  (3.1) 

Before collecting the results of the error analysis of hu%  and ph% , let us demonstrate the existence and 
uniqueness of the solution of (3.1). In fact, it suffices to show that the associated homogeneous system 

0 0
( ) div 0 0

div 0 0
0 0

( p , v ) ( v , ) ( , v ) v V [ ]

( ) ( p ) W [ ]
( ) ( ( ), ) W .

t t

h h h h ht h h h h h h h h

h h h h

h h h h

a u bu cu d u u d ,t ,T ,

b ,w , w ,t ,T ,
c u w , w

α γ τ β γ τ γ− + + + + = ∀ ∈ ∈

= ∀ ∈ ∈

= ∀ ∈

∫ ∫% % % % % %

%
%

，

 

(3.2) 
has only the trivial solution. Taking divph hw = %  in (b) equation and v ph h=%  in (a) equation in 
(3.2), we have by using Lemma 2.2 and Lemma 2.1 that 

2

0 0
1

1 || p || ( p , p ) ( , p ) (|| || || || ) || p ||,
t t

h h h h h h h h h h hu u d C u u d
C

α γ β γ τ γ τ≤ = − + ≤ +∫ ∫% % % %% % % %              

which implies that 
2

0
|| p || (|| || || || ).

t

h h hC u u dτ≤ +∫% % %                                                                            (3.3) 

On the other hand, from [11] we know that for Vh ×Wh  there exists a positive constant C 
independent of h such that 

div

div
|| || sup

v V ,v 0 H( )

( , v )
|| v ||h h h

h h
h

h

ww C
∈ ≠

≤                                                           (3.4) 

Hence we have from (3.4) and (a) equation in (3.2), (2.18), (2.1), (3.3) that 
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div

0 0

div

div0

div

divsup

div
sup

sup

v V ,v 0 H( )

v V ,v 0 H( )

H( )

v V ,v 0 H( )

( , v )|| ||
|| v ||

( p , v ) ( , v )

|| v ||

(|| p || || || || || ) || v ||

|| v ||

(||

h h h

h h h

h h h

ht h
ht

h

t t

h h h h h h h h

h

t

h h h h

h

h

uu C

u u d bu cu d
C

u u d
C

C u

α β γ τ γ τ

τ

∈ ≠

∈ ≠

∈ ≠

≤

+ + − +
≤

+ +
≤

≤

∫ ∫

∫

%%

% % % % %

% % %

%
0

|| || || )
t

hu dτ+∫ %

                        (3.5) 

Similarly to the proof of the Theorem 2.6, we have 0hu =%  and p 0h =% . Hence the existence and 
uniqueness of the solution of  (3.1) has been demonstrated and (p , )h hu% %  in (3.1) is well defined. 

Now, let us study some properties of {p , }h hu% % . Let p p,h h hu P uξ τ= − = −% % % % .Noting that (2.5), then 
(3.1) can be rewritten as 

0 0

0 0

0

( ) div

,div

0

( ) div 0 0

( , v ) ( v , ) ( , v )

( p,( ) v ) ( , ( ) v ) ( ( ) ( ) v )

( ( ) ( ) , v ), v V ]

( ) W

t t

h h h t h h

t t

h h h h h h h

t

h h h h h h

h h h

a b c d d

I u ud I b P u u c P u u d

P u u P u u d ,t ,T ,

b ,w , w ,t ,T

αξ γ τ τ τ τ βτ γτ τ γ

α γ β γ τ γ τ

β γ τ γ

ξ

− + + + +

= − + + − + − + −

− − + − ∀ ∈ ∈

= ∀ ∈ ∈

∫ ∫
∫ ∫

∫

% % % % % %

%

（

（

( ) 0 0
]

( ( ), ) W .h h h

,
c w , wτ = ∀ ∈%

          (3.6) 

Lemma 3.1. Suppose that 20 (Ω)), ( , ;( )L T Lβ γ ∞ ∞∈  and 10 (Ω)( , ; )u L T H∞∈ . Then for any 
1 2(Ω)( )Hς ∈  and 0 ]t ,T∈（ , we have 

2
1 1| ( ( ) , ) | || || || ||h h hP u u Ch uβ γ ς ς− Π ≤ ,                                                                  (3.7) 

2
1 10 0

| ( ( ) , ) | || || || ||
t t

h h hP u u d Ch u dγ τ γ ς τ ς− Π ≤∫ ∫ .                                                       (3.8) 

Proof. The proof of (3.7) see lemma 4.1 in [15]. To prove (3.8), it follows (2.9) and (2.24) that 

0 0 0

2
1 1 1 10 0 0

| ( ( ) , ) | | ( ( ) , ) | | ( ( ) , ) |

|| || || || || || || || || || || ||

t t t

h h h h h h h

t t t

h h h h

P u u d P u u d P u u d

C P u u d C P u u d Ch u d

γ τ γ ς γ τ γ ς ς γ τ ς

τ γ ς ς τ ς τ ς−

− Π = − Π − + −

≤ − Π − + − ≤

∫ ∫ ∫
∫ ∫ ∫

 

This completes the proof of (3.8). 
Lemma 3.2. Suppose that 10 ,( , ; ( ))L T Wα ∞ ∞∈ Ω  and 1 20 ,, ( , ;( ( )) )L T Wβ γ ∞ ∞∈ Ω , 

1 20 (Ω))p ( , ;( )L T H∞∈ , 10 (Ω)( , ; )u L T H∞∈ . Then for any 1 2(Ω))(Hζ ∈  and 0 ]t ,T∈（ , we 
have 

2
1 1 1 10 0

| ( p ,( ) ) | ( p )
t t

h hu ud I Ch u u dα β γ τ γ ζ τ ζ+ + − ∏ ≤ + +∫ ∫                                (3.9) 

Proof. Letting
0

pv
t

u udα β γ τ= + + ∫ , and v  be a piecewise constant approximation to v, 

from (2.6) and (2.24) we obtain that 

0

2 2
1 1 1 1 1 10

| ( p ,( ) ) | | (v, ) |

| (v v, ) | | (v v, ) | | (v v, ) |

( p )

t

h h h h h

h h h h h h
t

u ud I

Ch u Ch u u d

α β γ τ γ ζ ζ γ ζ

ζ γ ζ ζ ζ ζ γ ζ

ζ τ ζ

+ + − ∏ = ∏ − ∏

= − ∏ − ∏ ≤ − ∏ − + − − ∏

≤ ≤ + +

∫

∫

 

This completes the proof of the lemma.   
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Lemma 3.3. Suppose that 10 ,, ( , ; ( ))b c L T W∞ ∞∈ Ω  and 10 (Ω)( , ; )u L T H∞∈ . Then for any h hw W∈  
and 0 ]t ,T∈（ , we have 

2
1 | ( ( ) ) |,h h hb P u u w Ch u w− ≤ P P P P  ,                                                        (3.10) 

2
10 0

| ( ( ) , ) |
t t

h h hc P u u d w Ch u d wτ τ− ≤∫ ∫ P P P P .                                                          (3.11) 

Proof. The proof of (3.10) see lemma 4.3 in [15]. To prove (3.11), it follows (2.9) that 

0 0 0

2
100 0,

( ( ) , ) (( )( ), ) ( , )

.

t t t

h h h h h h h h

t t

h h h h

c P u u d w c P c P u u w d P u u w P c d

c P c P u u w d Ch u d w

τ τ τ

τ τ
∞

− = − − + −

≤ − − ≤

∫ ∫ ∫
∫ ∫ P P P P

 

This completes the proof of (3.11).  
Lemma 3.4. Let 1 20 (Ω))p ( , ;( )L T H∞∈  and 10 (Ω)( , ; )u L T H∞∈ . Suppose that %( , )ξ τ%   

satisfies the system (3.6) and the Assumptions 1 holds. Then any 0 ]t ,T∈（ , we have 
% % 2

1 10 0
div p( ) ( )

t t
Ch d Ch u dτ ξ ξ τ τ≤ + + +∫ ∫%P P P P P P P P P P .                                         (3.12) 

Proof. Given 2( )Lψ ∈ Ω , let ( ) ( )2 1
0H Hφ ∈ Ω ∩ Ω  be the solution of the adjoint problem 

   
0

, ,? 
( ) ,
(

.
) ( )a div a x

b x
φ ψ

φ
∇ = ∈ Ω

= ∈ ∂Ω
                                                                     (3.13) 

Then the following elliptic regularity holds 
2 Cφ ψ≤P P P P .                                                                        (3.14) 

By (2.4),(3.6) and % %  div  ( ) (, , )aξ φα ξ φ∇ = − , we have 

% %
0

0 0

    div    div

 

 

div   

( ) ( ( )) ( ( ( )))

( (

 , , ,

, , ,

, p ,

) ) ( ) ( ( ( )))

( ( ( ))) ( ( )( ( )))

( ( ) ( ) (,

t t t

t

h h h h

t t

h h h h

h h h

a h a

I a div P b c d div a

d a u ud I a

a b P u u c P u u

τ ψ τ φ τ φ

αξ γ φ ξ φ φ τ τ τ φ

βτ γτ τ γ φ α β γ τ γ φ

φ

= ∇ = Π ∇

− − Π ∇ − − − + Π ∇

+ + Π ∇ − + + − Π ∇

Π ∇ − +

=

− −

∫
∫ ∫

% % %

% %

% %

0

0

1 2 3 4 5 6 7

  

) )

( ( ) ( ) , ) )

.

( ( )

t

t

h h h h

d

P u u P u u d a

H H H H H H H

τ

β γ τ γ φ− + − Π ∇

=

+

+ + + + + +

∫
∫

 

Applying Lemma 2.5, Lemma 3.1-3.3 and (2.9), we obtain that 
% %

% %
1 2

2 1 2

3 20

4 1 20 0

2
5 1 1 1 20

2
6 1 1

 

 div

 

 

 

 

,

,

,

,

| | ( )

|

p ,

|

| | ( )

| | ( ) | | ( )

| | ( )

| | (

h h

t

t t

t

H C I a Ch

H Ch div Ch

H C d

H C d C d

H Ch u u d

H Ch u u d

ξ γ φ ξ φ

ξ φ ξ φ

τ τ τ φ

τ τ τ φ τ τ τ φ

τ φ

τ

≤ − Π ∇ ≤

≤ ≤

≤ +

≤ + ≤ +

≤ + +

≤ +

∫
∫ ∫

∫

P PP P P PP P

P PP P P PP P
% %P P P P P P

% % % %P P P P P P P P P P

P P P P P P P P

P P P P 20

2
7 1 1 20

 

)

| .| (

,

)

t

t
H Ch u u d

φ

τ φ≤ +

∫
∫

P P

P P P P P P

 

  It follows from the elliptic regularity (3.14) that 
% % 2

1 1 10 0
   div    | ( ) | { ( ) , p( ) ( )}

t t
t C h d h u u dτ ψ ξ ξ τ τ τ τ ψ≤ + + + + + +∫ ∫% % %P P P P P P P P P P P P P P P P P  

so we get 
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% %

2 0

2
1 1 10 0

sup

div    

( );

( , )( )

{ ( ) ( ) }p ( )

t
t

L

t t
C h h u u d d

ψ ψ

τ ψ
τ

ψ

ξ ξ τ τ τ τ

∈ Ω ≠
=

≤ + + + + + +∫ ∫

%%

% %P P P P P P P P P P P P P P
 

Since the following inequalities 

0 0
|| || || ||

t t
ttd C dτ τ τ τ τ= ≤∫ ∫% %% P P  

and   

0 0 0 0 0 0
( () )

t t t t t

t t td C ds d C ds d C d
τ

τ τ τ τ τ τ τ τ≤ ≤ ≤∫ ∫ ∫ ∫ ∫ ∫% % % %P P P P P P P P  

hold, applying Gronwall’s Lemma, we obtain that 
% % 2

1 1 10
div  ( p) ( )

t

t Ch Ch u u dτ ξ ξ τ≤ + + + +∫%P P P P P P P P P P P P ,                                         (3.15) 

% % 2
1 10 0

di dv  ( ) ( p )
t t

Ch Ch u dτ ξ ξ ττ≤ + + +∫ ∫%P P P P P P P P P P  

This completes the proof of the lemma. 
Theorem 3.5. Let 1 20 (Ω))p ( , ;( )L T H∞∈  and divp, u , 10 (Ω)( , ; )tu L T H∞∈ . Suppose that (p , )h hu% %  

satisfies (3.1) and the Assumptions 1 holds. Then for any 0 ]t ,T∈（ , the following error estimate 

1 1 101 div|| || {|| || }( p || p || )
t

h uu u C dh u τ− ≤ ++ +∫ P P P P%                                    (3.16) 

holds and for any 0 ]t ,T∈（ , the following error estimates 

 1 1 1 101 divp ( p || p || )|| p p || {|| || }h

t
Ch u du τ− ≤ + +++ ∫P P P P P P%                                                    (3.17) 

1 1 11 01 1 1div divp |||| p || ( p || p|| {|| || || || || ) }t ht t

t
u du u Ch u u τ+ +− ≤ ++ + +∫P P P% P P P                    (3.18) 

hold. Moreover, the following superconvergence results hold, for the variable u 

1 1 10

2 div( p || p |||| )|| h h

t
u du P u Ch τ− ≤ + +∫ P P P P%  ,                                                                       (3.19) 

1 1 1 1 1
2

10
div divp ||| p| ( ) || { || ( p || p || ) }h h t

t
u P u Ch u u dτ+ +− ≤ + ++∫P P P P% P P P P  .                        (3.20) 

Proof. Let p ph hσ = − Π%% , then from p p p ph hξ σ= − = + Π −% % %  that (3.6) can be written as follows 

0 0

0

0

0

( ) div div

,div

0

( ) d

( , v ) ( v , ) ( , v ) ( , v )

( (p p), v ) ( p,( ) v ) ( ,( ) v )

( ( ) ( ) v )

( ( ) ( ) , v ), v V ]

(

t t

h h h t h h h

t

h h h h h h h

t

h h h

t

h h h h h h

a b c d d

I u ud I

b P u u c P u u d

P u u P u u d ,t ,T ,

b

ασ γ τ τ τ τ βτ γτ τ γ

α γ α γ β γ τ γ

τ

β γ τ γ

− − + + +

= − Π + − + + −

+ − + −

− − + − ∀ ∈ ∈

∫ ∫
∫

∫
∫

% % % % % %

（

iv div 0 0
( ) 0 0

) ( (p p), ) W ]
( ) .

h h h h h,w w , w ,t ,T ,
c

σ
τ

= − Π = ∀ ∈ ∈

=

%
%

（

                                  (3.21) 

Taking =divhw σ%  in (b) equation in (3.21), we obtain ||div 0||σ =% , which implies 
div div 0(p p)h hσ = − Π =%%  .                                                                   (3.22) 

Taking =vh σ%  in (a) equation in (3.21), we get 

0

0 0

( , ) ( , ) ( (p p), ) ( p,( ) )

( , ( ) ) ( ( ) ( ) , )

t

h h h h h

t t

h h h h

d I

u ud I P u u P u u d

ασ γ σ βτ γτ τ γ σ α γ σ α γ σ

β γ τ γ σ β γ τ γ σ

= − + + − Π + −

+ + − − − + −

∫
∫ ∫

% % % % % % %

% %
                         (3.23) 

Similarly to the proofs of Lemma 2.4 and Lemma 3.3, we have 
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1 10 0
| ( , ( ) v ) | (|| || || || ) || v ||

t t

h h hu ud I Ch u u dβ γ τ γ τ+ − ≤ +∫ ∫ .                                   (3.24) 

From Lemma 2.2, we get 
1 2

1( , ) || ||h Cασ γ σ σ−≥% % %  .                                                                                (3.25) 
Combining (3.23) with (3.24) and (3.25), and using (2.22), (2.23), (2.6), (2.9), we have 

1 2
1 1 10

1 1 1 10 0

|| || (|| || || || ) || || || p || || || || p || || ||

(|| || || || ) || || (|| || || || ) || ||

t

h h

t t

h

C C d Ch Ch

Ch u u d Ch u u d

σ τ τ τ γ σ γ σ σ

τ σ τ γ σ

− ≤ + + +

+ + + +

∫
∫ ∫

% % % % % %

% %
 

it follows from Lemma 2.1 that 
2

1 1 10 0
|| || (|| || || || ) (|| p || || || || || )

t t
C d Ch u u dσ τ τ τ τ≤ + + + +∫ ∫% % %                                      (3.26) 

(3.26) together with (2.6), (2.7) and (3.22), we obtain 

1 1 10 0
|| || || || || p p || (|| || || || ) (|| p || || || || || )

t t

h C d Ch u u dξ σ τ τ τ τ≤ + Π − ≤ + + + +∫ ∫% % % % ,                 (3.27) 

1div div div div |||| || || || || ( p p) || || ph Chξ σ≤ + Π − ≤% % .                                                              (3.28) 
Substituting (3.27) and (3.28) back into (3.12) yields 

2
1 1 10 0 0 0

2 2
1 1 10 0

2
1 1 10 0

div

div

|| || (|| || || || ) (|| || || p || || || )

|| p || (|| || || p || )

|| || (|| || || p || || p || )

t t

t t

t t

Ch ds d Ch u u ds d

Ch d Ch u d

Ch d Ch u d

τ τ
τ τ τ τ τ

τ τ

τ τ τ

≤ + + + +

+ + +

≤ + + +

∫ ∫ ∫ ∫
∫ ∫

∫ ∫

% % %

%

 

Applying Grownwall’s Lemma we have 
2

1 1 10
div|| || (|| || || p || || p || )

t
Ch u dτ τ≤ + +∫% .                                             (3.29) 

This completes the proof of (3.19).  
Combining (2.9) with (3.29) we obtain (3.16). Substituting (3.29) back into (3.27) yields 

1 1 1 1 10
div|| || {|| || || p || (|| p || || || || p || ) }

t
Ch u u dξ τ≤ + + + +∫%                                          (3.30) 

Combining (3.28) with (3.30), we get (3.17). From (3.15) and (3.28), (3.30), we obtain 
2

1 1 1 1 1 10
div div|| || {|| || || p || || p || (|| p || || || || p || ) }

t

t Ch u u dτ τ≤ + + + + +∫% . 

This completes the proof of (3.20). 
 From (3.20) and (2.9) we get (3.18) directly. This completes the proof of the theorem.  

The Error Estimates 

In this section, we will use the properties of the mixed covolume elliptic projection {p , }h hu% %  to 
derive the optimal rate of convergence for the approximate velocity and pressure in the 
H(div; Ω)-norm and L2-norm. 

In order to get our main results, we need the following lemmas. 
Lemma 4.1 If 0 (Ω)( , ; )v L T L∞ ∞∈ . Then for any v Vh h∈ , h hu W∈  we have 

0 ,v , || ||| ( v) |h h h h h hB vu C v uγ γ∞≤ P PP P . 
Proof. By the definition of the bilinear B, we have 

1
* *

( )v , ( v n v n )
s

P P L P P Ri i i i

N

h h h h h h i h h h iK K K K
i

B vu vu ds vu dsγ γ γ
∂ ∂

=

= ⋅ + ⋅∑ ∫ ∫∩ ∩
, 

where ni stands for the unite outer normal direction of 1* , , ,
iP sK i N= L . 

For any i = 1, see Fig.1, 
1 1 1 1 3

*
P P LK K A B A= ∆∩ , with the mid-points P1 of the side A1A3. 
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Then 
1 1 1 1 1 3

______ _____
*
P P LK K A B B A∂ = +∩ . So that 

1 1 1 31 1
1 11 12____ ____

*
| v n | | v n | | v n |

P P L
h h h h h h h h hK K A B B A

u ds u ds u dsγ γ γ
∂

⋅ = ⋅ + ⋅∫ ∫ ∫∩
, 

where  11n  is the unite outer normal vector to the edge 1 1A B , 12n  is the unite outer normal vector to 
the edge 1 3B A . 

Let K  be an element with e as an edge. It is well known (see [2]) that there exists a constant C such 

that for any function 1( )w H K∈ ,
1 1
2 2

0 1, ,|| || ( || || | | )e e K e Kw C h w h w
−

≤ + , where he is the length of the edge 
e and C depends only on the minimum angle of K. 

Noting that 11v nh h hu γ ⋅  is a constant in 1 1 3A B A∆ , we get 

1 1 31 11 1

1
2

11 11 11 0,| v n | || v n || || v n ||h h h h h h h h h A B AA BA B
u ds Ch u C uγ γ γ ∆⋅ ≤ ⋅ ≤ ⋅∫ . 

Similarly, we get 

1 1 31 3
12 12 0,| v n | || v n ||h h h h h h A B AB A

u ds C uγ γ ∆⋅ ≤ ⋅∫ , 

so we have 

1 1 3 1 1 3
1 1

1 1

1 11 0 12 0

0 0

*

* *

, ,

, ,

| v n | (|| v n || || v n || )

|| || || v ||
P P L

P P

h h h h h h A B A h h h A B AK K

h h hK K

u ds C u u

C u

γ γ γ

γ

∆ ∆∂
⋅ ≤ ⋅ + ⋅

≤

∫ ∩ . 

Similarly, for i = 2, · · · , Ns, we derive that 

0 0* ** , ,
| v n | || || || v ||

P Pi iP P Li i
h h h i h h hK KK K

u ds C uγ γ
∂

⋅ ≤∫ ∩
 

and likewise for i = 1, · · · , Ns, we have 

0 0* ** , ,
| v n | || || || v ||

P Pi iP P Ri i
h h h i h h hK KK K

u ds C uγ γ
∂

⋅ ≤∫ ∩
. 

Hence we obtain 

0 00 0
1

 * *, ,, ,
v , || || || || || v || || || ) | |( v

s

P Pi i

N

h h h h h h h h hK K
i

B vu C v C u C v uγ γ γ∞ ∞
=

≤ ≤∑ P PP P . 

This completes the proof of the lemma.  
Lemma 4.2 If 10 ,, ( , ; ( ))b c L T W∞ ∞∈ Ω . Then for any h hu W∈ , v Vh h∈  and 0 ]t ,T∈（ , we have 

0 0
 v ,(| ( )( |) ) ( ) v

t t

h h h h h h h h h hB b P b u c P c u d Ch u u dγ τ τ γ− + − ≤ +∫ ∫P P P P P P . 

Proof. Taking v = b − Phb in Lemma 4.1, by the property of operator Ph, we obtain 
100 1 0 ,, , ( , ; ( )),|| || || | ||| | |||h L T W

b P b Ch b Chv b Ch∞ ∞∞ ∞ ∞ Ω
− ≤ ≤ ≤=  

which implies 
 v ,( )| ( ) v|h h h h h h hB b P b u Ch uγ γ− ≤ P PP P . 

Similarly, taking 
0
( )

t

h h hvu c P c u dτ= −∫  in Lemma 4.1, we have 

100 0 0
 ,( , ; ( ))

v , ( )| ( ) || v| | v|
t t t

h h h h h h h h h hL T W
B c P c u d Ch u d u dc Chγ τ τ γ τ γ∞ ∞ Ω

− ≤ ≤∫ ∫ ∫P P P P P P P P . 

Using the triangle inequality now completes the proof.  
Subtracting (2.2) from (2.30), and considering the mixed covolume elliptic projection introduced 

in (3.1), we obtain the error equations 
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0

0

0

( )

div

0 0

( ) div( 0 0
( )

( (p p ) ( ) ( ) , v )

( v ,( ) (( ) ) (( ) )

( v ,( ) ( ) ) , v V ]

( ) ( p p ) ) W ]

t

h h h h h h h h

t

h ht ht h h h h h h

t

h h h h h h h h

ht t h h h h h h

a u u u u d

u u P b u bu P c u cu d

B b P b u c P c u d ,t ,T ,

b u u ,w ,w , w ,t ,T ,
c

α β γ τ γ

τ

γ τ

− + − + −

− − + − + −

+ − + − = ∀ ∈ ∈

− + − = ∀ ∈ ∈

∫
∫

∫

% % %

% % %

%

（

（

0 0 0( ( ) ( ), ) , W .h h h h hu u w w− = ∀ ∈%

            (4.1) 

Let ,p p p p p ph h h h h h h hu u u u u u η η ξ ξ− = − + − = + − = − + − = + %% % %% % . Then (4.1) can be rewritten as 

0 0

0 0

0

( ) div

div

0 0

( ) div

( , v ) ( v , ( ) ( ) )

( v , ( ) ) ( ) ) ( v ,( ) ( ) )

( v ,( ) ( ) ) , v V ]

( ) ( ) (

t t

h h h t h h

t t

h h h h h h h h h

t

h h h h h h h h

t h h t

a d P b P c d

P b b u c P c u d B b P b c P c d

B b P b u c P c u d ,t ,T ,

b ,w ,w ,

αξ βη γη τ γ η η η τ

τ γ η η τ

γ τ

η ξ η

+ + − + +

− − + − + − + −

+ − + − = ∀ ∈ ∈

+ = −

∫ ∫
∫ ∫
∫

% %

% %

%

（

0
( ) 0 0

) W ]
( ) , ( ) W .

h h h

h ht ht h h

w , w ,t ,T ,
c u u wη

∀ ∈ ∈

= − ∀ ∈%
（

            (4.2) 

Taking divhw ξ=  in equation (b) in (4.2), we get 
||div || || || || ||t tξ η η≤ + %                                                                               (4.3) 

Taking vh ξ=  in equation (a) and ( )h t hw P bη η= +  in equation (b) in (4.2), we have 

0 0

0 0

0

div

div

( , ) ( , ) ( , ) ( ,( ) ) ( ) )

( , ( ) ) ( , ( ) ( ) )

( ,( ) ( ) ) ( ,( ) ) ( , ( ) ).

t t

h t t h h h h h

t t

h h h h

t

h h h h h t h t t h

d P b b u P c c u d

P c d B b P b c P c d

B b P b u c P c u d P b P b

αξ γ ξ η η βη γη τ γ ξ ξ τ

ξ η τ γ ξ η η τ

γ ξ τ η η η η η

+ = − + + − + −

+ − − + −

− − + − − − +

∫ ∫
∫ ∫

∫

% %

%% %

 (4.4) 

Using (3.16), we obtain 

1 1

1 1

1 10

1 10

|| || + div

d

|| || +||

v

||

i

( p || p ||| || (|| ||

(|

| )

( p || p |||| )|

h

t

h

t

u u u u Ch u u d

d

u

C u u

τ

τ

+ +≤ − ≤ +

≤ ++ +

∫
∫

P P P P

P P P P

% %
, 

which gives 

0

1 1 10

1 10

1 div

, ,|| ( ) ( ) || (|| || || || || || || || )

( p || p |( )| ||| |

t

h h h h h

t

t

hP b b u P c c u d Ch b u c u

Ch u

d

u d

τ

τ

τ ∞ ∞− + − ≤ +

≤ + ++

∫∫
∫

% % % %

P P P P
. 

Applying Lemma 4.2, we obtain 

0 0
| ( , ( () ) | )( )

t

h

t

hh h ChB b P b c P c d dγ ξ η η γη η τ τ ξ− + − +≤∫ ∫P P P P P P , 

1 1 1010
div| ( , ( ) ( ) | (|| ( p || p || ) ) | ||| | |

t

h

t

h h h h hB b P b u c P c u d C u dh u τγ ξ τ γ ξ− ++ − ++≤ ∫∫ P% P P P% . 

It follows from Lemma 2.4 and (4.3), (4.4) that 
1 2 2

1

1
2 2 2 2 2

1 1 10 0 0

2 2 2 2 2

0
1

div

1 1
2 2

( ) ( ) (

|| || || ||
( , ) ( , )

(|| | p || p || ) ) || ||

( ) ||

|

||

t t t

t

t

h t

t

h t t

C d C d Ch u d C

C d C
C

u

h

C ξ η
α

η η τ η τ τ η

η η τ γ ξ η η

ξ γ ξ η η

−

+ + + + + +

+ + + +

+

≤ +

≤ +

+

∫ ∫ ∫

∫

%P P P P P P P P P P

P P P P P P P P

 

Furthermore, we get 
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1

1

1 1 10 0 0

1 1 10 0

1 10 1

div

1 div

di

( || ||) ( ) ( p ||

|| || || ||

(|| ||

(|| ||

(

p || ) )

|| || ( ) ( p || p || ) )

|| || ( p || || ||

t t t

t

t t

t t

t t

t

t

C d Ch d Ch u d

C C h d Ch u d

C C d Ch

u

u

u u

η η τ η η η τ τ

η η τ τ

η η τ

ξ η

+ + + + + + +

≤ +

+

≤ +

+

+

+ + + +

≤ + + + +

∫ ∫ ∫
∫ ∫

∫

%P P P P P P P P P P P P

% P P P P P P

% P P P P P P 10
vp || ) )

t
dτ∫

 

Applying Grownwall’s Lemma and (3.18), we get 

1 1 11 1 1 10
div div{ p || p || (|| || || p || p || ) }|| || ||t

t

tCh u uu dτξ η ≤ + ++ + + ++∫P P P P P P P P               (4.5) 

and 

1 1 1 10 0
div( p || p |||| || )

t t

t tC d Ch u u dη η τ τ≤ + + +≤ ∫ ∫P P P P P P P P                                   (4.6) 

Combining (4.3) with (3.18) and the estimate (4.5) of || ||tη , we obtain 

1 1 1 1 1 11 0
div div div{ p || p || (|| || || || p || p || ) }t

t
Ch uu u dξ τ+ + +≤ + + +∫P P P P P P P P . 

Using (4.5)-(4.7) and Theorem 3.5, we obtain the following main results. 
Theorem 4.1 Let (p, )u  and (p , )h hu  be the solution of (2.2) and (2.30), respectively, and suppose 

that 1 20 (Ω))p ( , ;( )L T H∞∈ , divp, u, 10 (Ω)( , ; )tu L T H∞∈  and the Assumptions 1 holds. Then for any 
0[ ]t ,T∈ , the following error estimate holds 

1 1 1 1 10
div{ ( p || p || ) }|| ||

t

h tu u Ch u u u dτ− ≤ + ++ +∫P P P P P P P P  

and for any 0 ]t ,T∈（ , the following error estimates hold 

       1 1 1 1 1 1 10
div div{ p || p || ( p || p || ) }|| || || ||

t

t ht tu u Ch u u du τ− ≤ + + ++ + +∫P P P P P P P P , 

        1 1 1 11 1 10
div div|| || |p p { p || || | p || ( p || p || ) }

t

h tCh u u du τ+ +− ≤ + + ++∫P P P P P P P P . 
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