3rd International Conference on Mechatronics, Robotics and Automation (ICMRA 2015)

Optimal Performance Analysis of Feynman’s Microscopic Heat Engine

Yuling Xiao" 2, Jizhou He*" and Haitao Cheng®°
! Department of Physics, Nanchang University, Nanchang, P. R. China
2 Department of Physics, Nanchang University, Nanchang, P. R. China
8 Department of Physics, Nanchang University, Nanchang, P. R. China
2 xyl_76@sohu.com, ® hjzhou@ncu.edu.cn, ° chenghaitao2007@126.com

Keywords: Feynman’s microscope heat engine, Stochastic motion, Heat leak, Finite time
thermodynamics.

Abstract. The model of a Feynman’s microscope heat engine in a one-dimensional lattice is established
in this paper. Based on stochastic master equation, the expressions of the current, efficiency and power
output of the heat engine are derived analytically. The performance characteristic curves of the power
output versus the efficiency are the loop-shaped ones. It shows that the heat engine is irreversible and
its efficiency is far less than the Carnot efficiency. Moreover, the influence of the height of barrier and
the temperature ratio on the optimal performance of heat engine is analyzed. The heat engine can work
at the optimal operation regime by reasonablly choosing the external parameters.

Introduction

As the size of a system approaches that of molecules, thermal fluctuations begin to play a significant
role. It would be rather difficult to operate a nanoscale machine against strong thermal fluctuations.
Instead, the nanomachine must be able to work harmoniously or collaboratively with the fluctuations.
In order to design such machines, we need to understand thermodynamics of small systems, taking into
account large thermal fluctuations. Recently, the study of microscopic heat engines rectifying thermal
fluctuations has attracted considerable attention [1-8], including Brownian heat engines, stochastic
heat engines, diode engines, and so on. One typical model of the microscopic engines rectifying thermal
fluctuations is Feynman’s ratchet and pawl engine[9-11]. Feynman et al. [9] attempted to investigate
the thermodynamics of the Feynman-Smoluchowski (FS) motor and concluded that it can reach Carnot
efficiency. But later it was shown that the heat transfer between two heat reservoirs never ceases even
when the motor moves quasistatically due to the effect of thermal fluctuations. Thus, it is not possible
to reach the Carnot efficiency [10]. Corresponding to the discrete and classical model of Feynman’s
ratchet and pawl engine, a continuous and microscopic model of Feynman’s heat engine was proposed
by Jarzynski C et al [12]. It showed that this microscopic model can act both as a heat engine or a
refrigerator and its efficiency or coefficient of performance is far less than Carnot value. Following
their work, we further study the optimal performance of the heat engine in this paper. Based on
stochastic master equation, the expressions of the current, efficiency and power output of the heat
engine are derived analytically. The performance characteristic curves of the power output versus the
efficiency are plotted. Then, the influence of the height of barrier and the temperature ratio on the
optimal performance parameters is analyzed.

Model and Theory

Consider a particle that jumps between neighboring sites along a one-dimensional regular lattice, where
d is the lattice spacing. We assume that the potential energy function U™ has two possible modes,
m =1,2, and that it changes stochastically between these two. The expression of the potential energy
function is given by
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where E is a positive constant with units of energy. When an external load is added to the particle, the
potential energy function U™ is givenby U™ — U™ +ifd where f is areal constant. The second

mode is a discrete version of an asymmetric sawtooth potential, as shown in Fig. 1. We assume that the

particle is coupled to a hot reservoir at temperature 7, , and that its jumps are thermal in nature. Thus,
the probability of making a jump to site 7 +1, starting from site 7, is related to the rate of the inverse
process by the usual detailed balance relation: exp[—{(U'" —U™)+ fd}/k,T,], where f is the
external load. We assume that the stochastic process governing the changes between modes is also a
thermal process, driven by a cold reservoir at temperature 7, . Thus, the rate of a change to mode 2,

starting from mode 1, is related to the rate of the reverse mode change by the detailed balance factor
exp[~(U” —U")/ k,T.].
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Fig.1 Schematic diagram of the potential energy U™ for both modes m =1,2.

It 1s seen from Fig.1 that the modle has six possible states during a period. The dynamics of the
particle is described by stochastic master equation[12]:
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where u =exp(-E/k,T.), v =exp(-E/k,T,), o =exp(—fd/k,T,), I' is the rate that the particle
attempts a jump per unit time and p, (n =L...,6) is the probability of finding the particle at state /* at
time ¢. R, (n,n" =1,...,6), given by the Metropolis rule, is the transition probability that the particle
jumps from state n' to n. The steady-state probability distribution p, (n =1,...,6) of Eq. 2 can be
obtained by solving dp/dt =0 (i.e., Rp = 0). The explicit expression for the steady-state current is
given by

J= F(p]mﬂ + ]_?49{54 - 1_729{12 - ﬁ5m45) (3)
The drift velocity v is given by v = 3dJ . Whenever the particle jumps from state 4 to 5, from state
4 to 6 and from state 5 to 6, it takes heat from the hot reservoir. When the particle jumps from state 5

to 4, from state 6 to 4 and from state 6 to 5, it gives heat to the hot reservoir. Thus, the heat flow
transferred from the hot reservoir is

0,=ET(pR,, +2p,R, + DRes — PsRys — DRy —2pR,) +3fdlT )
The heat flow released to the cold reservoir is

O, = ET(pRyy + PRy = PRiy — PRe) (5)
In the steady-state there is a equivalent relation

DR, +2D, Ry + DsRs — DsRus — DR — 2D Ry = DN, + DRy — PR, — D3R (6)

The power output and efficiency are

P:Qh_Qc:3deJ (7)
And
n=P - 3ATJ
Qh ar(ﬁtmszt + 2ﬁ4m64 + pSERGS - ﬁsm% - l_%mﬁ - 21_769{46) +3A1J (8)

respectively. After introducing three dimensionless parameters, i.e. the barrier height a = E/ kT, the
temperature ratio T =7, /T, and the external load A = fd/k,T, , Eq. 4,5 and 7 may be rewritten as

0, = % = al (P, Ry, + 2D, Ry + PsRes — PsRus — PsRss — 2D Rug) +3ALT

c

| 9)
Qc* = %v =al'(p Ry + PR3 — PRy — DR)
c (10)
P =P/k,T. =3ATJ
(11)
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For the convenience of calculation, we make I'=1, k; =1 and d =1.

General Performance Characteristics

The curves of heat flow Qh* and the drift velocity v versus the external load A for given a and 7

are plotted, as shown in Fig. 2. It is seen that the heat flow and drift velocity both decrease
monotonically as 4 increases. When 0 <A < 4, the drift velocity is positive and the particle drifts

rightward. Thus, the model can work as a heat engine. When A > A, the particle drifts leftward and
the heat engine loses its role. When A = A, the drift velocity is zero, but the heat flow has a positive

value O, and Q," = Q.". This means that it exists a nonzero heat flow O, , which is similar to the
heat leak transferred from hot reservoir to cold reservoir in the heat engine. [13-14].
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Fig.2 the heat flow Qh* and drift velocity v versus the external load A at given ¢ =10 and 7 =2.

Using Eq. 8 and 11, one can generate the curves of the power output and the efficiency versus the
external load A at different a for givent =2, as shown in Fig. 3 and 4. It can be seen that the power
output and the efficiency both first increase and then decrease as the external load A increases. There

exist both a maximum power output P’ at the special value A ,~ and a maximum efficiency 7, at

the special value A, . Both maximum power output P m and maximum efficiency 1 decrease as

the barrier height a increases. The curves of the power output versus the efficiency are plotted at
different a , as shown in Fig. 5. The performance characteristic curve is a loop-shaped one. The optimal
operating regions of the heat engine should be located in those of the P ~n curve with a negative
slope. It is clearly shown that when the power is in this region, there are two different efficiencies for a
given power output, where one is smaller than 1, and the other is larger thann,. Obviously, one

always wants to obtain the efficiency as large as possible for a given power. Thus, the optimal
efficiency should be

Np <N <N (1
2)
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n, and i, are two important performance parameters which determine the lower and upper bounds
of the optimal efficiency. The optimal power output should be

Py <P <P (13)

P*, and P . are two important performance parameters which determine the lower and upper
bounds of the optimal efficiency.
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Fig.3 The dimensionless power output P~ versus the external load A for given 7 = 2.
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Fig.5 The dimensionless power output P~ versus efficiency n for given 7 = 2.
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Influence of the Barrier Height and the Temperature Ratio of Optimal Performance Parameters

Using Eq. 8 and 11 as well as the extremal conditions &P" /0A =0 and 0n/0A = 0, one can generate
the curves of the maximum power output P’mx and the maximum efficiency 1 versus the

parameter t at different a, as shown in Fig. 6. It can be seen that both the maximum power output
and the maximum efficiency first increase and then decrease as 7 increases. There exist an optimized

value P’ of maximum power output at T =T o and an optimized value 71, of maximum
efficiencyat 7 = T o respectively. When 7 =1, the engine won’t work, P ma and 7, approach to

zero. Through the choice of the parameters a and 7, we can make our heat engine work in the
optimal performance regimes. Similarly, one can generate the curves of the power output P, at
maximim efficiency and the efficiency 1, at maximum power output versus the parameter v at
different a, as shown in Fig. 7.
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Fig.6 The maximum power output P mx and the maximum efficiency 1 versus the temperature

ratio 7 .
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Fig.7 The power output P’ at the maximum efficiency and the efficiency 7, at the maximum power
output versus the temperature ratio 7 .
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Conclusions

A simple and discrete model of Feynman’s microscope heat engine in one-dimensional lattice has been
established. The influence of some external parameters such as barrier height and temperature ratio on
the optimal performance of the heat engine has been analyzed. The major results we have obtained: (1)
there is an irreversible heat leak between two reservoirs, which is a monotonically increasing function
of temperature ratio; (ii) The efficiency is far lower than the Carnot efficiency, and the power-efficiency
curve is a loop shape, similar to that in real heat engine; (iii) Feynman’s heat engine can work at the
optimal operation regime by reasonably choosing the external parameters.
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