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Abstract. Material science is an interdisciplinary field applying the properties of matter to various
areas of science and engineering. Frames have become the focus of active research field, both in the
-ory and in applications. In the article, the binary minimum-energy wavelet frames and frame multi
-resolution resolution are introduced. A precise existence criterion for minimum-energy frames in
terms of an ineqity condition on the Laurent poly-nomial symbols of the filter functions is provided.
An explicit formula for designing minimum-energy frames is also established. The sufficient condi
tion for the existence of tight wavelet frames is obtained by virtue of a generalized multiresolution
analysis.

Introduction

Management Science is a scholarly journal that publishes scientific research into the practice of
management. Our scope includes articles that address management issues with tools from foundati
-onal fields such as computer science, economics, mathematics, operations research, political scien
-ce, psychology, sociology, and statistics, as well as cross-functional, multidisciplinary research that
reflects the diversity of the management science professions. Since the late 20th century,
multiwavelet theory have become the focus in the wavelet analysis. Multiwavelets, which can offer
properties like symmetry, orthogonality, short support at the same time, have been widely used in
signal procssing, image processing and so on. The notion of vector-valued wavelets is introduced,
the existence and the method for construction of the orthogonal vector-valued wavelets are studied
in [1] by Xia and Suter. As reported by Xia, multivelets can be generated from the component func
-tions in vector-valued wavelets. Fowler and Li using discrete biorthogonal vector-valued wavelet tr
-ansform to study Marine eddy current pheno- menon. To obtain some beautiful features, S.Yang [2]
introduce the concepts of two-direction scaling function and two-direction wavelets and give the
definition of orthogonal two-direction scaling function and construct the orthogonal two-direction
wavelets. Through the rational scrambling on the carrier image and implementing M-band wavelet
transform, the carrier image is decomposed into according the low frequency subband images.
Secondly, the wavelet subbands are separated into blocks and the singular value decomposition is
implemented with each of the blocks to produce sub-blocks. Comparing characteristic value of each
sub-blocks and the mean value of each sub-blocks, we can obtain the transition matrix. Then, the
matrix is co -mbined with a  visual secret sharing algorithm to create the main sharing. Finally, the
main sharing is combined with the secret watermarking information to generate the zero-watermark.
Experimental results show that the combination of the algorithm with M-band wavelet algorithm
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not only has higher security and robustness, but also better than the results obtained by the dyadic
wavelets. In medical imaging, we can get ecg compression algorithm by using two-direction
wavelets transform in [3]. The rise of frame theory in applied mathematics is due to the flexibility
and redundancy of frames, where robustness, error tolerance and noise suppression play a vital role
[4, 5]. The concept of frame multiresolution anaysis (FMRA) is described in [6] generalizes the
notion of MRA by allowing non-exact affine frames.

Binary frame multiresolution analysis

In this paper,we use the following notations. Let Z be the set of integers and R be the aggregate
of real numbers. C stands for a set of complex numbers. We consider any functionsy (x), Z(x) of two
variables in the space L' (R*) with the inner product:

(Ly)=[ A v@dr. y©)=].ve dr.

As usual, 7A'z(a)) denotes the Fourier transform of any function#(x) € L'(R*). Let Q be a separable
Hilbert space and A be an index set. We recall that a sequence{I’,:1e A} cQ is a frame for Q if
there exist two positive constants A4,, A4, such that

veien  Alef <X [er) <4l
where || & ||2 = <§,§> ,and 4,, 4, are called frame bounds.

2
>

(1)

For any f(t) € I’(R), the novel fractional Fourier transformis defined as

F, )= F UL O ) = [, fOK, (u,t)dt

A sequence {7, :1e A} cQ is a tight one if we can choose A4 =4,. A frame {7, :1eA}is an

exact frame if it ceases to be a frame when any one of its elements is removed. If 4 = 4, =1, then it
follows from (1) that V&eQ, &= zleA<§,Fl>F

da
fo)= ﬁ oL Wi @b ow, .0 %5
Asequence {I' :1e A} Q) is a Bessel sequence if (only) the upper inequality of (1) follows. If
only for all #eU < Q, the upper inequality of (1) holds, the sequence {I',:1e A} Q) isaBe-
ssel sequence with respect to (w.r.t.) U. Moreover, we assume that U < QQ 1is a closed subspace,
if forall % e U, there exist two real numbers 4,, 4, > Osuch that 4 || |* <> [(A,T ) <4, | 1],

the sequence {I',:1e€ A} cQ iscalledan U - subspace frame.

L

e

Theorem1™. Let {f, }._, be a frame for a Hilbert space Q with frame operators S .Then
(1) Sisinvertible and self-adjoint. (2) Every f € can be represented as

B XV RATE N VA

=1

(2) Every f € Q has the representation f = 2:—1 ¢, f, for some scalar coefficients {C 8 }j , then
= =1

0 P o —1 2 @ -1 2

If {T :1eA}cQ isaframe for Q, then there exist a dual frame {I" :1e A} < Q such that

VEeQ, =Y (ET)T=Y (&I, @)
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For c={c(v)} € 1*(Z?), its discrete-time Fourier transform is as the function in L*(0,1)* by
Fe(w)=C(w)=), .c(v)e™dx, (3)

Note that the discrete-time Fourier transform is 1-periodic. Let T h( )denote integer translates of a
functioni(x) € L’ (R*), i.e., (T.h)(x)=h(x—v),and let V, —span{Th veZ? h(x)eL (R*)} beacl

-osed subspace of space L’ (R*). Assume that H(w):= Z | h a)+v)| el” [0 1] In[5], the sequen

-ce {T h(x)}, isaframe for V, if and only if there exist positive constants 4 and A, such that

A4 <H(0)<4,, ae,0e[0,1]] \N={0e[0,1] : H(w)=0}. (&)

Let{T h(x)} and {7 h(x)} (ve Z®) be two sequences in /(R*)and U be a closed subspace of I* (R*) .
We say that {7 7i(x)} forms a pseudoframe for the subspace U with respect to (w.r.t.){T A(x)} if

Vi®eU, fx)=Y (f.Th)Th(x). (%)

Definition 1. ({V,},_,,9) is said to be a frame multiresolution analysis of space Z(R*) if each V,
Is a closed subspace of £'(R’) and a binary function¢) €V, suchthat @ ---cV, cV,cV,c--
@M,V ={0}; U 7 isdensein I*(R); ®h(x)eV, ifand only if y(ax)eV,, VneZ; @

n n+l
v(x)eV, mmpliesT h(x)eV,, for ue Z; (v) the family {7 ¢(x):u Z*}is a frame for V.
Definition 2. If the condition (v) in the above Definition 1 can be substituted for the condition that

{]L(ﬁ(x) . u e Z"}constitutes a pseudoframe for ¥, with respect to {]LqAS(x) c ueZ’}, We say that

n

{V,} _, is abivariate generalized multiresolution structure (BGMS)

Definition 3. Let ¢(x) e L*(R?), with (iﬁ(a)) e L”(R?), continuous at 0, and (?5(0) =1, be a refinable
function, which generates the nested subspaces {V,} in the sense of (i). Then a family of finite fu-

-nctions W = {y'(x),y*(x), -,y (x)} is called a binary minimum-energy (wavelet) frame associ-
-ated with ¢(x), if for arbitrary binary function A(x) e L*(R?), it follows that

Z < R, ¢1,v > |2: Z I< 7L’qﬁo,v > |2 +Z Z I< 7("l//(L),v >|2 > (6)

veZ? vez? =1 vez?
Where 7 e N is a constant integer and ¢, (x)=2"¢(2"x-v), and v, (x)=2"y'(2"x—-v),ve VAR
Definition 4. Let a >1,b > 0be two constants and y € L*(R*). A frame for the space L*(R*) of
the form {a’”y (a’x—kb)} ., is called a wavelet frame.
Theorem 2! Let a>1,b>0 and y e I*(R*) be given. If {a’*w(a’x—kb), ke Z%,., is a
frame with frame bounds A,B, then

Y ESY

jkeZ?
Theorem 3. Let a>1,b>0 betwo constants and y € I*(R*) be given. Suppose that
B:=(1/b) sup > 3" |yi(a'yWi(a'y +k/b)| < +e0

lyle[La] jeZ kez?

l/?(aj)/)‘z <bB, a.e.

Then the family {a’"y (a’x—kb)} jkez 18 a Bessel sequence with bound B, and for all functions in
[(R*) for which f € C.(R),

> |(r.0,1w) == j 70| Z\w(a | dy +- ZZ [}V 7=k T bwita pwita'y —k by

J.keZ A#O J€Z _
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If furthermore
A=(1/b) inf ](Z
jez

‘y‘e[l,a

V(@ =X S @iy +k/b)>o,

k#0 jeZ

then {a’’y(a’x—kb)}, ., isaframe for L’(R) with bounds A,B.
Theorem 4. Let w € I*(R) and assume that there exists a constant C >0 such that

W <Cly|-A+[[)*? ae
Then, forall a >1and b > 0, it follows that
> i@y wi(a'y +k/b)|<16C°b" (@ | (a=1)+al (@ ~1))

k#0 jeZ

Construction of tight frames for ’(R’) and pyramid decomposition scheme

In order to split a function @®(x) of V| into two functions (mostly) in ¥V, andW,, respect-
ively, we will construct an affine pseudoframe for /;, making use of the existing affine pseudoframe
structure for ¥, . Conven-tional symbols,y (x) and 1/7 ,(x), will be used as generating functions for
thesubspce W, =V, —V,. But they need not be contained in W,

Definition 5. Let {V ,¢(x), (?)(x)} be a given BGMS, and let v (x) and vjl(x) (t=1,2,---r) be
2r band-pass functions in L*(R*). We say {T.¢(x), Ty, (x)}, 1e={1,2,---r} forms an affine ps
-eudoframe for ¥, with respect to {Tvé(x), Tvt;l (x),tel},if

voel, ©=Y (014)T9+Y, Y . (0.Tv )Ty, ™)

Accordingly, {7, (7), T I/NI ,+1s called a dual affine pseudoframe to {79,y },1 €/ in the sense of (7).
Theorem 5'°., Let Y be the bandwidth of the subspace ¥, defined in Proposition 1. {T.¢,Ty,, ve Z,
[el} forms an affine pseudoframe for ¥, with respect to {7, ¢~), T 1; »/ €1} if and only if there
exist filter functions G,andG,,(/ €l) in L*([0,1]*)) such that

Gy(@)Bo(@)T () + Y. G (@)Di(@)T ) (@) =(r+ DT, (), (8)

{G,(0+0/4)By(w+0/4)+Y." G/ (0+0/4)Di/(w+0/4)}x, (0)=0, 0 =1,2,,r. (9)

Summary

The binary minimum-energy wavelet frames and frame multiresolution resolution are introduce-
-d. The sufficient condition for the existence of a class of affine pseudoframes with filter banks is
obtained by virtue of a generalized multiresolution analysis.

References

[1] D. Gabor, Theory of communication: J. Inst. Elec. Engrg., Vol. 93, pp. 429-457. (1946).

[2] R.J. Duffin, A. C. Schaeffer: A class of nonharmonic Fourier series , Trans. Amer. Math.
Soc., Vol. 72, pp. 341-366 (1952).

[3] I Daubechies, A. Grossmann, A. Meyer: Painless nonorthogonal expansions. J. Math. Phys.
Vol 27, pp1271-1283. ( 1986).

[4] A.Ron, Z. Shen: Affine systems in L*2(R”d). (II) Dual systems. J. Fourier Anal. Appl. Vol 4,
pp617-637 ( 1997).

[5] Q.Chen, X. Qu. Characteristics of a class of vector-valued nonseparable higher-dimensional

1364



wavelet packet bases. Chaos, Solitons & Fractals. 41 (4): 1676—-1683 (2009).
[6] Q.Chen, S. Zhi, H. Cao. The characterization of a class of subspace pseudoframes with
arbitrary real number translations. Chaos, Solitons & Fractals. Vol.42,pp2696-2706 ( 2009).

1365





