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Abstract. In this paper, we introduce a class of vector-valued four-dimensional wavelet packets 
according to a dilation matrix, which are generalizations of univariate wavelet packets. The defini 
-tion of biorthogonal vector four-dimensional wavelet packets is provided and their biorthogonality 
quality is researched by means of time-frequency analysis method, vector subdivision scheme and 
functional analysis method. Three biorthogonality formulas regarding the wavelet packets are es 
-tablished. Finally, it is shown how to draw new Riesz bases of space 2 4( )nL R from these wavelet 
packets. The sufficient condition for the existence of four-dimensional wavelet packets is estab 
-lished based on the multiresolution analysis method. 

Introduction 

Mechanical engineering is a discipline of engineering that applies the principles of physics and 
materials science for analysis, design, manufacturing, and maintenance of mechanical systems. It is 
the branch of engineering that involves the production and usage of heat and mechanical power for 
the design, production, and operation of machines and tools. It is one of the oldest and broadest engi 
-neering disciplines. Chen [1] introduced the notion of orthogonal vector-valued wavelets [2], Every 
frame(or Bessel sequence) determi-nes an analysis operator, the range of which is important for a 
lumber of applications.prefiltering is usually required for discrete multiwavelet transforms [3] but 
not necessary for discrete vector-valued transforms. Wavelet packets, owing to their nice character- 
ristics, have been widely applied to signal processing [4], code theory[5], image compression[6], 
solving integral equation and so on. Coifman and Meyer firstly introduced the notion of univariate 
orthogonal wavelet packets. Yang [7] constructed a-scale orthogonal multiwavelet packets which 
were more flexible in applications. It is known that the majority of information is multi-dimensional 
information. Shen [8] introduced multivariate orthogonal wavelets which may be used in a wider 
field. Thus, it is necessary to generalize the concept of multivariate wavelet packets to the case of 
multivariate vector-valued wavelets.  

Notations and preliminaries on vector-valued function space  

We start from some notations. Set {0} ,Z N+ = ∪ ,s ,n v N∈ and 4, , 2,s n v Z≥ = 1 2 3 4{( , , , ) :z z z z  
, 1,2,3,4},rz Z r∈ = 4

1 2 3 4{{( , , , ) :Z z z z z+ = , 1,2,3,4}.rz z r+∈ = Assume that S  is an 4 4× matrix whose 
all entries are integers and all eigenvalues is large than one in modulus. The absolute value of the 
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determinant of matrix S is denoted by, i.e., det( )S a= . Order TS stands for the transpose of matrix, 
and TS − is the inverse of the transpose of matrix S . For 4

1 2, ,V V V R⊂ , denoting by { : }SV Sx x V= ∈  

1 2 1{V V x+ = 2 :x+ 1 1 2 2, },x V x V∈ ∈ 1 2 1{V V x− = 1 2{ :x x= − 1 1,x V∈ 2 2}x V∈ . There are a  elements 0 1, ,µ µ  

1, aµ −L in 4Z+  by the finite group theory such that 
0

4( );sZ SZµ µ∈Γ= +∪ 4 4
1 2( ) ( )SZ SZµ µ+ + =∩ Ø , 

where 0 0{ ,µΓ =  1,µ ,L 1}aµ − denotes the set of all different representative elements in the quotient 
group 4 4/( )Z SZ and 1 2,µ µ  denote two arbitrary distinct elements in 0.Γ  Set 0 0µ = , where 0  is 
the null of 4Z+ . Let 0 {0}Γ = Γ −  and 0,Γ Γ be two index sets. By 2 4( )nL R , we denote the set of all 
vector functions ( ),xΦ  i.e., 2 4 2 4

1 2 1 2( ) : { ( ) ( ( ), ( ), ( )) : ( ), ( ), ( ) ( )}n T
n nL R x x x x x x x L Rλ λ λ λ λ λ= = ∈D L L , 

where T  means the transpose of a vector. Video images and digital films are examples of vector 
functions where ( )l xλ  in the above ( )xD  denotes the pixel on the l th column at the point x . For 

2 4( ) ( ) ,nx L R∈D  
2

D  denotes the norm of vector function ( )xD , i.e., 
4

2 1/ 2
2 1

: ( | ( ) | )v

ll R
x dxλ

=
= ∑ ∫D  

In the below * means the transpose and the complex conjugate, and its integration is defined to be  

4 4 4 41 2( ) ( ( ) , ( ) , , ( ) ) .T
vR R R R

x dx x dx x dx x dxλ λ λ=∫ ∫ ∫ ∫D LL   

The Fourier transform of ( )xD  is defined as $( ) :γ =D  
4

( ) ,ix

R
x e dxγ− ⋅⋅∫ D where x γ⋅ denotes the inner  

product of real vectors x  and γ . For 2 4, ( )nL R∈D h , their symbol in ner product is defined by 

4

*[ ( ), ( )] : ( ) ( ) ,
R

x x dx⋅ ⋅ = ∫D h D h                                       (1) 

Definition 1. We say that two vector functions 2 4( ), ( ) ( )nx x L R∈D h  are biorthogonal ones, if  
4

0,[ ( ), ( )] , ,k nk I k Zδ⋅ ⋅ − = ∈D h                                  (2) 
where nI  denotes the n n×  indentity matrix and 0,nδ  is the Kronecker symbol. 

A sequence { : }Zιη ι ∈ ⊆ Ω is a frame for H if there exist positive real numbers A , B such that 

,∀ ∈ΩD       22 2,A Bι
ι

η≤ ≤∑D D D                                 (3) 

A sequence { }ιη ⊆ Ω  is a Bessel sequence if (only) the upper inequality of ( )1 holds. If only for 
all X U∈ ⊂D , the upper inequality of ( )1  holds, the sequence { }ιη ⊆ Ω  is a Bessel sequence 
with respect to (w.r.t.) Ω . If { }ιη  is a frame, there exist a dual frame { }*

ιη  such that 

g∀ ∈Ω ， , ,g g gι ι ι ι
ι ι

η η η η∗ ∗= =∑ ∑ .                             (4) 

  In what follows, we introduce the notion of vector- valued multiresolution analysis and give the 
definition of biorthogonal vector-valued wavelets of space 2 4( )nL R . 
Definition 3. A vector-valued multiresolution analysis of the space 2 4( )nL R  is a nested sequence of 
closed subspaces{ } ZU ∈v v  such that (i) 1, ;v vU U v Z+⊂ ∀ ∈  (ii) {0}v Z vU∈ =∩  and v Z vU∈∪  is dense in 

2 4( )nL R , where 0 denotes an zero vector of space ;vR (iii) 1( ) ( ) ,v vx U S x U Z+∈ ⇔ ∈ ∀ ∈h h v ; (iv) 
there exists 0( )F x U∈ , called a vector-valued scaling function, such that its translates ( ) :nF x  

( ),F x n= − 4n Z∈ forms a Riesz basis of subspace 0 .U  
   Since 0 1( )F x Y Y∈ ⊂ , by Definition 3 and (4) there exists a finitely supported sequence of 
constant v v×  matrice 4

2 4{ } ( )v v
v v Z

P Z ×
∈

∈ ℓ such that 

                    
4

( ) ( ).v
v Z

F x P F Sx v
∈

= −∑                                        (5) 

Equation (6) is called a refinement equation. Define  
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4

41( ) exp{ }, .v
v Z

P iv R
a

γ γ γ
∈

= ⋅ − ⋅ ∈∑P                                (6) 

where ( )γP , which is a 42 Zπ  periodic function, is called a symbol of ( )F x . Thus, (6) becomes  

              4ˆ ˆ( ) ( ) ( ),F S F Rγ γ γ γ= ∈P .                                    (7) 

Let ,jX j Z∈  be the direct complementary subspace of jU  in 1.jU +  Assume that there exist 1a −  
vector-valued functions 2 4( ) ( ) ,nx L Rµ µΨ ∈ ∈Γ  such that their tran- slations and dilations form a 
Riesz basis of ,jX i.e., 

4( { ( ) : , }),j
jX span S k k Zµ µ= Ψ ⋅ − ∈ ∈Γ     .j Z∈                        (8) 

Since 0 1( ) ,x X Uµ µΨ ∈ ⊂ ∈Γ ,there exist 1a −  sequences of constant v v×  matrice 4
( ){ }n n Z

B µ
∈

s.t. 

4

( )( ) ( ), .v
v Z

x B F Sx vµ
µ µ

∈

Ψ = − ∈Γ∑                                     (9) 

By implementing the Fourier transform for the both sides of (9) , we have 
( ) 4ˆ ˆ(4 ) ( ) ( ), , .Rµ

µ γ γ γ γ µΨ = Φ ∈ ∈ΓB  
4

( ) ( )1( ) exp{ }, .v
v Z

B iv
a

µ µγ γ µ
∈

= ⋅ − ⋅ ∈Γ∑B   

   If 2 4( ), ( ) ( )nF x F x L R∈%  are a pair of biorthogonal vector-valued scaling functions, then 

4
0,[ ( ), ( )] , .k nF F k I k Zδ⋅ ⋅ − = ∈%                                     (10) 

   We say that 2 4( ), ( ) ( ) ,nx x L Rµ µ µΨ Ψ ∈ ∈Γ%  are pairs of biorthogonal vector-valued wavelets 
associated with a pairof biorthogonal vector-valued scaling functions ( )F x  and ( )F x% , if the family 

4{ ( ), , }x n n Zµ µΨ − ∈ ∈Γ Is a Riesz basis of subspace 0X , and 
4[ ( ), ( )] 0, , .F k k Zµ µ⋅ Ψ ⋅ − = ∈Γ ∈%   4[ ( ), ( )] 0, , .F k k Zµ µ⋅ Ψ ⋅ − = ∈Γ ∈%            

( ) 4{ ( ) : }, , .j
jX Span S k k Z j Zµ

µ µ= Ψ ⋅ − ∈ ∈Γ ∈                             (11) 

   Similar to (5) and (9), there exist 1a −  finite supported sequences of v v×  constant matrice 

4{ }k k Z
A

∈
%  and 4

( ){ } ,k k Z
B µ

∈
% µ ∈Γ such that ( )F x%  and ( )xµΨ%  satisfy the refinement equations: 

                °
4

( ) ( ),k
k Z

F x P F Sx k
∈

= −∑% %  
4

( )( ) ( ), .k
k Z

x B F Sx kµ
µ µ

∈

Ψ = − ∈Γ∑% % %                     

The biorthogonality propertiy of vector-valued wavelet packets 

Denoting by ° °00 ( ) ( ), ( ) ( ), ( ) ( ),H x F x H x x H x F xµ µ= = Ψ =  ° (0) ( ) ( )( ) ( ), , ,k k k kH x x Q P Q Bµ µ
µ µ= Ψ = =%   

°(0)
kkQ P=% ( ) ( ) 4, ,k kQ B k Zµ µ µ= ∈Γ ∈% % . Let us order 4 nS I= . For any 4Zα +∈  and the given vector-valued 

biorthogonal scaling functions 0 ( )G x  and 0 ( )G x% , iteratively define, respectively, 

4

( )
4( ) ( ) (4 ),k

k Z

H x H x Q H x kµ
α σ µ σ+

∈

= = −∑     ° ° °
4

( )
4( ) ( ) (4 ).k

k Z

H x H x Q H x kµ
α σ µ σ+

∈

= = −∑ %  

where 4
0 , Zµ σ +∈Γ ∈  is the unique element such that 04 ,α σ µ µ= + ∈Γ  follows. 

Lemma 1[4]. Let 2 4( ), ( ) ( , ).vF x F x L R C∈%  Then they are biorthogonal ones if and only if  

4

*ˆˆ ( 2 ) ( 2 ) .v
k Z

F k F k Iγ π γ π
∈

+ + =∑ %                                       (12) 
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Definition 4. We say that two families of vector functions 4
4 0{ ( ), , }H x Zσ µ σ µ+ +∈ ∈Γ and ° 4{ ( ),H xσ µ+  

4 ,Zσ +∈ 0}µ ∈Γ  are vector wavelet packets with respect to a pair of biorthogonal vector scaling 
functions 0 ( )H x  and ° 0 ( )H x , respectively, where 4 ( )H xσ µ+  and ° 4 ( )   H xσ µ+ are given above. 

     Applying the Fourier transform for the both sides of (18) and (19) yields, respectively, 
µ µ( )

4 0( ) ( / 4) ( / 4), ,H Q Hµ
σ µ σγ γ γ µ+ = ∈Γ      °µ °µ( )

4 0(4 ) ( ) ( ), ,H Q Hµ
σ µ σγ γ γ µ+ = ∈Γ              

Lemma 2[7]. Assume that ° 2 4( ), ( ) ( ) ,nH x H x L Rµµ ∈ µ ∈ Γ  are pairs of biorthogonal vector-valued 
wavelets associated with a pair of biorthogonal scaling functions 0 ( )H x  and ° 0 ( )H x . Then, for 

0,µ λ ∈Γ , we have 
0

( ) ( ) *
,(( 2 ) / 4) (( 2 ) / 4) .nIµ λ

µ λ
ρ

γ ρπ γ ρπ δ
∈Γ

+ + =∑ %Q Q                      
Lemma 3[7]. Suppose 4{ ( ), }H x Zα α +∈  and °{ ( ),H xα α ∈ 4}Z+  are wavelet packets with respect to a 
pair of biorthogonal vector-valued functions 0 ( )H x  and ° 0 ( )H x . Then, for 4Zα +∈ , we have 

   ° 4
0,[ ( ), ( )] , .k vH H k I k Zαα δ⋅ ⋅ − = ∈                                            (13) 

Theorem 1[7].Assume that 4{ ( ), }H x Zβ β +∈ and °{ ( ),H xβ β ∈  4}Z+  are vector-valued wavelet 
packets with respect to a pair ofbiorthogonal vector-valued functions 0 ( )H x  and ° 0 ( )H x , 
respectively. Then, for 4

0, ,Z vβ µ+∈ ∈Γ , we have 

° 4
44 0, ,[ ( ), ( )] , .v k vH H k I k Zββ µ µ νδ δ++ ⋅ ⋅ − = ∈                                      (14) 

Theorem 2[7]. If 4{ ( ), }H x Zβ β +∈ and °{ ( ),H xβ β ∈ 4}Z+  are vector wavelet packets with respect to 
a pair of biorthogonal vector-valued scaling functions 0 ( )H x  and ° 0 ( )H x , then for any 4, Zα σ +∈ , 
we have 

° 4
, 0,[ ( ), ( )] , .   k vH H k I k Zσα α σδ δ⋅ ⋅ − = ∈                                   (15) 
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