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Abstract. The paper give a method according to the formation mechanism of the crankshaft’s oil 
film lubrication, positioning Newtonian fluid lubrication, determine the boundary conditions of the 
Reynolds equation. Then calculate the oil film thickness equations according to its mechanical 
principle, simplify out the Reynolds equation and the dimensionless simplified under the condition. 
Using successive over relaxation (SOR) method in MATLAB programming obtain the oil film 
stiffness of the Hydraulic Confined Piston Engine’s (HCPE) crankshaft. 

Introduction 

In the optimization analysis of the crankshaft，we usually have to consider the influence of oil 
film. In the study of the oil film stiffness, it can be based on the dynamic journal bearing. The  
traditional methods to solve the oil film stiffness of the crankshaft are simplified the Reynolds 
equation into one dimensional of bearing that infinite wide or narrow, they just reflect the oil film 
pressure distribution in the circumferential or in the radial direction, the calculated parameters do 
not conform to the actual situation. In recent years, along with the improvement of calculation 
method and the development of computer software and hardware technology, it is possible to 
calculate the related parameters of finite length bearing. This paper based on Reynolds equation and 
finite difference method, with the aid of MATLAB software to solve the oil film stiffness of the 
Hydraulic Confined Piston Engine’s crankshaft.  

Reynolds equation derivation and its dimensionless simplified  
Reynolds equation derivation and its physical interpretation. The main steps of Reynolds 
equation derivation: obtain the fluid’s velocity distribution along the direction of oil film thickness 
according to the condition of the micro-unit force balance. Integrate velocity along the direction of 
oil film thickness to get the flow, with flow continuity conditions, the final common forms of 
Reynolds equation is deduced. 
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In the coordinate axes, x is the tangential direction, y is the radial direction, V is the axial 
velocity, U is the tangential velocity，p is the pressure, t is the time, ρ is the density of the oil, h is 
the oil film’s thickness. The left of Reynolds equation means lubrication oil film pressure change at 
the lubrication surface along the x, y position. 

Hydrodynamic effect and squeeze effect are the main factors to cause the lubrication oil film 
pressure. 

Oil film thickness equations. This is the figure to solve the oil film thickness: 
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Fig. 1 The geometric parameters and oil pressure distribution of the crankshaft 

In the Fig.1, h is the oil film’s thickness, R is radius of bearing, r is radius of main journal, F is 

the external load, aϕ  is the angle of displacement, e is the eccentric distance. 

Diametric clearance of plain journal bearing ∆ = −D d , radial clearance of plain journal 
bearing / 2δ = − = ∆R r , eccentricity /χ δ= e . In the ∆O1O2P , with the cosine theorem 

2 2 2( ) 2 ( )cosϕ= + + − +R e r h e r h                      (2) 

        (1 cos )δ χ ϕ= +h                             (3) 

Reynolds equation dimensionless simplified. Considering the needs of the stiffness and 
calculation scale, the paper calculate stiffness with the oil film pressure distribution and oil film 
thickness by a moment, the Reynolds equation changes to this 
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In the coordinate axes, X is the tangential direction, Y is the radial direction. Tangential 
direction’s dimensionless form: ϕ=x R  ， 0≤φ≤2π; Radial direction’s dimensionless form: 

2 /λ = y L ,L is the length of the main journal，-1 ≤ λ ≤ 1; dimensionless oil film stiffness: 
/ 1 cosH h δ χ ϕ= = + ;the press’s dimensionless form: 2 / 2P p URδ η= . 

Take the above equations into Eq. 4, obtain dimensionless Reynolds equation: 
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In the Eq.5,D is the diameter of the crankshaft main journal .Then define 
3

iA H= , ( )2 3/iB D L H= , 23 siniC H χ ϕ= − , 3 siniK χ ϕ= − .Take them to the Eq.5 obtain 
the derivative of Eq. 5 
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Simplify Eq. 6, with the finite difference method: 
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We can get the final equation ( a ϕ= ∆ , b λ= ∆ ): 
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Take Eq. 7 into a simplified form  

1 1j j j jEP FP EP K− ++ + =                           (8) 

Solve the oil film stiffness of the HCPE crankshaft 
This part based on the HCPE crankshaft, give a MATLAB programming which apply 

successive over relaxation to get the oil film pressure load, then calculate the stiffness. 
MATLAB program. The subroutine uses successive over relaxation that is an extension of 
Gauss-Seidel, a method to solve linear equation to realize the iteration. It is simple in form, easy to 
design. 

Main parameters of the HCPE crankshaft: bearing radius: R=30 mm, crankshaft length: 
L=30mm, contact angle: 120φ = o , crankshaft rotational speed: n=1000 r/min, lubricate oil dynamic 
viscosity: 0.0215η = Pa ⋅ s, radial clearance of plain journal bearing: δ=0.015 mm, initial oil 
pressure: 0 30P = KPa.  

Obtain the dimensionless oil film pressure P is 0.819 form the consequence of MATLAB 
program, take it into 22 /p URPη δ=  get the oil film pressure p=33.9 MPa.  

In the MATLAB computation results, get the maximum oil film thickness when the angle 
150ϕ = o  , 6

max (1 cos150 ) 7.2 10h δ χ −= + = ×o m; obtain the minimum oil film thickness when the 
angle 180ϕ = o , 6

min (1 cos180 ) 6 10h δ χ −= + = ×o m.  
The calculation of oil film stiffness. Oil film stiffness is the derivative of oil film bearing 

capacity increment and film thickness increment  
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The increment of oil film bearing capacity  
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In the Eq.10, Aϕ  is the angle between Bearing arc starting point and the center of connecting 
and crankshaft, Bϕ  is the angle between Bearing arc ending point and the center of connecting and 
crankshaft. The increment of film thickness 6

max min 1.2 10h h h −∆ = − = ×  m. 
3
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Conclusion 
The paper bases on the dimensionless Reynolds equation, refers to the Hydraulic Confined 

Piston Engine’s (HCPE) crankshaft, writes the MATLAB programming, then calculate the oil film 
stiffness is 4.04×109 N/m. 
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