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Abstract

Empirical studies show that individual investors do
not always behave rationally and do not use stan-
dard investment portfolio selection tasks. In this
paper we focus on investor choices and the basic
elements affecting them. The paper presents opti-
mization model based on a measure of investor satis-
faction. The model is created on the basis of surveys
conducted among Polish individual investors. The
fuzzy sets are used to model preference and expec-
tation of investors and the uncertain future return
rate of portfolio are fuzzy variable.
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1. Introduction

The standard theory of individual decision mak-
ing is the expected-utility (EU) theory proposed by
Baniel Benroulli [2]. EU constitutes a key building
block of a vast range of economic theory. However
empirical studies dating from early 1950s have re-
vealed a variety of pattern in choice bahavior that
are inconsisten with EU. Modern portfolio theory,
which was introduced by Harry Markowitz in a 1952
[14], attempts to maximize portfolio expected re-
turn for a given amount of portfolio risk, or equiva-
lently minimize the risk for a given level of expected
return, by carefully choosing the proportions of var-
ious assets. However, since prospect theory [7], it is
well known that that people make decisions based
on the potential value of losses and gains rather than
the expected value and evaluate these values using
certain heuristics. In practice, the economic data
available are not only random, but mainly impre-
cise often expressed in the form of belief, approx-
imate expression and even linguistic. Research on
risks and uncertainties resulted in the development
of different tasks to optimize investment decisions,
from the classic, based on the probability measure,
through those based on rough set theory and since
1990s based on the fuzzy sets theory. Early re-
searchers employed possibility as the basic measure
of the occurrence of a fuzzy event and most of them
devoted themselves to extending Markowitz’s mean-
variance selection idea. However, possibility mea-
sure is not self-dual. Therefore, Huang [12] pro-
posed that we should use the self-dual credibility
as the basic measure of the occurrence of a fuzzy

event and study the fuzzy portfolio selection prob-
lems. The review of portfolio optimization using
credibility theory can be found in [13]. Continuing
the descriptive models’ discussion, based on the re-
sults of the individual investors’ surveys, the author
proposes new portfolio selection model. The model
uses the measure of satisfaction as a goal function.
The paper is organized as follows. First, the
background of project including conducted survey
and satisfaction concepts is presented, then short
preliminaries including fuzzy variable and fuzzy
similarity measure. Next the investor’s satisfac-
tion model is introduced with example. The pre-
sented model combines normative and descriptive
approach, therefore, the next subsection presents
the results of empirical tests of the model. The last
section summaries the paper.

2. Project background

Empirical studies, carried out in the eighties of
the former century, shown the people choices are
strongly influenced on the one hand by loss aver-
sion and on the other hand by regret feeling. The
loss aversion, first demonstrated by Amos Tversky
and Daniel Kahneman [7], refers to people’s ten-
dency to strongly prefer avoiding losses to acquir-
ing gains. While regret, presented by Loomes and
Sudgen [11] and Bell [1], concerns the negative emo-
tion experienced when learning that an alternative
action would have resulted in a more successful out-
come.

Recent surveys of individual investors in the
world show them as a group of goals-oriented peo-
ple. According Global Survey of Individual In-
vestors 2014 1, which were conducted across 14
countries, investors are also starting to look at risk
and performance in more personal ways, which will
help them better understand their goals and overall
tolerance levels. A significant majority (63%), for
example, worries more about the risk of not achiev-
ing their own specific investment goals than not
beating the broad market, two-thirds of investors
(67%) are willing to set a target return independent
of the broad market and three-quarters (76%) say
they would be content to achieve their goals even if

12014 Global Survey of Individual Investors http:
//www.fundresearch.de/sites/default/files/partnercenter/
Natixis/News/2014/NGAM_2014_Individual_Investor_
Survey_Full_Report.pdf
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it meant under-performing the market. A large ma-
jority (73%) are confident their portfolios are based
on personal goals and benchmarks.
In order to supplement the information from this
survey we have prepared a questionnaire about
portfolio choices, focused on the decision criteria
and preferences. The survey was conducted among
Polish individual investors.

2.1. The individual investors survey

The main sources of knowledge about individ-
ual investors in Poland are Warsaw Stock Ex-
change’s (further: WSE) reports (limited mainly
to study participation of different groups of in-
vestors in turnover on the Warsaw Stock Exchange)
and the National Individual Investors’ Survey (fur-
ther: NIIS). The NIIS has been conducted annu-
ally since 2002 by the Polish Association of In-
dividual Investors (furhter: AII). The association
is the largest organization uniting stock investors
in Poland, which has been operating since 1999
and belongs to the World Federation of Investors
(WFIC). Its business activity is focused on educa-
tion, analysis and protection of investor rights. In
2014, the NIIS covered 7023 questionnaires com-
pleted by investors from across Poland (15.6% of the
respondents were members of AII). The results show
a wide investor characteristics of their demograph-
ics, the portfolio information, motivations to invest,
sources of information to opinions about the mar-
ket. In order to supplement the information from
this survey the author has prepared a questionnaire
about the choice of the portfolio - the criteria and
preferences. The survey was also conducted via the
AII during the period from July 2013 to September
of 2013. The survey consists of 14 closed questions.
The questions concerning the investment decision:
the applied analysis, risk assessment methods and
the expected value. Other group questions were
questions assessing the usefulness of various types
of information and levels of satisfaction in compar-
ison to the results of the investment.
According to NIIS: polish statistical investor is a
young man aged approx. 38 years, living in a large
city, having higher education, a good job. He wants
to increase savings on the stock market and the
investment is treated as an additional source rev-
enue. Polish investor invests an average of 7 years,
has up to 7 companies in the portfolio, and the
value of his portfolio is approx. 30 thousand zlo-
tys. More about the NIIS results can be found
http://www.sii.org.pl/.
From the point of view of the described model, the
most important information reaching out from the
survey was that the investment goal is described
by the expected rate of return and its values deter-
mined in a fuzzy way, usually with a range. Over
60% of respondents admitted that their expecta-
tions for returns are variable depend on current con-
ditions and sentiment in the market, nearly 14%

makes them dependent on interest rates for deposits
and other instruments, and less than 9% of acquired
experience. Only 4.5% of people have some constant
expectations, and 9% is not able to assess what in-
fluences their expectations. Only 6% of respondents
say that their expectations are a crisp number, the
half express expectations by infinite range, specify-
ing the minimum acceptable rate of return, and 42%
by finite interval, not including the profits above a
certain improbable level. When assessing the in-
vestment, more than 39% compared result with the
planned profit, over 25% with interest rate of de-
posits /bonds, and one in five person with a score
of selected index. Only 10% of investors compared
achieved return rate with the best results in a given
period, and only 5 people pointed to the one with
be worst result. Over 75% people among those com-
paring the result with a chosen index, conditioned
their expectated rate of return on the conditions
and mood on the market. Analogically, among peo-
ple conditioning the rate of return on experience,
over 65% compared the results with the expected
profit. Over 60% of people conditioning their expec-
tations on the interest rate and other instruments,
compared the results with them. However, among
investors, who comparing results with the planned
profit, more than half (57%) addictive expected rate
of return of moods and conditions on the market.
There were no significant effect of age, experience,
or education on how the respondents assessed the
investment.

2.2. Investor satisfaction

In terms of investment and investor preferences an
utility function is well-known measure. An utility
function shows the relationship between utility and
return (or wealth). The optimal investment prob-
lem consists in finding the portfolio strategy that
maximizes the expected value of the utility func-
tion at some predetermined moment in the future.
There has been an attempt to define a new model
for portfolio optimization based on the conclusions
of the survey results. The model assumes that the
investor evaluates investments based on perceived
satisfaction from it, which is not always equivalent
to an expected return rate or an expected utility. In
the case of good financial market conditions, satis-
faction with low rates of return will be less than with
the same rate of return obtained bear market. In
addition, investing in assets more uncertain, which
probably gives more return, will be more satisfy-
ing for gamblers, who are gains oriented and have
lower risk aversion. The concept of satisfaction is
rarely discussed in terms of investment, what is the
basic concept of management in terms of customer
satisfaction. Kotler [8] defined customer satisfac-
tion as a person’s feelings of pleasure or disappoint-
ment resulting from comparing a product perceived
performance (or outcome) in relation to his or her
expectations. The conducted survey of individual
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investor has shown that when it comes to invest-
ment, the situation is analogous, therefore the in-
vestor satisfaction was defined as a degree of simi-
larity investments result (a priori the credibility of
particular return rates) that its expectations. The
review of approaches to quantifying similarity and
compatibility within the framework of fuzzy set the-
ory can be found in [4].To measure the degree of
similarity Tversky fuzzy index is choosed, whereby
the level of satisfaction may be subject not only ex-
pectations but also from aversion to losses or gains
orientation. The presented measure of satisfaction
can be considered a special type of utility function,
but the main difference is that the measure of sat-
isfaction takes into account the expectations of in-
vestors and is based on the human method of com-
paring two sets.

3. Preliminaries

In this paper fuzzy variables are used to express
uncertainty of future asset returns. This section
brief reviews some basic concepts of fuzzy variable
and similarity measures within the framework of
credibility theory. In order to measure a fuzzy
event, Zadeh proposed the concept of possibility
measure in 1978 [16]. Then Didier Dubois and Henri
Prade further contributed to its development. The
overview of possibility theory, emphasizing its his-
torical roots and its recent developments can be
found in [5]. In order to define a self-dual measure,
Liu and Liu gave the concept of credibility measure
in 2002 [10]. Credibility theory and details of fuzzy
variable can be found in [9].

3.1. Fuzzy variable

Credibility measure was defined by Liu and Liu in
[10] as follows. Let Θ be a nonempty set, and P
the power of set Θ. Each element in P is called an
event and Cr a credibility measure, which indicates
the credibility that an event will occur.
Credibility is an arithmetic average of well-know
possibility and necessity measures and satisfies the
following four axioms:

1. normality: Cr {Θ} = 1,
2. monotonicity: Cr {A} ≤ Cr {B} whenever
A ⊂ B,

3. self-duality: Cr {A} + Cr
{
Ā
}

= 1, for any
event A,

4. maximality: Cr {
⋃

i Ai} = supiCr {Ai} for
any event Ai with supiCr {Ai} < 0.5.

A fuzzy variable ξ is defined in [10] as a function
from a credibility space (Θ, P, Cr) to the set of real
numbers.
Suppose ξ is a fuzzy variable with membership func-
tion µ and x is a real number. For any B ∈ <, the
credibility measure of event {ξ ∈ B} was defined by

Liu and Liu [10] as:

Cr {θ ∈ Θ : ξ(θ) ∈ B} = 1
2 (supx∈Bµ(x)+

1− supx∈Bcµ(x)),∀x ∈ <

Each fuzzy variable has a fuzzy membership func-
tion µ - determines the possibility that the variable
adopt a specific value:

µ (x) = min(2Cr {θ ∈ Θ : ξ(θ) = x} , 1)

Fuzzy variable is called triangular if it has a tri-
angular membership function, defined the following
function and abbreviated written as ξ = (a, b, c):

µ(x) =


x−a
b−a for a ≤ x < b,

1 for x = b,
c−x
c−b for x ≤ c,
0 for others,

3.2. Similarity measure

Assessing the degree to which two objects or two
concepts are similar is a fundamental component
of human reasoning. Similarity assessment process
based on a set of features of two objects was de-
scribed by Tversky in [15]. In his axiomatic the-
ory of similarity, comparison is achieved through a
measure determining the common and the different
features. This paper is based on concepts developed
by Tversky and presented in fuzzy environment by
Bouchon-Meunier et al. in [3].
For any set Ω of elements, let F (Ω) denote the set
of fuzzy subsets of Ω, and µA the membership func-
tion of any description A in F (Ω). Comparison of
the two fuzzy sets A and B defined in the same space
takes into account elements of Ω, which belong to
the sets at least in part and depending on the situ-
ation also the elements which belong to A and not
belonging to the set B and / or to set B and not to
set A. T-norm can be used to make the intersection
of two fuzzy sets. The most common method of cal-
culating membership function of the product of the
collection is the operator MIN, so:

µA∩B(x) = min(µA(x), µB(x)),∀x ∈ Ω.

Via the difference A−B we understand:

A−B = A ∩B, where µB̄ = 1− µB .

In [3] the fuzzy set measure M has following def-
inition. A fuzzy set measure M is a mapping:
F (Ω)→ <+ such that, for every A and B in F (Ω):

1. M(�) = 0,
2. if B ⊆ A, then M(B) ≤M(A).

The fuzzy set measure evaluates the weight of the el-
ements of the universe characterized by a fuzzy set.
The following fuzzy set measure is used in measure
of comparison in infinite case:

M(A) =
∫

Ω
µA(x)dx
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A M-measure of comparison on Ω is a mapping
S : F (Ω)× F (Ω)→ [0, 1] such that

S(A,B) = Fs(M(A ∩B),M(B −A),M(A−B)),

for a given mapping Fs : <+×<+×<+ → [0, 1] and
a fuzzy measure M on Ω.
A M-measure of similitude on Ω is an M-measure of
comparison S satisfying:

1. Fs(u, v, w) is non-decreasing in u,
2. non-increasing in v and w.

In [3] there were specified three groups of similar-
ity measures: measures of satisfiability, measures of
inclusion, measures of resemblance. The first group
consider compatibility as an object with a reference
object or class, the second one also concerns a situ-
ation with a reference object but measures whether
the point common to A and B are important with
regard to A. The third one is used for a comparison
between the descriptions of two objects of the same
level.
A M-measure of satisfiability on Ω is an M-measure
of similitude S such that:

1. Fs(0, v, w) = 0 whatever v and w may be,
2. Fs(u, v, w) is independent of w,
3. Fs(u, 0, .) = 1 whatever u 6= 0 may be.

A M-measure of inclusion S on Ω is a M-measure of
similitude such that:

1. Fs(0, v, w) = 0 whatever v and w may be,
2. Fs(u, v, w) is independent of v,
3. is reflexive.

A M-measure of resemblance on Ω is a M-measure
of similitude S which satisfies properties of:

1. reflexivity: S(A,A) = 1,
2. symmetry: S(A,B) = S(B,A).

The above definition is compatible with Tversky
index in the contrast model presented in [15], as (1)
for objects x with features set X and y with features
set Y.

Sx,y = f(X ∩ Y )
f(X ∩ Y ) + αf(X − Y ) + βf(Y −X) ,

(1)
where α, β ≥ 0, 0 ≤ S ≤ 1. Note that if f is a fuzzy
set measure the (1) is an f-measure of similitude.
Using (3.2), (3.2), (3.2), (1) to evaluate similarity
of two fuzzy sets A and B we use the below function:

S =
∫

Ωmin(µA, µB)/(
∫

Ωmin(µA, µB)+
α
∫

Ωmin(µA, µB̄) + β
∫

Ωmin(µĀ, µB)).

4. Investor’s maximum satisfaction model

In this section, the main concept of investor’s satis-
faction model is presented, then it is collected into
a portfolio optimization model. Let assume:

• Θ is the set of all elementary market states θ;
• P is a power set of Θ;
• ξ : (Θ, P, Cr) → < - fuzzy return rate, which

determines the future value of return;
• µ : < → [0, 1] - membership function of fuzzy

variable, assigns each value a possibility of oc-
curance;

• Cr : P → [0, 1] - credibility function, deter-
mines the credibility of the event that the vari-
able takes the value from a given range.

• γ is a fuzzy set corresponding investor’s expec-
tations.

Investment objectives are set out in principle by a
target rate of return on investment in a given time
horizon, but its value is not a crips value. This
means that the investor assumes a profit of r, it will
be fully satisfied to achieve it or make it higher,
however getting a rate of return little lower, but
higher than risk-free rate, will be partially satis-
fying. An assessment of preferences can be deter-
mined by a fuzzy number "at least r", with mem-
bership function (2) and will be marked in short
γ = (r0, r).

γ(x) =


0 for x ≤ r0

x−r0
r−r0

for r0 < x ≤ r
1 otherwise

(2)

The level of investor’s satisfaction is determined by
the similarity of credibility of the fuzzy returns to
the investor’s expectations. To measure similarity
we will use the Tversky index (1). The satisfaction
function is (3).

S =
∫ rmax

rmin
min {Cr(θ ∈ Θ : ξ(θ) = r), γ} /

(
∫ rmax

rmin
min {Cr(θ ∈ Θ : ξ(θ) = r), γ}+

α
∫ rmax

rmin
min {Cr(θ ∈ Θ : ξ(θ) = r), γ̄}+

β
∫ rmax

rmin
min

{
Cr(θ ∈ Θ : ξ(θ) = r), γ

}
),

(3)

where
rmax = max {min {r : γ(r) = 1} ,

max {r : Cr(θ ∈ Θ : ξ(θ) = r) ≥ 0}}
rmin = min {max {r : γ(r) = 0} ,

min {r : Cr(θ ∈ Θ : ξ(θ) = r) ≥ 0}}

Parameter α is interpreted as risk aversion parame-
ter and β as parameter of regret. Due to interpreta-
tion of the parameters: α and β, the parameters will
be imposed an additional condition that: α+β = 1.
It is worth noting that:

• if α = 0 and β = 1, the (3) is a M-measure of
satisfiability,
• if α = 1 and β = 0, the (3) is a M-measure of
inclusion,
• if α = 0.5 and β = 0.5, the (3) is a M-measure
of resemblance.

Each specific portfolio has the credibility func-
tion, which can be interpreted as the credibility of
occurrence of the particular return rates, Cr. In the
case of portfolio selection let denote:
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µ α = 0, β = 1 α = 0.5, β = 0.5 α = 1, β = 0
A(-2,0,3) 0.1047 0.1469 0.2466
B(-6,-2,6) 0.1988 0.2111 0.2249
C(-1,0.08,2) 0.0607 0.0962 0.2317

Table 1: Satisfaction level for example variables
with different levels of risk aversion and regret pa-
rameter

• ξi - the i-th security fuzzy returns,
• xi - the investment proportions in the i-th se-
curities, i = 1, 2, 3, ..., n, respectively,
• Cr(θ ∈ Θ :

∑
xiξi(θ) = r) ∩ γ - the level on

which the portfolio meets the expectations,

• Cr(θ ∈ Θ :
∑
xiξi(θ) = r) ∩ γ̄ - the level on

which the portfolio does not meet the expecta-
tions,
• ¯Cr(θ ∈ Θ :

∑
xiξi(θ) = r) ∩ γ - the level on

which others portfolios could meet the expecta-
tions, can be understood as opportunities cost
level.

If the investor has a high risk aversion and a 0 re-
gret parameter, his satisfaction level will be directly
proportional to met expectations, and inversely pro-
portional to the level of credibility of event realiza-
tion returns rate below expectations and indepen-
dent of unfulfilled opportunities. If the investor is
characterized by a high rate of regret and very low
risk aversion, his satisfaction level will be directly
proportional to met expectations, and inversely pro-
portional to opportunities cost.
Every investor has the same objective - the satis-
faction maximization. So the investor’s maximum
satisfaction portfolio selection can be presented as
following mathematical programming task (4).

maxS (Cr(θ ∈ Θ :
∑
xiξi(θ) = r), γ)

subject to:∑n
i=1 xi = 1
∀ixi ≥ 0

(4)

4.1. Example

The example shows choice based on satisfaction
level form 3 option: A, B and C. The investor’s
expectations is return at least 5 (γ = (0, 5)). The
options are following: A with membership function
A=(-2,0,3), B=(-6,-2,6), C=(-1,0.08,2), see fig. 1.
The satisfaction level for investor with different risk
aversion (α) and regret (β) parameters are shown
in table 1.
The investor with high regret parameters (α = 0

and beta = 1), following the principle of maximum
satisfaction, should be decided on the choice of B.
Since this is the only one that gives credibility of
return closer and higher than 5. The investor with
no regret parameters and maximum risk aversion
(α = 1, beta = 0) should choose option A and choice
B is the least satisfactory for him.

Figure 1: The example: membership functions and
expectation

period A1 A2 A3 A4 A5 A6 A7
S1 -0,0877 0,0768 -0,0617 0,0149 0,1452 0,1096 -0,0218
S2 -0,0560 0,1196 -0,0564 -0,0169 0,1050 0,1065 -0,0335
S3 -0,0584 0,1279 -0,0528 -0,0153 0,0950 0,1070 -0,0302

WIG20 -0,0611 0,0874 -0,0706 -0,0177 0,0534 0,0752 -0,0278

Table 2: Portfolios return rate in the test periods of
study A

4.2. The study

The investors satisfaction model was tested on em-
pirical data and the results compared with those
of other fuzzy models known in the literature (for
review of the models please see [6]). The empirical
study is conducted on daily data of companies listed
on the WSE during the the period from July 2008 to
July 2013. The study selected companies in the in-
dex WIG20 (a capitalization-weighted stock market
index of the twenty largest companies on the WSE),
because, as statistics show, those companies are the
preferred choice of individual investors - their share
in the turnover of this group of investors in 2012
was almost 80 %. Empirical study was conducted
on the following test periods:

• A: monthly, preceded by a quarterly period of
observation of the market,
• B: quarterly, preceded by a semi-annual period
of observation,
• C: half-yearly, preceded by a one-year period
of observation,
• D: yearly, preceded by a 1,5 year period of ob-
servation data.

Thus, in case of A, it will be 7 periods, and in case
of B-D, 5 periods each.

During periods of longer length (studies C and D)
an average of all the portfolios acquired results be-
low WIG20. The best results (above the benchmark
- WIG20) were obtained in the study of portfolios
encompassing the shortest period (Study A). This

B1 B2 B3 B4 B5
S1 0,4524 0,0684 0,0578 -0,5171 -0,1117
S2 0,4650 0,0599 0,0607 -0,5604 -0,1242
S3 0,4507 0,0588 0,0630 -0,5648 -0,1245

WIG20 0,3397 0,0307 0,0369 -0,0651 -0,0427

Table 3: Portfolios return rate in the test periods of
study B
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situation may be caused by an elongated data anal-
ysis period, what may provoke wrongly determined
fuzzy return rates. In the test periods portfolios
designated according to the criterion of satisfaction
for the high risk aversion parameter shows lower
returns amplitude than these for high regret pa-
rameters. There were no significant differences in
the rates of return obtained from the test period
compared to the results of tasks to maximize the
satisfaction of the tasks that use fuzzy criteria for
maximizing profit while reducing risk and minimiz-
ing risk at a given level of profit.

5. Summary

The paper presents new concept of portfolio se-
lection. The author proposes single-criterion opti-
mization task. The maximum investor satisfaction
model makes the level of satisfaction dependant on
the similarity of the result to the expectations, as
well as the individual characteristics of investors -
their approach to risk and alternative choices. The
next step of the research plan is to investigate the
relationship between risk aversion and regret pa-
rameter and replace the values of risk aversion and
regret with linguistic values.
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