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Abstract  

In this paper the method for the minimum cost flow de-

termining in fuzzy dynamic network with nonzero low-

er flow bounds is proposed. Considered method takes 

into account fuzzy nature of networks’ parameters and 

deals with fuzzy arc flow bounds, fuzzy transmission 

costs. Fuzzy arc flow bounds, costs and transit times 

can vary depending on the flow departure time. The 

method allows introducing the notion of “fuzzy net-

work” instead of “stationary-dynamic” network, con-

sidered in conventional flow literature. The sphere of 

application for considered problem is presented.  

Keywords: Fuzzy dynamic network, fuzzy minimum 

cost flow with nonzero lower flow bounds. 

1. Introduction 

Conventional tasks of maximum and minimum cost 

flow finding assume the instant flow, passing along the 

arcs of the graph [1]. Such tasks are called static flow 

tasks. In fact, it turns out that the flow spends certain 

time passing along the arcs of the graph. Then, we turn 

to dynamic networks, in which each flow unit passes 

from the source to the sink for a period of time less than 

given [2]. Dynamic network is a network ),( AXG  , 

where  nxxxX ...,, 21  is the set of nodes, 

  nIjixxA ji ,1,,),(   is the set of arcs. Two pa-

rameters are assigned to each arc of the dynamic graph 

),( ji xx : transit time ij  and arc capacity iju . The time 

horizon }...,,1,0{ pT   determines that all flow units 

sent from the source must arrive in the sink within the 

time p [3]. 

Dynamic networks describe complex systems, prob-

lems of decision-making, models, which parameters can 

vary over time [4]. Such models can be found in com-

munication systems, economic planning, transportation 

systems and many other applications, so they have a 

wide practical application. 

Fuzzy dynamic networks literature review is present-

ed in [2]. Historically, the maximum flow finding in 

dynamic graphs was the first task in dynamic graphs, 

described in the literature. This problem is in finding of 

the maximum flow, passing from the source (s) to the 

sink (t), Xts ,  in the network for p discrete time pe-

riods, starting from zero period of time.  

The task of minimum cost flow finding in dynamic 

graphs is in searching of flows of the given value, 

which have minimum cost. This field, appeared later, is 

more complex sphere of investigations. Fleischer and 

Skutella [5] examined this problem. Cai et al. [6] con-

sidered networks with transit parameters. The sub prob-

lem of the minimum cost flow finding in dynamic 

graphs is the shortest path problem. This problem was 

widely reported in the literature by the authors Ahuja et 

al. [7] in terms of nonnegative transit times. 

The fact that the flow, passing along the arcs of the 

graph, can have lower bounds usually isn’t taken into 

account in the literature. For example, network that 

consists of railways, sea and air roads is considered. 

Therefore, the freight trains have certain level of load, 

which is more than profitability threshold, transport 

planes don’t fly at a low load. Thus, it is necessary to 

introduce lower flow bounds, which can lead to the ab-

sence of feasible flow. 

Despite the investigations of the authors in the field 

of dynamic graphs, the problems described above were 

not considered in the literature in fuzzy conditions. The 

authors Glockner et al. [8] considered the minimum 

cost flow problem in dynamic graphs as a task of linear 

programming. In fact, the flow bounds, the values of 

flows, passing along the arcs, transmission costs cannot 

be accurately measured according to their nature. The 

weather conditions, traffic jams, repairs influence flow 

bounds. Variations in petrol prices can influence trans-

mission costs. Therefore, these parameters should be 

presented in a fuzzy form, such as fuzzy triangular 

numbers. Thus, we obtain a problem statement of the 

minimum cost maximum flow finding in the dynamic 

network in fuzzy conditions. The method of operating 

with fuzzy numbers is presented in [9]. 

In the present contribution we propose a method of 

the minimum cost maximum flow finding in fuzzy dy-

namic network. Presented method considers nonzero 

lower flow bounds, upper flow bounds, transmission 

costs in a fuzzy form and transit times depending on the 

departure time. The proposed method can be used for 
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efficient cargo transportation. In the present paper it is 

demonstrated with GIS «ObjectLand».  

The paper is structured as follows. The problem 

statement of the minimum cost maximum flow finding 

in fuzzy dynamic network with nonzero lower flow 

bounds and basic definitions and rules of proposed 

method are provided in the next section preliminaries. 

The third section deals with proposed method. The ap-

plication of the proposed method is described in the 

fourth section. The last section is a conclusion and fu-

ture work. 

2. Preliminaries 

This section is devoted to basic definitions and rules 

that underlie the proposed method and contains the de-

scription of the problem statement of the minimum cost 

maximum flow finding in fuzzy dynamic network with 

nonzero lower flow bounds.  

 

2.1. Basic definitions and problem statement 

Definition 1  

Fuzzy stationary-dynamic network is a network which 

is represented by a fuzzy directed graph ( , )G X A , 

where 
1 2

{ , , ..., }
n

X x x x  is the set of nodes, 

{ , / , },
i j i jA

A x x x x      

2
, , ,

i j i jA
x x X x x     – is the fuzzy set of arcs with 

the assigned membership function ,
i jA

x x    of the di-

rected arc ( , )
i j

x x to the set A . Two parameters are as-

signed to each arc of the dynamic graph ),( ji xx : trans-

it time ij  and arc capacity iju . The time horizon 

}...,,1,0{ pT   determines that all flow units sent from 

the source must arrive in the sink before the time p. 

 

Definition 2 
Fuzzy dynamic network is a network which is repre-

sented by a fuzzy directed graph ( , )G X A , where 

1 2
{ , , ..., }

n
X x x x  is the set of nodes, 

2
{ , / , }, , ,

i j i j i jA
A x x x x x x X          

,
i jA

x x    – is the fuzzy set of arcs with the assigned 

membership function ,
i jA

x x    of the directed arc 

( , )
i j

x x to the set A . Two parameters depending on the 

flow departure time are assigned to each arc of the dy-

namic graph ),( ji xx : transit time ( )
ij

   and arc capac-

ity ( )
ij

u  . The time horizon }...,,1,0{ pT   determines 

that all flow units sent from the source must arrive in 

the sink before the time p.  

The problem statement of the minimum cost maxi-

mum flow finding in fuzzy dynamic network with fuzzy 

lower and upper flow bounds is as follows:  

Minimize  ,)(
~

)(
~

0
~

),(

 
 



p

Axx

ijij

ji

c



   (1) 

0

[ ( ) ( ( ))] ( ) 0,

j

p

sj js js

x X

p



      
 

      (2) 

,;,,0
~

))]((
~

)(
~

[ Ttsxijijiij

Xx j




  
(3) 

0

[ ( ) ( ( ))] ( ) 0,

j

p

tj jt jt

x X

p



      
 

      (4) 

( ) ( ) ( ), ( ) , .
ij ij ij ij

l u p T             (5) 

 

The equation (1) means that it is necessary to find the 

minimum cost maximum flow for the specified number 

of time periods, where The equation (2) indicates that 

the maximum flow value   for p time periods is equal 

to the total flow, leaving the source for p time periods 

.)(
~

0




p

sj



  The equation (4) reflects that the maximum 

flow value   for p time periods is equal to the total 

flow entering the sink for p time periods 

.)(
~

0






p

jtjt



  The flow entering the source 






p

jsjs

0

)(
~



  for p time periods is equal to the flow 




p

tj

0

)(
~



  leaving the sink for p time periods and is 

equal to 0
~

. For each node ix  except the source and the 

sink and for each time period   the amount of flow 

)(
~

jiji    entering ix  at each period of time 

)( ji   is equal to the amount of flow )(
~

 ij
 leaving 

ix  at time   as stated in (3). The inequality (5) indi-

cates that the flows )(
~

 ij
 for time periods 

Tpij   ,)(:  should be more than lower 

flow bounds )(
~

ijl  and less than upper flow bounds 

)(
~

iju  along the corresponding arcs. 

By the other words it is necessary to transport maxi-

mum flow units ( )p  of the minimum cost in dynamic 

network taking into account lower flow bounds in such 

a way that the last flow unit would enter the sink at time 

period not later than p. In this case, upper flow bounds, 

lower flow bounds and transmission costs are transit. 

 

2.2. Basic rules 

Presented method of the minimum cost maximum flow 

determining considers transforming to the time-

expanded fuzzy graph corresponding to the initial graph 

(rule 1) defined in [10]. 

 

Rule 1 of the time-expanded fuzzy static graph 
pG

~
 

construction from the given fuzzy dynamic graph G
~

 for 

the minimum cost maximum flow finding in fuzzy dy-
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namic network with fuzzy transit nonzero lower flow 

bounds, upper flow bounds and costs 

Let )
~

,(
~

ppp AXG   represent fuzzy time-expanded stat-

ic graph of the original dynamic fuzzy graph. The set of 

nodes pX  of the graph 
pG

~
 is defined as 

}.),(:),{( TXxxX iip    The set of arcs 
pA

~
 

consists of arcs going from each node-time pair 

pi Xx ),(   to every node-time pair )),(,(  ijjx   

where )( ij xГx   and pij  )( . Fuzzy upper 

flow bounds ))(,,,(
~

 ijji xxu   connecting ),( ix  

with ))(,(  ijjx   are equal to )(
~

iju . Fuzzy lower 

flow bounds ))(,,,(
~

 ijji xxl   joining ),( ix  with 

))(,(  ijjx   are equal to )(
~

ijl , transmission cost 

))(,,,(
~

 ijji xxс   of one flow unit along the arc 

connecting the node-time pair ),( ix  with 

))(,(  ijjx   is equal to ).(
~

ijс  

After that turn to fuzzy time-expanded graph without 

lower flow bounds according to the rule 2 provided in 

[10]. 

 

Rule 2 of transformation from the time-expanded fuzzy 

graph to fuzzy graph without lower flower bounds for 

the minimum cost maximum flow finding in fuzzy dy-

namic network with fuzzy transit nonzero lower flow 

bounds, upper flow bounds and costs 

Turn to the time-expanded graph )
~

,(
~ ***

ppp AXG   with-

out lower flow bounds from initial fuzzy time-expanded 

graph )
~

,(
~

ppp AXG   introducing the artificial source 

*
s  and sink 

*
t  and arcs, connecting the node-time pair 

T),(  t  and T),(  s  with upper fuzzy flow 

bound ,),,,(
~ *

 TTstu   lower fuzzy flow 

bound ,0
~

),,,(
~ *

 TTstl  transmission cost 

0
~

),,,(
~ *

 TTstс  . It means that every node t 

in each time period from p is connected with every 

node s at all time periods in the graph .
~ *

pG  For each arc 

connecting the node-time pair ),( ix  with the node-

time pair ))(,(  ijjx   with nonzero lower fuzzy 

flow bound 0
~

),,,(
~

ji xxl introduce the following 

modification 0
~

),,,(
~

ji xxl :  

1) reduce ),,,(
~

ji xxu  to 

),,,(
~

),,,(
~

),,,(
~ *

 jijiji xxlxxuxxu  , 

),,,(
~

ji xxl  to 0
~

, ).,,,(
~

),,,(
~ *

 jiji xxсxxс    

2) Introduce the arcs connecting 
*

s  with ),( jx  and 

*
t  with ),( ix  with upper fuzzy flow bounds equal to 

lower fuzzy flow bounds 
* * *
( , , , ) ( , , , ) ( , , , )

j i i j
u s x u x t l x x        lower 

fuzzy flow bounds 
* * *
( , , , ) ( , , , ) 0

j i
l s x l x t      

and transmission costs 
* * *
( , , , ) ( , , , ) 0

j i
с s x с x t       

Introduce the modified definition of the fuzzy residu-

al network of the time-expanded graph for the mini-

mum cost dynamic flow finding with nonzero lower 

flow bounds, mentioned in [10]. The criteria of obtain-

ing feasible flow in the time-expanded fuzzy graph is 

the maximum flow of the minimum cost determining in 

the modified graph without lower flow bounds.  

 

Definition 3 

Fuzzy residual network )
~

,(
~ *** 

ppp AXG   of the time-

expanded fuzzy graph for the minimum cost maximum 

flow finding in the dynamic network with fuzzy non-

zero lower flower bounds, upper flow bounds and 

transmission costs is the network constructed in such a 

way: if the flow 
*
( , , , )

i j
x x    going from the node-

time pair 
*

( , )
i

x   to the node-time pair 
*

( , )
j

x   is less 

than appropriate arc capacity 
*
( , , , )

i j
u x x   , i.e. 

* *
( , , , ) ( , , , )

i j i j
x x u x x      in 

*

p
G  , then include 

appropriate arc, connecting the node-time pair 
*

( , )
i

x

  

with the node-time pair 
*

( , )
j

x

  in 

*

p
G


 with arc capac-

ity * * *
( , , , ) ( , , , ) ( , , , )

i j i j i j
u x x u x x x x


        , transit 

time 
* *

( , , , ) ( , , , )
i j i j

x x x x


      , transmission 

cost
* *

( , , , ) ( , , , )
i j i j

с x x с x x


    . If the flow 

*
( , , , )

i j
x x    going from the node-time pair 

*
( , )

i
x   to 

the node-time pair 
*

( , )
j

x  exceeds 0 , then include ap-

propriate arc, connecting the node-time pair 
*

( , )
j

x

  

with the node-time pair 
*

( , )
i

x

  in 

*

p
G


 with arc capac-

ity 
* *

( , , , ) ( , , , )
j i i j

u x x x x


     , transit time 

* *
( , , , ) ( , , , )

j i i j
x x x x


       , transmission cost 

* *
( , , , ) ( , , , )

j i i j
с x x с x x


     . 

 If the feasible flow is found in the time-expanded 

fuzzy graph, transform it by finding the maximum flow 

of the minimum cost according to the rule 3, given in 

[10]. 

 

Rule 3 of fuzzy residual network construction with fea-

sible flow for the minimum cost maximum flow finding 

in fuzzy dynamic network with transit nonzero lower 

flow bounds, upper flow bound and transmission costs 

If the flow ( , , , )
i j

x x   , going from the node-time 

pair ( , )
i

x   to the node-time pair ( , )
j

x   is less than 

appropriate arc capacity ( , , , )
i j

u x x   , i.e. 

( , , , ) ( , , , )
i j i j

x x u x x      in 
p

G , then include ap-

propriate arc, connecting the node-time pair ( , )
i

x

  

with the node-time pair ( , )
j

x

  in ( )

p
G


  with arc ca-

pacity ( , , , ) ( , , , ) ( , , , )
i j i j i j

u x x u x x x x


        , 

transit time ( , , , ) ( , , , )
i j i j

x x x x


      , transmis-
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sion cost ( , , , ) ( , , , )
i j i j

с x x с x x


    . If the flow 

( , , , )
i j

x x   , connecting the node-time pair ( , )
i

x   

with ( , )
j

x   exceeds ( , , , )
i j

l x x    in 
p

G , i.e. 

( , , , ) ( , , , )
i j i j

x x l x x     , then include appropriate 

arc, connecting the node-time pair ( , )
j

x

  with the 

node-time pair ( , )
i

x

  in ( )

p
G


  with arc capacity 

( , , , ) ( , , , ) ( , , , )
j i i j i j

u x x x x l x x


        , transit 

time ( , , , ) ( , , , )
j i i j

x x x x


       , transmission 

cost ( , , , ) ( , , , )
j i i j

с x x с x x


     . 

3. Proposed method 

We represent the formal algorithm describing the solu-

tion of the minimum cost maximum dynamic flow find-

ing problem with upper and lower fuzzy flow bounds in 

a fuzzy transportation network with time-varying fuzzy 

flow bounds, transmission costs and time-varying crisp 

flow transit times along the arcs. Computational com-

plexity of the proposed method is based on the compu-

tational complexity of the augmenting minimum cost 

path finding method of the Ford and Bellman, which 

searches the shortest path from the one node to others 

within the time O(XA). 

Step 1. Go to the time-expanded fuzzy static graph 

pG
~

 from the given fuzzy dynamic graph G
~

 by expand-

ing the original dynamic graph in the time dimension by 

making a separate copy of every node Xx i  at every 

time T  according to the rule 1. 

Step 2. Determine, if the time-expanded fuzzy graph 

pG
~

, corresponded to the initial dynamic graph G
~

, has 

a feasible flow. Turn to the fuzzy graph 
*

p
G  according 

to the rule 2. 

Step 3. Build a fuzzy residual network *~
pG  by the 

fuzzy network 
*

p
G  according to the definition 3. 

Step 4. Search the augmenting minimum cost path 
*~

pP  from the artificial source 
*

s  to the artificial sink 

*
t  in the 

*

p
G


 according to the Ford’s algorithm. 

4.1. Go to the step 5 if the augmenting path *~
pP  is 

found. 

4.2. If the path is failed to find, the flow value 

),,,(
~~

0
~

),,,(
~

*









ji xxl

ji xxl  is obtained, which is the 

maximum flow in *~
pG . It means that it is impossible to 

pass any unit of flow, but not all the artificial arcs are 

saturated. Therefore, the time-expanded graph 
pG

~
 has 

no feasible flow as the initial dynamic fuzzy graph 

G
~

and the task has no solution. Exit. 

Step 5. Pass 
* *

min[ ( )],
p p

u P
 

 

* *
( ) min[ ( , , , )]

p i j
u P u x x

 
  ,

*
( , ), ( , )

i j p
x x P


    

flow units along the minimum cost path *~
pP . 

Step 6. Update the fuzzy flow values in the graph 
*

p
G : replace the fuzzy flow ),,,(

~ *
 ij xx  along the 

corresponding arcs going from 
*

( , )
j

x   to 
*

( , )
i

x   from 

*~
pG  by * *

( , , , )
j i p

x x


     for arcs connecting node-

time pair 
*

( , )
i

x

  with 

*
( , )

j
x


  in *~

pG  such as 

* * *
(( , ), ( , ))

i j p
x x A

 
   , 

* * *
(( , ), ( , ))

i j p
x x A

  
    and 

replace the fuzzy flow ),,,(
~ *

 ji xx  along the arcs 

going from 
*

( , )
i

x   to 
*

( , )
j

x   from *~
pG  by 

* *
( , , , )

i j p
x x


     for arcs connecting node-time pair 

*
( , )

i
x


  with 

*
( , )

j
x


  in *~

pG  such as 

* * *
(( , ), ( , ))

i j p
x x A

 
   , 

* * *
(( , ), ( , ))

i j p
x x A

  
   . Re-

place ),,,(
~ *

 ji xx  by 


*** ~~
),,,(

~
ppji Pxx  . 

Step 7. Compare flow value 
* * *
( , , , )

i j p p
x x P

 
      and the sum of the lower 

flow bounds 
( , , , ) 0

( , , , )

i j

i j

l x x

l x x

 

 


 :  

7.1. If the flow value 


*** ~~
),,,(

~
ppji Pxx   of 

the minimum cost )
~

),,,(
~

(
~ *** 

 ppji Pxxc   is 

less than ),,,(
~

0
~

),,,(
~






ji xxl

ji xxl  and is less than given 

flow value 
*

( , , , ) 0

( , , , )

i j

i j

l x x

l x x

 

  


  , i.e. not all arti-

ficial arcs become saturated, go to the step 3. 

7.2. If the flow value 


*** ~~
),,,(

~
ppji Pxx   of 

the minimum cost )
~

),,,(
~

(
~ *** 

 ppji Pxxc   is 

*

( , , , ) 0

( , , , )

i j

i j

l x x

l x x

 

  


   i.e. all arcs from the artifi-

cial source to the artificial sink become saturated, then 

the value 


*** ~~
),,,(

~
ppji Pxx   is required value 

of maximum flow 
*~

  of the minimum cost 

)
~

),,,(
~

(
~ *** 

 ppji Pxxc  . In this case the total 

flow along the artificial arcs connecting the node-time 

pairs T),(  t  with T),(  s , which is equal to 

),,,(
~

0

*
TTst

p








 in *~
pG  determines the fea-

sible flow in time-expanded graph 
pG

~
 with the flow 

value 



~
),,,(

~

0

*




TTst

p

 of minimum 

cost. Turn to the graph 
pG

~
 from the graph *~

pG . The 

network )
~

(
~

G  is obtained. Go to the step 8. 
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Step 8. Construct the residual network ( )
p

G

  taking 

into account the feasible flow vector 

)),,,(
~

(
~

 ji xx  in ( )
p

G   adding the artificial 

source and sink and the arcs with infinite arc capacity 

and zero cost, connecting 
'

s  with true sources and 
'

t  

with true sinks according to the rule 3. 

Step 9. Define the minimum cost path 
p

P
  according 

to the Ford’s algorithm from 
'

s  to 
'

t  in the constructed 

residual network ( )
p

G

 . 

9.1. If the path 
p

P


 is found, go to the step 10.  

9.2. If the path doesn’t exist, therefore the maximum 

flow value ( , , , ) ( )
i j p p

x x P p
 

       of the mini-

mum cost ( ( , , , ) )
i j p p

c x x P
 

     is found in the 

time-expanded fuzzy graph. Go to the step 12.  

Step 10. Pass the flow value 

min[ ( )],
p p

u P
 

  ( ) min[ ( , , , )],
p i j

u P u x x
 

 

( , ), ( , )
i j p

x x P


    along the found path. 

Step 11. Update the flow values in the graph ( )
p

G  : 

replace the flow ( , , , )
j i

x x    by ( , , , )
j i p

x x


     

along the corresponding arcs, going from ( , )
j

x   to 

( , )
i

x   from ( )
p

G   for arcs, connecting node-time pair 

( , )
i

x

  with ( , )

j
x

  in ( )

p
G


  such as 

(( , ), ( , ))
i j p

x x A
 
   , (( , ), ( , ))

i j p
x x A
  
    and re-

place the flow ),,,(
~

 ji xx  by 
 pji xx
~

),,,(
~

  

along the corresponding arcs, going from ( , )
i

x   to 

( , )
j

x   from ( )
p

G   for arcs, connecting node-time 

pair ( , )
i

x

  with ( , )

j
x

  in ( )

p
G


  such as 

(( , ), ( , ))
i j p

x x A
 
   , (( , ), ( , ))

i j p
x x A
  
   . Replace 

the flow value 


 ppjiji Pxxxx
~~

),,,(
~

),,,(
~

  and go to 

the step 8.  

Step 12. Turn to the initial dynamic graph G
~

 from 

the time-expanded static graph 
pG

~
 as follows: the giv-

en dynamic flow of the minimum cost in the graph G
~

 

for p time periods is equal to the flow, leaving the set of 

sources for all time periods and entering the set of sinks 

for all time periods before p. Each path, connecting the 

node-time pairs ),( s  with Tt st   )),(,( , 

with the flow ),,,(
~

 ts of the cost )),,,(
~

(
~  tsc  in 

pG
~

 corresponds to the flow )(
~

 st  of the cost 

))(
~

(
~  stс  in G

~
. 

The following theorems and consequences are valid. 

 

Theorem 1 

If the maximum flow of the minimum cost in the 

graph *

p
G  is equal to the sum of lower flow 

bounds *

0ij

ij

l

l


  , then the feasible flow of the value 





~
),,,(

~

0

*




TTst

p

 exists in the graph 

p
G . 

 

Consequence 1.1 

If *

0ij

ij

l

l


  , then minimum cost flow vector 

( )
ij

   of the value   is defined as *

ij ij ij
l    is 

the feasible flow of the minimum cost in the graph 
p

G  

of the value 



~
),,,(

~

0

*




TTst

p

. 

If the maximum flow in the graph *

p
G  is less than 

sum of the lower flow bounds of the initial graph, then 

the feasible flow doesn’t exist in the graph 
p

G , that is 

mentioned in the theorem 2. 

 

Theorem 2  

If the maximum flow 
*

  in the graph *

p
G  is less than 

sum of the lower flow bounds of the initial graph, i.e. 
*

( , , , ) 0

( , , , )

i j

i j

l x x

l x x

 

  


  , then feasible flow doesn’t 

exist in the graph 
p

G . 

4. Practical implementation of the proposed meth-

od results 

The results of the proposed method can be implemented 

for solving the routing problems and defining the trans-

portation profitability on the railway networks. Practical 

implementation of the proposed method is realized by 

the railway map of the Russian Federation. The data for 

the program are taken from the GIS «Object Land» 2.6 

[11, 12]. The main sources of the input data are already 

constructed tables from GIS «Object Land» describing 

the railway network of Russia. 

Necessary condition is possibility to use different 

ways of defining fuzzy numbers:  

 Triangular fuzzy numbers. 

 Trapezoidal fuzzy numbers. 

 Interval fuzzy numbers. 
Presented method assumes operating with centers of 

fuzzy numbers. The «blurring» of the resulting number 

is implemented in the end of the algorithm according to 

given basic values of the costs presented in the Fig. 1-3. 

 

121
iju

( )iju

40 50 6258 72 87 100 145 200 240 285 350 410 475460 535 620

 Fig. 1: Basic values of transmission costs. 
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iju

( )iju

700 800 910 1100 1250 14201380 1530 17001650 1840 20302200 2430 2660

 
Fig. 2: Basic values of transmission costs. 

 

ij
u

( )
ij

u

2800 3100 3450 4300 47704500 5050 60005560 6620 6850 7330 82403850 7540

 
Fig. 3: Basic values of transmission costs. 

 

Example data describing the plot of the railway net-

work of the Rostov region is given in the Table 1. 

 

Initial 

sta-

tion 

ID  

Ter-

minal 

sta-

tion 

ID 

Upper 

fuzzy 

flow 

bound 

Low-

er 

fuzzy 

flow 

bound 

Trans

mis-

sion 

cost  

Trans

it 

time  

3352 3349 30,24,

40,30 

0,0,0,

0 

30,25,

50,30 

4,4,1,

2 

1129 3428 25,18,

20,20 

0,0,0,

0 

25,30,

80,20 

5,1,2,

3 

3350 1129 30,30,

25,25 

0,0,0,

0 

30, 

100, 

80,25 

4,1,1,

1 

3427 3352 10,18,

8,10 

0, 10, 

0,0 

30,60,

60,30 

5,1,3,

2 

3427 3428 10,15,

18,18 

0,0,0,

0 

75,50,

18,18 

1,3,2,

1 

3427 1129 20,20,

25,18 

18, 0, 

0,0 

70,30,

20,18 

1,3,3,

3 

3349 3350 30,30,

45,25 

0,0,0,

0 

30,30,

80,25 

4,4,1,

1 

 
Table 1: The example of the input data. 

 

Thus, the input data can be any CSV-file of the given 

structure. The names of the particular fields are config-

urable parameters. The output data of the program are: 

 Calculated maximum flow value of the mini-

mum cost in fuzzy form. 

 Flow distribution along the arcs of the network 

in the form of paths and flows along them.  
The input data for the program are created by selec-

tion of the investigated area and exporting database 

records connected with this area, as shown in the Fig. 4. 

Let us represent the sample data from the GIS Ob-

jectLand in the form of the fuzzy network as shown in 

the Fig. 5. 

Construct the time-expanded graph .
p

G from the ini-

tial graph G , as shown in the Fig. 6. 

Construct the fuzzy time-expanded graph without 

lower flow bounds *

p
G  with artificial source and sink, 

as shown in the Fig. 7. 

 

 
 

Fig. 4: The sample data based on the selection of the «plot» 

type objects. 

 

1x

2x

3x

4x

5x

6x

  

Fig. 5: Initial dynamic graph .G  
 

0 1

N
o
d

es

Periodsof time

1x 1x

2x
2x 2x 2x

3x 3x
3x

3x

4x 4x
4x 4x

5x
5x 5x 5x

6x 6x 6x
6x

2 3

[10,18],60

40,50
18,30

25,80

10,75

45,80

30,100

1x 1x

[18,20],70

ix jx
[ ( , , , ), ( , , , )], ( , , , )i j i j i jl x x u x x с x x     

 

Fig. 6: The time-expanded graph .
p

G  

Build the fuzzy residual network *

p
G

  of the graph 

*

p
G  with 10  flow units (Fig. 8). 

Consequentially building the paths of the minimum 

cost and pushing flows along them we obtain the max-

imum flow of the minimum cost (see Fig. 9) of the val-

ue 38  units. 
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The minimal transmission costs of the 38  flow units 

is: 20 70 18 60 18 50 20 100 20 80 6980           

conventional units. 

 

0 1

N
o

d
e
s

Periods of time

1x 1x 1x 1x

2x
2x 2x 2x

3x 3x
3x

3x

4x 4x
4x 4x

5x
5x 5x 5x

6x 6x 6x
6x

2 3

8,60

40,50

18,30

25,80

10,75

45,80

30,100

2,70

*s*t

10,0

18,0

10,0

18,0

ix jx

* *( , , , ), ( , , , )i j i ju x x с x x   

 

Fig. 7: Graph 
*

p
G  without lower flow bounds with artificial 

nodes and arcs. 

 

0 1

N
o
d
es

P eriods of tim e

1x 1x 1x 1x

2x
2x 2x 2x

3x 3x
3x

3x

4x 4x
4x 4x

5x
5x 5x 5x

6x 6x 6x
6x

2 3

8,60

30,50

18,30

25,80

10,75

45,80

30,100

2,70

*s*t

10,0

18,0

10,0

8,0

10, 50

10,0

10,0

ix jx

* *( , , , ), ( , , , )i j i ju x x с x x    

 

Fig. 8: Fuzzy residual network
*

p
G


 of the graph with 1 0  flow 

units 
 

Let us define the borders of the fuzzy flow 38  units 

corresponding to the maximum flow in the graph G , as 

shown in the Fig. 10. 

The obtained result is between two basic neighboring 

values of the fuzzy transmission costs: 6620  with the 

left deviations 
1

620
L

l  , right deviations 
1

710
R

l  , and 

7540  with the left deviations 
2

690
L

l  , right devia-

tions – 
2

760
R

l  . According to the equation (6) 

647
L

l  , 729.
R

l   

 

0

N
o

d
e
s

Periodsof time

1x 1x 1x 1x

2x
2x 2x 2x

3x 3x
3x

3x

4x 4x
4x 4x

5x
5x 5x 5x

6x 6x 6x
6x

2 3

18,50

20,100

20,80

18,60

20,70

1

ix jx
( , , , )i jx x  

 

Fig. 9: Graph 
p

G  with 3 8  flow.  

1



a

1a 'a


2a

1a 'a 2a
Ll1

Rl1
Ll Rl Rl2

Ll2  

Fig 10: Defining of the membership function
'
( )

a
a . 

 

' '

2 2

1 2

2 1 2 1

' '

2 2

1 2

2 1 2 1

( ) ( )
1 ,  

( ) ( )

( ) ( )
 1 .   

( ) ( )

L L L

R R R

a a a a
l l l

a a a a

a a a a
l l l

a a a a

  
     

  

  
     

  

(6) 

The CSV-file has the same structure as presented in 

the Table 1. Resulting file is imported to the program, 

then the user selects the method of the minimum cost 

maximum flow finding in the fuzzy network. When the 

process is completed the results are available on the 

«Results» tab. In the tab «Iteration report» the calculat-

ed results and the values of the main variables are pre-

sented as shown in the Fig. 11. 
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Fig. 11: Iteration report. 

5. Conclusion and future work 

The method of the minimum cost maximum flow find-

ing in the fuzzy dynamic network is considered in this 

paper. The feature of the problem is in fuzzy nature of 

the network’s parameters and possibility of the flow 

bounds, costs and transit times vary over time. The ne-

cessity of introducing the lower bounds is taking into 

account due to the peculiarity of the network. The prac-

tical implementation of the proposed method is realized 

by the railway map of the Russian Federation via GIS 

«ObjectLand». 

In the future, new methods of the maximum and the 

minimum cost flow finding in fuzzy networks with 

fuzzy continuous transit times will be proposed. More-

over, new methods of the dynamic flow finding with 

fuzzy continuous transit times will be obtained on the 

networks with gains. 
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