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Abstract  

Welfare and close related issues, like poverty and ine-
quality, are multidimensional as they involve not only 
income, but also education, health or labour. This paper 
aims to measure the dependence among dimensions us-
ing copula-based coefficients. This approach focuses on 
the positions of the individuals across dimensions, ra-
ther than their specific values. We apply copula-based 
orderings of dependence to analyze how the concord-
ance among dimensions has evolved in Spain over the 
last years. We also compute multivariate extensions of 
the Spearman’s rank coefficient. The variables consid-
ered are those included in the AROPE rate: income, 
material needs and work intensity.  

Keywords: copulas, concordance, Spearman, orthant 
dependence, poverty. 

1. Motivation   

There is a general agreement that welfare and closed 
related issues, like poverty and inequality, are multidi-
mensional encompassing not only income, but also non-
monetary dimensions such as education and health; see, 
for instance, Kolm (1977), Atkinson and Bourbignon 
(1982) and Sen (1985). In this framework, much atten-
tion has been driven to the selection of the dimensions 
involved (Ramos and Silber, 2005 and Anand et al., 
2009) and the way of aggregating the information con-
tained in such dimensions (Maasumi, 1986; Tsui, 1995; 
Bourguignon and Chakravarty, 2003; Atkinson, 2003 
and Alkire and Foster, 2011). Moreover, the level of 
welfare, poverty and inequality depends on the degree 
of dependence among dimensions (Bourbignon and 
Chakravarty, 2003 and Duclos et al., 2006). However, 
the problem of measuring that dependence has been 
scarcely addressed in the literature and this is the main 
goal of this paper. 
 
The information about the multivariate dependence 
among dimensions can be expressed either in terms of 
their joint distribution function or in terms of their im-
plied copula. The copula approach focuses on the posi-
tions of the individuals across dimensions, rather than 
the specific values that the corresponding variables at-
tain for such individuals. The advantage of this ap-
proach for continuous variables is that it enables the de-
composition of the joint distribution function into its 
univariate marginals and the dependence structure cap-
tured by the copula. Moreover, copulas allow building 

scaled-free measures of dependence and orderings of 
multivariate dependence; see Nelsen (2006) and Joe 
(2015) for a comprehensive review of copulas and re-
lated concepts. 
 
In the bivariate case, there are several measures of de-
pendence. The most well-known is Pearson’s correla-
tion coefficient, which is suitable for linear dependence 
and elliptical data. However, empirical research shows 
that, in welfare economics, the data seldom belongs to 
this class. In this case, measures based on ranks, such as 
Spearman’s rho or Kendall’s tau, would be more appro-
priate. These two coefficients measure a form of de-
pendence known as concordance. Noticeably, they can 
be written in terms of copulas.  
 
In a multivariate framework, neither the concept of 
concordance nor the generalization of the bivariate co-
efficients of concordance is unique. For instance, in the 
trivariate case, there are more than eight copula-based 
generalizations of Spearman’s rho; see García et al. 
(2013) and the references therein.  
 
In welfare contexts, copula-based methods have been 
recently employed by Quinn (2007a, 2007b) and Bø et 
al. (2012) in a two-dimensional setting and by Decancq 
(2013) in a multi-dimensional framework. This author 
introduces a copula-based ordering of dependence and 
characterizes two measures of multivariate dependence 
consistent with this order: the multivariate Kendall’s tau 
proposed by Nelsen (1996) and a multivariate version 
of Spearman’s rho in Nelsen (2002). He illustrates the 
results with a Russian data set including household in-
come, self-assessed health and years of schooling. 
 
In this paper, we extend the results in Decancq (2013) 
by considering: a) other two multidimensional versions 
of Spearman’s rho, due to Wolff (1980), Joe (1990) and 
Nelsen (1996); b) the coefficients based on directional 
dependence recently proposed by Nelsen and Úbeda-
Flores (2012) and García et al (2013) for trivariate dis-
tributions. These measures are capable of revealing 
some forms of dependences that the coefficients ana-
lysed in Decancq (2013) fail to detect. We also perform 
comparisons based on positive orthant dependent order-
ings using bootstrap methods. 
 
Our empirical application is devoted to measuring how 
the dependence between the three dimensions included 
in the AROPE (At Risk Of Poverty or social Exclusion) 
rate, i.e. income, material needs and work intensity, has 
evolved in Spain over the last years. We focus on this 
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rate because it is the headline indicator to monitor and 
implement effective poverty-reduction policies in the 
framework of the EU 2020 Strategy. 
 
The rest of the paper is organized as follows. Section 2 
introduces the copula and summarizes its basic proper-
ties. Section 3 describes the orthant dependence order-
ings and the way to implement them in practise. Section 
4 introduces ten multivariate copula-based measures of 
dependence and discusses its main properties. It also 
introduces its sample versions. Section 5 illustrates how 
these tools can be used to measure the evolution of the 
dependence between dimensions of poverty in Spain 
over the last years. 

2. Preliminaries and notation  

According to Nelsen (2006), a d-dimensional copula C 
is a function C: Id → I, with I=[0,1], with the following 
properties: 

(i) For every u=(u1,…,ud) in Id, C(u) = 0 if at least one 
coordinate of u is 0, and C(u) = uj if all coordinates of u 
are 1 except uj. 

(ii) C is d-increasing, that is for every u1=(u11,…,ud1) 
and u2=(u12,…,ud2) in Id such that uj1 ≤ uj2, for all 
j=1,…d  
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From the statistical point of view, the importance of 
copulas comes up in the Sklar's theorem. This theorem 
establishes that, if X=(X1,…,Xd) is a d-dimensional ran-
dom variable with joint distribution function F and 

marginals F1,…,Fd, then, for all x=(x1…xd)
d , F has 

a copula representation given by: 
 

       1 1,..., ,...,x d dF F x x C F x F x                 (1) 

 
If F1,…,Fd are all continuous, then C is unique; other-
wise C is uniquely determined on RanF1××RanFd. 
Conversely, if C is a d-copula and F1,…,Fd are univari-
ate distribution functions, then the function F defined in 
(1) is a d-dimensional distribution function with mar-
gins F1,…,Fd.  
 
Moreover, when F has continuous margins F1,…,Fd and 
copula C satisfies (1), then, for any u in Id, 
 

       1 1
1 1 1,..., ,...,u d d dC C u u F F u F u             (2) 

 

where F 1
j
 , for j=1,…,d, denotes the inverse of Fj. The 

copula C itself, as defined in (2), is a multivariate dis-
tribution whose univariate marginals are all uniform on 
the interval (0,1). 
 
Each copula function C is bounded by its so-called Fré-
chet-Hoeffding bounds, W(u) ≤ C(u) ≤ M(u), where 

W(u)=max(u1+…+ud−d+1, 0) and M(u)=min(u1,…,ud). 
M is always a copula but W is a copula only if d=2. 
Taylor (2007) points out that M can be thought of as a 
state of “maximal concordance”, i.e. the state where 
each component Xi of X is an almost surely increasing 
function of every other component Xj. Unlike, if X is a 
vector of independent random variables, then its copula 
is the independent copula Π defined as Π(u)=u1ud. 
 
Another important function associated with a copula C 

is the survival function C  defined as: 
 

C (u)=p(U>u)= p(U1>u1,…,Ud>ud). 
 

In general, C  is not a copula. 

3. Copula-based orderings 

The concept of multivariate dependence can be defined 
in different ways (see, for example, Mari and Kotz, 
2001). The one we handle in this paper is positive de-
pendence, that is, when large (small) values in one 
component tend to be associated with large (small) val-
ues in the other components. Following Nelsen (2006) 
and Decancq (2013) we consider three copula-based 
orderings of dependence defined as follows. 
 
Let X and Y be two d-dimensional random variables 
with copula functions CX

 and CY, respectively, and with 

survival functions 
X

C  and 
Y

C , respectively. 
 
 X is more positively lower-orthant dependent 

(PLOD) than Y if  
 

   X Yu uC C  for every u in Id                           (3) 

 
 X is more positively upper-orthant dependent 

(PUOD) than Y if  
 

   X Y
u uC C  for every u in Id                          (4) 

 
 X is more positively orthant dependent (POD) than 

Y if both (3) and (4) hold1. 
 
The three definitions above were already introduced in 
Joe (1997) in terms of cumulative distribution func-
tions. As this author points out, the expressions (3) and 
(4) mean that the components of X are more likely sim-
ultaneously to have small and large values, respectively, 
compared with the components of Y. 
 
In the bivariate case, the three definitions above are 
equivalent.  
 
In practise, the PLOD, PUOD and POD conditions may 
be checked once empirical versions of copulas and sur-
vival functions are known. To introduce these concepts, 
                                                           
1 Note that this notion of POD is equivalent to the definition of CX 
being more concordant than CY in Dolati and Úbeda-Flores (2006). 
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further notation is needed. Let Xi=(Xi1,…,Xid), i=1,...,n, 
be a random sample of size n from the d-dimensional 
continuous random variable X. Its marginal distribution 
functions are estimated by their empirical counterparts: 
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where { }1 A  denotes the indicator function on a set A. 

Let Rij be the rank of Xij among {X1j,...,Xnj}, with i = 

1,...,n and j = 1,...,d, and define 1ij ijR n R   .The 

copula C is estimated by 
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where 1A denotes the indicator function of a set A and 
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n
= = . The empirical survival function is 

defined in a similar way. Fermanian et al. (2004) estab-

lish regularity conditions for Ĉ  to converge towards a 
Gaussian process. As the asymptotic distribution is un-
feasible in most cases, bootstrap methods are common-
ly used to approximate it.  
 
Conditions (3) and (4) can then be checked out by com-
paring the values of both the empirical copula and the 
empirical survival function on the two d-dimensional 
distributions X and Y being compared. For this compar-
ison to be feasible, a grid of points on the hypercube Id 
should be defined. Let 0<p1<…<pk<1 be k points in I, 
the kd points in Id that make up the grid are 

 
1
,...,

di ip p , with ij=1,…,k and j=1,…,d. At each of 

these points, the values of the empirical copula of both 
X and Y are computed and it is checked if one of the 
copulas outranks the other at all points in the grid. The 
same procedure is carried out with the empirical surviv-
al function.  
 
Obviously, this comparison is very restrictive as it is 
merely descriptive. However, the procedure can be sig-
nificantly improved by bootstrapping. In doing so, we 
will be able to formally test the hypothesis 

: X YC CoH ³  (PLOD condition). Similarly, the equiv-

alent hypothesis for the survival function, i.e., the 
PUOD condition, could also be tested. 

4. Copula-based multivariate measures of depend-
ence 

The concordance ordering defined in the preceding sec-
tion produces an incomplete ranking. In contrast, a de-
pendence measure allows a complete ranking of all the 
distributions being compared. In this section, we first 
discuss three dependence measures which can be re-
garded as multivariate generalizations of the well-
known Spearman’s rho. These measures are related to 
the three multivariate dependence ordering conditions 

introduced in Section 3. A complete description of these 
and other copula-based measures of multivariate de-
pendence can be found in Wolff (1980), Joe (1990), 
Nelsen (1996, 2002), Dolati and Úbeda-Flores (2006) 
and Schmid and Schmidt (2007). The problem of esti-
mating such measures is addressed in Joe (1990), 
Schmid and Schmidt (2007) and Pérez and Prieto 
(2015). 
 
The first copula-based multivariate extension of Spear-
man’s rho that we consider, dr

- , is due to Wolff (1980) 

and Nelsen (1996) and it is defined as follows: 
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Since the denominator of this expression represents the 
maximum value of its own numerator, i.e. its value at 
the maximal copula C = M, it is guaranteed that the 
maximum value of dr

-  is 1. By working out some of 

the integrals in (5), the following alternative expression 
turns out: 
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where ( ) ( )
1

1
d

j
j

u
=

P = -u . Following Nelsen (1996), 

dr
-  can be regarded as a multivariate measure of aver-

age lower orthant dependence. 
 
The second multivariate version of Spearman’s rho 
considered in this paper, dr

+ , was originally proposed 

by Nelsen (1996) as a multivariate measure of average 
upper orthant dependence and it is defined as follows: 
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Again, the denominator of this expression resembles its 
own numerator evaluated at the maximal copula C = M 
and so the maximum value of dr

+  is 1. The expression 

(6) can be alternatively written as: 
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When the copula of X is the upper bound M, both dr

-  

and dr
+  attain their maximum value, 1, and they be-

come zero when the components of X are independent, 
i.e. when C = Π. A lower bound for both dr

-  and dr
+  is 

( ) ( ){ }2 1 ! ! 2 1d dd d dé ù é ù- + - +ê ú ê úë û ë û ; see Nelsen (1996).  
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Nelsen (2002) proposes another multivariate version of 
Spearman’s rho, dr , defined as the average of dr

- and 

dr
+ , i.e.: 
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                                                                                     (7) 
 
This measure is further discussed in Dolati and Úbeda-
Flores (2006), where it is shown that it is a measure of 
average orthant dependence. It has also been used in 
Decancq (2013). 
 
In the bidimensional case (d=2) the three coefficients 
defined above reduce to bivariate Spearman’s rho, Sr , 

that is, 2 2 2 Sr r r r- += = = . 

 
In the trivariate case (d=3), the three coefficients de-
fined above become: 
 

3

3 1 2 3 1 2 38 ( , , ) 1
I

C u u u du du dur- = -ò                          (8a), 

3

3 1 2 3 1 2 38 ( , , ) 1
I

C u u u du du dur+ = -ò                          (8b), 

3 3 12 13 23
3 2 2

r r r r r
r

- ++ + +
= =                                (8c), 

 
where ( 12r , 13r , 23r ) are the three possible pairwise 

Spearman’s rho coefficients. 
 
The advantage of 3r

-  and 3r
+  is that they are capable of 

revealing some forms of dependences that 3r  fails to 

detect. Nelsen (1996) illustrates this feature with an ex-
ample where 3 0r = , presumably indicating no de-

pendence at all, while 3r
+  is positive and 3r

-  is nega-

tive, indicating some degree of positive upper orthant 
dependence and negative orthant dependence, that is 
missed by 3r .  

 
In spite of this advantage, there are still some forms of 
multivariate dependence that the coefficients 3r

-  and 

3r
+  may fail to detect when they take values near 0. To 

overcome this drawback, a general class of directional 
-coefficients has recently been proposed by Nelsen 
and Úbeda-Flores (2012). Let (1,2,3), with i={1,-
1}, denote the eight vertexes of the cube I3 determining 
the eight directions in which we could measure depend-
ence in the 3-dimensional case. For each direction 
(1,2,3), a directional -coefficient is defined as: 
 

1 2 3 1 2 12 1 3 13 2 3 23 3 3
3 1 2 33 2
a a a a a r a a r a a r r r

r a a a
+ -+ + -

= +   (9) 

 

Hence, each of these eight directional coefficients is a 
simple linear combination of the pairwise measures and 
the two measures 3r

-  and 3r
+  of trivariate association. 

Noticeably, (1,1,1)
3 3r r+=  and ( 1, 1, 1)

3 3r r- - - -= . 

 
Finally, we consider the new index of maximal depend-
ence max

3r  proposed by García et al. (2013) as the larg-

est of the eight directional -coefficients defined in (9). 
These authors proved that their index can also be calcu-
lated using the three pairwise Spearman’s rho coeffi-
cients and the three common 3-dimensional versions of 
Spearman’s rho in (8) as follows: 
 

{ } { }max
3 12 13 23 3 3 3

2
max , , ,3 min ,

3
r r r r r r r- += -              (10) 

 
The non-parametric estimator of the coefficient dr

+  in 

(6) was already given in Joe (1990). For d=3, this esti-
mator becomes: 
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Pérez and Prieto (2015) propose a non-parametric esti-
mator of dr

- , which reduces to the following expression 

for d=3: 
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Note that Schmid and Schmidt (2007) propose other 
nonparametric estimators of dr

- and dr
+  but, as Pérez 

and Prieto (2015) show up, these are unfeasible, since 
they can take values out of the parameter space. Note 
also that there is a typo in García et al. (2015), since 
their expressions for the estimators 3r̂

-  and 3r̂
+  are the 

other way round, being their equation (12) the correct 
expression of 3r̂

+  and their equation (13) the proper ex-

pression of 3r̂
- . 

 
Finally, the parameter ρ3 in (8c) can be estimated as: 
 

3 3 12 13 23
3

ˆ ˆ ˆ ˆ ˆ
ˆ

2 2

r r r r r
r

- ++ + +
= =  

 
For the bidimensional case (d=2), all expressions above 
collapse to the well-known sample bivariate Spear-
man’s rank correlation.  
 
To estimate the directional coefficients in (9) and the 
index of maximal dependence in (10), García et al. 
(2013) suggest using plug-in estimators, that is, replac-
ing each pairwise correlation by its well known sample 
counterpart and replacing 3r

-  and 3r
+  by their non-

parametric estimators in (12) and (11), respectively.  
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5. Empirical application 

Several recent works (Atkinson and Morelli, 2011; 
Foessa, 2013 and Prieto et al. 2015) point out that pov-
erty in Spain has increased significantly over the last 
years of economic crisis. As we said before, poverty 
depends on the degree of interdependence among the 
poverty dimensions. In this section, we apply the copu-
la-based methods described in Section 3 and Section 4 
to measure the evolution of the dependence among the 
poverty dimensions in Spain over the period 2009-
2013. This analysis will give us a general picture of 
how the degree of poverty has evolved in Spain in the 
years after the crisis. 
 
5.1. Data and variables 

The dimensions of poverty we have selected for our 
empirical application are those included in the AROPE 
rate2, namely income, material needs and work intensi-
ty. We select these variables because the AROPE rate is 
the headline indicator to monitor and implement effec-
tive poverty-reduction policies in the framework of the 
Europe 2020 Strategy.  
 
The income of a household is the total income of the 
household, after tax and other deductions divided by the 
equivalent household size3.  
 
The material deprivation is originally defined as the en-
forced inability to: 1) pay unexpected expenses; 2) af-
ford a one-week annual holiday away from home; 3) 
have a meal involving meat, chicken or fish every sec-
ond day: 4) heat adequately a dwelling; 5) have a wash-
ing machine; 6) have color television; 7) have tele-
phone; 8) have car; 9) manage with payment arrears 
(mortgage or rent, utility bills, hire purchase instalments 
or other loan payments). For the sake of simplicity and 
easy of interpretation, we consider a transformation of 
this variable that takes its complementary values, name-
ly: 0 (having all the 9 possible deprivations), 1 (having 
eight out of the nine aforementioned deprivations), …, 
9 (having no deprivations). Hence, this new variable 
indicates the number of no-privations out of the nine 
possible.  
 
The work intensity of a household is the ratio of the to-
tal number of months that all working-age4 household 
members have worked during the year and the total 
number of months the same household members theo-
retically could have worked in the same period. 
 

                                                           
2 The AROPE rate is the percentage of people who are either at risk of 
monetary poverty, or severely materially deprived or living in a 
household with a very low work intensity. 

3 We use the OECD equivalence scale which assigns a weight 1.0 to 
the first adult; 0.5 to the second and each subsequent person aged 14 
and over; 0.3 to each child aged under 14.  
4 A working-age person is a person aged 16-65 years, with the exclu-
sion of students in the age group between 16 and 24 years.  
 

With our transformation of the variable measuring ma-
terial needs we ensure that the three variables consid-
ered keep the same relationship with phenomenon being 
measured, poverty. That is, high values of each variable 
convey lower chance to be poor, while low values of 
each variable convey higher chance to be poor.  
 
The data comes from the EU-Statistics on Income and 
Living Conditions (EU-SILC) survey, which is the EU 
reference source for comparative statistics on income 
distribution and social inclusion at the European level. 
To face our goal, we base our analysis on data from 
surveys launched in 2009 and 2013.  
 
The unit of analysis is the household. The samples sizes 
of the EU-SILC survey are 13360 and 12139 in 2009 
and 2013, respectively. However, we only work with 
subsamples of 10863 households in 2009, and 9695 
households in 2013, for which we have complete in-
formation for all the three ranking variables. In particu-
lar, in these subsamples, households composed only of 
children, of students aged less than 25 and/or people 
aged 65 or more are excluded, due to their missing val-
ues in the variable work intensity. Although the full 
samples are constructed to be representative for the en-
tire Spain, this restricted subsamples might not be. 
Nevertheless, the difference between some statistics ob-
tained with the entire sample and those obtained with 
the subsamples are tiny. For example, the means house-
hold income obtained with the entire sample are 16945 
and 16087 in 2009 and 2013 respectively, while both 
means with the reduced sample are 17842 and 16489. 
 
In the copula-based framework we deal with how the 
individuals are ranked in the three dimensions, rather 
than with the exact outcome levels of the individuals in 
these dimensions. Hence, in each dimension, house-
holds are ranked according to the variable defining such 
dimension. If a tie occurs, the households tied are 
ranked randomly. As we will illustrate later, this ran-
dom assignment do not noticeably change the results. 
 
5.2. Results 

We first test the hypothesis of increased dependence in 
Spain over the period 2009-2013 by performing copula 
based-orderings comparisons, as described in Section 3. 
 
In order to do that, for each year, we compute the em-
pirical copula function over a grid of 27 points in I3 de-
fined by (0.25, 0.5, 0.75) and then, for each point in the 
grid, we compare the values of the empirical copula for 
both years as described in section 3. Then, we approxi-
mate the sampling distribution of each empirical copula 
by resampling with replacement repeatedly (1000 sub-
samples) from the original sample. Afterwards, on the 
basis of the bootstrap distributions obtained, we test for 
the difference between the two years considered to be 
significant. 
 
The results are displayed in Table 1 (see the Appendix). 
Several conclusions emerge from this table. First, the 
empirical copula in year 2013 outranks the empirical 
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copula in year 2009 at all the grid points. Second, the 
differences between 2013 and 2009 are significantly 
non-negative at 5% in all cases. Hence, the PLOD con-
dition holds at all grid points at 5% significant level. 
This means that the three poverty dimensions (income, 
no material needs and work intensity) are more likely to 
have simultaneously small values in 2013 than in 2009; 
that is, being simultaneously poor in all the three di-
mensions is more likely to occur in 2013 than it was in 
2009. Therefore, the situation for the poors has become 
even worse in 2013 than it was in 2009. 
 
We next illustrate the multivariate dependence among 
income, no material needs and work intensity through 
the multivariate versions of Spearman’s rho introduced 
in Section 4. In order to do that, we compute the estima-
tors of the ten 3-dimensional indexes introduced in Sec-
tion 4 for the two years considered. Again, we approx-
imate the sampling distribution of these estimators by 
bootstrap methods, using the resampling scheme ex-
plained above. The results are displayed in Table 2 in 
the Appendix. This table also includes the three possi-
ble pairwise Spearman’s rho correlation coefficients, 
namely, the correlation between: income and material 
needs ( 12r̂ ), income and work intensity ( 13r̂ ) and mate-

rial needs and work intensity ( 23r̂ ).  

 
As expected, most coefficients have increased its mag-
nitude in 2013 as compared to 2009. Actually, the dif-
ferences between 2013 and 2009 are all significantly 
non-negative at 5% level, except for the directional co-
efficients ( 1,1,1)

3r̂
- , (1,1, 1)

3r̂
- , (1, 1, 1)

3r̂
- - . Hence, the depend-

ence among dimensions of poverty has increased signif-
icantly over the period 2009-2013. 
 
Moreover, in both years, the largest coefficient is 3r̂

- , 

indicating that the direction of maximal dependence is 
(-1,-1,-1). This means that small values of the three 
poverty dimensions (income, no material needs and 
work intensity) tend to occur together, and this simulta-
neous occurrence is more likely in 2013 than in 2009. 
Noticeably, the second largest coefficient of multivari-
ate dependence is 3r̂

+ , which measures dependence in 

direction (1,1,1). This means that high values of the 
three poverty dimensions tend to occur together, i.e., 
households with high income are more likely to have 
simultaneously high work intensity and few material 
needs. Moreover, this simultaneous occurrence of good 
rankings in the three dimensions is more likely in 2013 
than in 2009. 
 
To summarize, our results show that not only the de-
pendence among dimensions of poverty has increased 
significantly from 2009 to 2013, but also the society has 
become more polarized, with poverty dimensions (in-
come, no material needs and work intensity) being more 
likely to have simultaneously small (large) values in 
2013 than in 2009. 
 

6. Conclusions 

In this paper we analyse how the dependence among the 
dimensions of poverty has evolved in Spain over the 
period 2009-2013. The dimensions considered are those 
included in the AROPE rate: income, material needs 
and work intensity. In order to do that, we have applied 
copula-based orderings of dependence over a grid of 27 
points to test whether such dependence has increased 
over the period considered. We have also computed 
several multivariate extensions of the Spearman’s rank 
coefficient for the two years considered and we have 
tested, using bootstrap methods, whether the differences 
between both years are significant.  
 
Our main conclusion is that the degree of dependence 
among income, material needs and work intensity has 
noticeably increased over the period considered. More-
over, in both years, the maximal dependence among the 
three dimensions occur in direction (-1,-1,-1) and the 
direction of the second largest dependence is (1,1,1). 
This means that small (high) values of the three poverty 
dimensions tend to occur together, and this simultane-
ous concentration of small (large) values of income, no 
material privations and work intensity, is more likely to 
occur in 2013 than in 2009. Therefore, after the crisis, 
the Spanish society has become more polarized, with 
the poor being more likely to keep being poor and the 
rich being more likely to keep being rich. 
 
Our results also highlight the relevance of income as the 
main factor leading poverty, since the other variables 
considered are highly correlated with it. 
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Appendix: Tables 

Table 1. Estimated copula (standard errors in parenthe-
sis) for the three AROPE dimensions evaluated at 27 
grid points u=(u1,u2,u3) for the two years 2009 and 
2013, together with t-statistics to test for significant dif-
ferences between the two years considered 
 

u=(u1,u2,u3) 2009 2013 t-statistic

(0.25, 0.25, 0.25) 0.064 
(0.002)

0.078 
(0.002) 

5.133 

(0.50, 0.25, 0.25) 0.088 
(0.002)

0.101 
(0.002) 

4.570 

(0.75, 0.25, 0.25) 0.096 
(0.002)

0.107 
(0.002) 

3.953 

(0.25, 0.50, 0.25) 0.095 
(0.002)

0.112 
(0.002) 

5.715 

(0.50, 0.50, 0.25) 0.141 
(0.002)

0.156 
(0.002) 

5.102 

(0.75, 0.50, 0.25) 0.160 
(0.002)

0.172 
(0.002) 

3.832 

(0.25, 0.75, 0.25) 0.107 
(0.002)

0.121 
(0.002) 

5.196 

(0.50, 0.75, 0.25) 0.163 
(0.002)

0.177 
(0.002) 

4.706 

(0.75, 0.75, 0.25) 0.195 
(0.002)

0.202 
(0.002) 

2.889 

(0.25, 0.25, 0.50) 0.095 
(0.002)

0.106 
(0.002) 

4.104 

(0.50, 0.25, 0.50) 0.141 
(0.002)

0.154 
(0.002) 

4.065 

(0.75, 0.25, 0.50) 0.160 
(0.002)

0.168 
(0.002) 

2.544 

(0.25, 0.50, 0.50) 0.148 
(0.002)

0.164 
(0.002) 

5.252 

(0.50, 0.50, 0.50) 0.240 
(0.003)

0.260 
(0.003) 

5.187 

(0.75, 0.50, 0.50) 0.285 
(0.003)

0.299 
(0.003) 

3.809 

(0.25, 0.75, 0.50) 0.170 
(0.002)

0.186 
(0.002) 

5.496 

(0.50, 0.75, 0.50) 0.286 
(0.003)

0.308 
(0.003) 

5.973 

(0.75, 0.75, 0.50) 0.360 
(0.002)

0.373 
(0.003) 

3.749 

(0.25, 0.25, 0.75) 0.109 
(0.002)

0.117 
(0.002) 

2.903 

(0.50, 0.25, 0.75) 0.175 
(0.002) 

0.185 
(0.002) 

3.331 

(0.75, 0.25, 0.75) 0.207 
(0.002) 

0.211 
(0.002) 

1.771 

(0.25, 0.50, 0.75) 0.171 
(0.002) 

0.184 
(0.002) 

4.425 

(0.50, 0.50, 0.75) 0.302 
(0.003) 

0.320 
(0.003) 4.717 

(0.75, 0.50, 0.75) 0.380 
(0.003) 

0.394 
(0.002) 

3.702 

(0.25, 0.75, 0.75) 0.199 
(0.002) 

0.211 
(0.002) 4.647 

(0.50, 0.75, 0.75) 0.365 
(0.002) 

0.388 
(0.003) 6.439 

(0.75, 0.75, 0.75) 0.493 
(0.003) 

0.512 
(0.003) 5.065 

 
 

 
 
 
Table 2. Estimated parameters (standard errors in pa-
renthesis) of the trivariate correlation coefficients be-
tween the three AROPE dimensions for the two years 
2009 and 2013, together with t-statistics to test for sig-
nificant differences between the two years considered 
 

Estimator 2009 2013 t-statistic 

12r̂  
0.431 
(0.008) 

0.503 
(0.008) 6.487 

13r̂  
0.424 
(0.009)

0.455 
(0.009) 2.539 

23r̂  
0.239 
(0.009)

0.340 
(0.009) 7.788 

3r̂
+   0.357 

(0.006)
0.417 
(0.007) 6.571 

3r̂
-   0.372 

(0.007)
0.449 
(0.007) 8.121 

3r̂   0.365 
(0.006)

0.433 
(0.006) 7.607 

( 1,1,1)
3r̂
-   -0.197 

(0.004) 
-0.190 
(0.004) 1.218 

(1, 1,1)
3r̂

-   -0.074 
(0.005) 

-0.114 
(0.004) -6.055 

(1,1, 1)
3r̂

-   -0.070 
(0.005) 

-0.081 
(0.005) -1.589 

( 1, 1,1)
3r̂
- -   -0.085 

(0.005) 
-0.113 
(0.005) -3.880 

( 1,1, 1)
3r̂
- -   -0.090 

(0.005) 
-0.145 
(0.005) -7.684 

(1, 1, 1)
3r̂

- -   -0.213 
(0.004) 

-0.222 
(0.004) -1.637 

max
3r̂   0.372 

(0.007)
0.449 
(0.007) 8.121 
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