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Abstract
We study classroom discussions to obtain a fuzzy
summary of the quality of teaching and opportunities to learn mathematics created in whole-class
settings. We consider the ten rubrics of the Instructional Quality Assessment and make a fuzzy interpretation of this tool. We selected two problems of
proportionality and collected data from forty-nine
students. We make a statistical analysis of their
written responses to the tool and consider their perceptions and feelings about the lesson. This analysis
provided information about what rubrics are considered relevant to compute the fuzzy summary.

methodology [5] in order to obtain a weighted mean
that aggregates all the aspects included in IQA.
This aggregation function allows us to obtain a
fuzzy set that summarizes the quality of teaching
in a whole-class setting. This kind of study was
not previously done, since the original version of
IQA does not consider any kind of aggregation for
all the ten rubrics. However, it establishes a direct
relation between great values in IQA and opportunities to learn. In particular, it suggests that as
greater values a situation has in all the rubrics, a
better situation is in terms of learning.
Finally, we propose to use this tool in some researches and in any classroom in order to favor
teachers to have a critic spirit of their lessons.

Keywords: Opportunities to learn mathematics,
fuzzy summary, classroom discussions, Instructional
Quality of Assessment

2. Previous concepts and goal
Classroom discussions are a crucial resource for
mathematics teaching, since they can facilitate the
students’ learning. Many teachers are used to organizing mathematics classrooms using these discussions, although their productivity depends on the
number of learning opportunities that are created
and how students can take advantage of these opportunities to learn. We assume that a classroom
discussion is an instructional situation in which it
is organized an oral reflection between students and
teacher over a certain mathematical task. Interaction between participants may occur, although it
will highly depend on the teachers’ teaching activity
when managing the lesson [7].
Episodes of a classroom discussion are defined
through the articulation of two dimensions: the instrumental dimension, about the artefacts and how
these are used in class [6], and the discursive dimension, about the interactional patterns that help to
understand the generic development of the episodes
and some of the particular characteristics shared
among them [14]. More generally, we interpret
episodes as systems of actions that have occurred
in the course of the discussion. Our interest is on
the effect of actions as some of them may foster
procedural and/or conceptual mathematical learning [15].
The interpretation of classroom discussions in
terms of sequences of episodes and actions has to do

1. Introduction
This article studies a didactic problem, as it to evaluate an interactive classroom situation, in particular a classroom discussion, and the opportunities to
learn mathematics that are created for the benefit
of the students.
Our aim is to attempt to obtain a fuzzy set that
summarizes the process of teaching and learning in
a classroom discussion. Based on the relation of
the quality of teaching and the generation of opportunities to learn, we base our study on a tool,
the Instructional Quality Assessment (IQA), which
combines ten rubrics that take into account the academic rigor and the accountable talk of a classroom
discussion [2, 3, 11].
Previous works (see, for instance, [9, 10]) tried
to partially fuzzify IQA rubrics because of the suitability of using fuzzy sets instead of crisp values to
evaluate a classroom situation, which is full of imprecision and in which we consider that the perceptions of the teacher and students have an important
role in the development of the lesson.
Based on the fuzzy descriptions of the participants’ perceptions, we apply a fuzzy arithmetic
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with our understanding of interaction as a crucial
place for the development of mathematical learning. Various authors have studied the broader
topic of opportunities to learn (see, for instance,
[4, 11, 12]). In particular, we consider opportunities to learn mathematics as relationships between
contents of mathematical knowledge, which are liable to be procedural and conceptual, together with
actions that potentially contribute to facilitate the
students’ learning. These opportunities are identifiable through and from actions generated by diverse
situations in the interaction processes of the mathematics classroom [7].
For the purpose of studying classroom discussions
and opportunities to learn, in this article we present
a study whose main aim seeks to investigate: How
can we obtain a fuzzy summary of the quality of
teaching and opportunities to learn mathematics in
a classroom discussion?

contributions within the discussion; Student’s Linking, that is, the student links between contributions within the lesson; Teacher Asking, that is, the
teacher press for conceptual explanations within the
classroom discussion; and Student Providing, that
is, the conceptual explanations provided by students
within the discussion.
Each dimension is evaluated with a rubric that
allocates values between 0 and 4. For instance, for
the case of Participation, the rubric is evaluated as
follows:
0- If none of the students participated in the
discussion.
1- Less than 25% of the students participated
in the discussion.
2- Between 25% and 50% of the students participated in the discussion.
3- Between 50% and 75% of the students participated in the discussion.
4- Over 75% of the students participated in the
discussion.

3. The classroom observation tool

And the rubric of the dimension Teacher Asking
is defined as follows:

Our aim deals with the assessment of the quality
of a classroom discussion and the study in depth of
the opportunities to learn.
The methodology followed in these types of studies usually focuses on qualitative approaches, in
which classroom discussions are firstly recorded and
later transcribed and carefully analyzed to obtain
interpretative conclusions. However, in many researches it is also useful to have quantitative tools
to better confirm the results of the study. Particularly, for the case of classroom discussions, the wellknown tool is the IQA, which was introduced previously and whose set of rubrics is described below.
IQA allows teachers and researchers to assess a
classroom discussion through the combination of
ten rubrics, which refer to different didactic aspects
that can be considered when analyzing a discussion.
IQA rubrics are divided in two groups: Academic
Rigor and Accountable Talk (see [11], page 659).
Academic Rigor is divided in five dimensions:
Task Potential, that is, the cognitive demand of the
task as it appears in the curricular materials; Task
Implementation, that is, the cognitive demand of
the task as it is implemented after students start
to work on solving the task through the end of
the lesson; Student Discussion Following the Task,
which measures to what extent students show their
work and explain their thinking about the important mathematical content; Questioning, that is, the
type and amount of questions that the teacher provides students during the lesson; and Mathematical
Residue, that is, the extent to which the classroom
discussion builds new and/or important mathematical ideas.
Accountable Talk is also divided in five dimensions: Participation, that is, the percentage of students who participate in the classroom discussion;
Teacher’s Linking, that is, the teacher links between

0- The classroom discussion was not related to
mathematics or there was no discussion following the task.
1- There are no efforts to ask students to provide evidence for their contributions, and there
are no efforts to ask students to explain their
thinking.
2- Most of the press is for computational or procedural explanations of memorized knowledge,
or there are one or more superficial, or trivial
efforts to ask students to provide evidence for
their contributions, or to explain their reasoning.
3- Once or twice during the lesson the teacher
asks student to provide evidences for their contributions or explain their reasoning.
4- The teacher consistently (almost always)
asks students to provide evidence for their contributions or to explain their reasoning.
The other rubrics of IQA and more information about this tool can be found in
http://peabody.vanderbilt.edu/departments/tl/
teaching_and_learning_research/mist/
mist_instruments.php.
These rubrics, and for instance Participation and
Teacher Asking, show two problems: the main one
is that they try to evaluate imprecise things in a
precise way. This leads into distinguishing between
a discussion in which 74% of students participated
and other in which the participation was 76% of
students, or not distinguish between a discussion in
which the 26% of students participated and other in
which the 49% of students participated. The other
problem appears because of using imprecision in the
formulation of rubrics, as it happens when someone
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allocates 4 in the rubric of Teacher Asking. Then,
what is the meaning of ‘consistently’? Does it mean
more than ‘twice’?
The main cause of these problems is that concrete
values in {0, 1, 2, 3, 4} are allocated to imprecise situations, which are full of complex aspects that may
change the valuation of each dimension. For instance, the way of asking students to explain their
reasoning and the degree of depth the teacher expects to reach.
That is why we propose to use fuzzy sets to valuate these terms. As it is partially done in [9], we
allow to allocate a fuzzy set to each dimension collected in IQA, based on the rubric proposed and
the perception of all the aspects related to valuate
it. For instance, in the case of Participation we can
fix the number of students participating but also the
way they participate, the frequency, the signs of non
verbal participation,... All this information can be
described into a fuzzy set, as it is shown in Figure
1. We propose to deal with trapezoidal fuzzy sets
in order to simplify the way of describing perceptions by users and also to simplify the effectiveness
of the program for computing the overall perception. On the one hand, the greatest base of the
trapezium collects the values that are compatible
with the user’s belief, which will be the support of
the graph (0-level). On the other hand, the smallest
base (1-level) collects the values that are completely
compatible with the user’s perception.

Figure 2: Linguistic variable

total of eight lessons. In this article we have selected two problems in the sequence to introduce
the concept of proportionality, which is related to
the notions of shape and similarity. Figure 3 shows
the first problem, whose wording presents an open
approach and whose resolution is tied to the activation of high cognitive tasks of proportional thinking
[18]. There is more than one solution strategy and
connections need to be made with the concepts of
area and ratio.

Figure 3: Formulation of the first problem

Figure 4 shows the second problem, which was
selected because it suggested students to work on a
geometric transformation to turn the original triangle into another with twice the perimeter and move
it on the plane. The two tasks were connected and
the concept of homothecy with a positive ratio was
introduced through a transformation that combined
dilation and translation.

Figure 4: Formulation of the second problem
Figure 1: A fuzzy set valuating participation

Data was collected in December 2014 with fortynine students of a degree in education (pre-service
teachers) in two classrooms, twenty-six students and
twenty-three students, respectively. The work dynamics was collaborative and began with a paperand-pencil resolution of the two tasks in groups of
four pre-service teachers during one hour. It continued with one-hour classroom discussion where all
participants discussed the two mathematical activities. Finally, the pre-service teachers were asked to
fill all the items of the ten IQA rubrics, each one
described with a fuzzy set, to obtain their perception about the academic rigor and the accountable
talk of the classroom discussion. In addition, they
had to write down a fuzzy set that summarized their
feelings over the whole lesson. After the discussion,
participants’ written materials were collected, both
produced by working in small groups and individually after the lesson.

Moreover, each fuzzy set could be translated into
linguistic terms based on the linguistic variables:
very low, low, medium, high and very high. This
fact could be useful in two different ways: to complete the perception of each rubric based on the
linguistic meaning, and to communicate the overall perception obtained with words.
A simple way to translate the overall perception
into linguistic terms is comparing it with fuzzy sets
that represent labels of the linguistic variables (see
Figure 2) [20]. This comparison could be done by
calculating indistinguishabilities [17] of the overall
perception and fuzzy sets of the linguistic variable.
4. Context and data
We designed an instructional sequence of Geometry
with similarity problems to be implemented over a
1049

To compute the weights {αj }10
j=1 , an intermediate
statistical process has been developed. In the performed experiment, introduced in Section 4, an additional variable has been included in the IQA questionnaire. In addition to the ten rubrics, the students have been asked to give his/her answer to the
following item: Overall perception: Quality of the
discussion. This item has been also modelled as a
trapezoidal fuzzy variable, whose possible values are
trapezoidal fuzzy sets with support in 0% − 100%,
analogously to the rubrics.
Let us define the variable XG =Overall perception: Quality of the discussion. Thus, the weights
in (1) are computed in terms of the correlation coefficients of the ten rubrics with XG obtained from
the sample data set, respectively (see Table 1).
In order to guarantee that the proposed process
to compute the weights defining XP is statistically
valid, some inferential studies are additionally developed. Namely, a hypothesis test is solved, to
study if the expected values of the variables XP
and XG are significantly different or not. If the latter situation holds, then it is concluded that the
overall perception of the classroom discussion given
by XP in (1), with the corresponding weights computed from the available sample data for XG , effectively describes the general feeling of each individual
about the session. Inferential results are shown in
Section 6.1.

After the classroom discussion, participants were
asked to complete the rubrics of IQA. A questionnaire (see Figure 5) was given to students to complete eleven fuzzy sets: the first ten were linked
to each rubric, respectively, and the last one corresponded to a summary of the overall perception
of the quality of teaching in the classroom.

Figure 5: Questionnaire of perceptions

6. Results
5. Methodology
i
i n
}i=1 the experimental
Let {(X1i , X2i , · · · , X10
), XG
dataset. Note that n = 49, Xji is the sample
value of the rubric j for the individual i, for each
i
j = 1, · · · , 10, and XG
is the sample value of XG
for the same individual.
The correlation coefficients of Xj and XG , for all
j = 1, · · · , 10, are computed by using the software
package SAFD Statistical Analysis of Fuzzy Data,
included in the statistical software R, with license
GPL and downloadable from CRAN (see [19] for
details). They are collected in Table 1. From those
values, denoted by ρj , j = 1, · · · , 10, the weights
{αj }10
j=1 in (1) are computed as:

The pre-service teachers’ written responses to the
IQA rubrics and their individual summaries with
perceptions and feelings about the lesson were analyzed with a fuzzy statistical approach.
The ten rubrics were combined together to provide an overall perception of the quality of the classroom discussion. The overall perception of an individual is defined as a weighted combination of
his/her rubrics, in order to take into account the different degree of explanation of each rubric to his/her
general opinion about the classroom discussion.
Let us define the variable XP =overall perception
of the classroom discussion and compute it as:
XP (ω) =

10
X

αj Xj (ω) ,

ρj
αj = P10

(1)

j=1

j=1

ρj

.

The experimental values of {αj }10
j=1 are also shown
in Table 1.

Xj 10
j=1

for each individual ω, where
is the set of
rubrics of the Instructional Quality Assessment
P10 and
{αj }10
⊂
R
is
a
set
of
weights
fulfilling
j=1
j=1 αj =
1.
Since {Xj }10
j=1 are trapezoidal fuzzy sets, it is
straightforward to show that XP is also a trapezoidal fuzzy set. As a weighted summary of the ten
rubrics, it provides information about the general
perception or opinion of each student on the classroom lesson.

6.1. Testing the overall perception
The sample values of the variable XP , {XPi }ni=1 , are
computed from its expression in (1) and the coefficients {αj }10
j=1 provided in Table 1.
The hypothesis testing procedure to test the
equality of expectations of two fuzzy variables provided by the R-package SAFD [19] has been applied
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ρj
.3467478
.3846548
.1925548
.3242923
.4843396
.4325690
.4030069
.2859721
.5407293
.2671600

αj
.09468896
.10504050
.05258235
.08855687
.13226216
.11812478
.11005204
.07809249
.14766090
.07293895

discussion is obtained. In a similar way, Teacher’s
linking is another variable that has a high relation
with the overall perception and contributes to involve students into the discussion, relating what
the teacher wants to show to the student’s previous knowledge.
Teachers in the process of asking and linking students’ responses can help students to be more participative in classroom discussions. Students follow
a leading role during classrooms because they can
construct their own mathematical understandings
[16]. This thesis is supported by the constructivist
theory of education [13, 16].
All these facts are strongly related to the style of
teaching [1]. Master lectures and non-participative
classroom discussions seem not to be enough productive in the creation of opportunities to learn [7].
Therefore, we recommend teachers to organize open
discussions, since they seem to obtain better results
in the students’ learning.
The Mathematical residue is, under our view, the
effectiveness proof that the student makes the most
of the discussion to understand and fixes the mathematical concept that the teacher wanted them to
reach. This could be the reason of having a strong
weight in the final weighted mean.
Finally, we want to point out that in this study
we obtained the lowest values for the activities that
depended on the students: Students discussion following the task, Student’s providing and Student’s
linking. Therefore, this allows us to formulate an
hypothesis: Is the teacher the member of a classroom discussion that has the strongest tools to lead
the discussion into opportunities to learn?

Table 1: Experimental values of the weights
to solve the test:

H0 : E(XP ) = E(XG )
H1 : E(XP ) 6= E(XG )

(2)

from the available dataset. The inferential algorithm approximates the p-value of the test by p =
.585. Thus, the null hypothesis of equal expectations of the variables is not rejected at the usual
significance levels (1, 5, 10%). The sample means of
XP and XG are shown graphically in Figure 6. It
is immediate to see that they are trapezoidal fuzzy
sets with similar behaviour. As a conclusion, the
variable XP can be effectively used as a description
of the overall perception about the classroom discussion, given the answers to the ten rubrics of the
IQA.

8. Application with GeoGebra
GeoGebra (http://www.geogebra.org) is a software
of dynamic geometry created for learning and teaching geometry in primary and secondary schools.
Therefore, it is a well-known tool for primary and
secondary teachers. That is why it could be a good
media to show these fuzzy rubrics in schools to
teachers in order to analyze the quality of a classroom discussion. The teacher could introduce their
perceptions of a concrete lesson and obtain the summary through a fuzzy set that could be compared
with the linguistic variables that were associated.
In [10] a tentative program using GeoGebra calculated the overall perception of a classroom discussion. However, it only took into account three of the
ten dimensions of IQA and made the media of these
three fuzzy sets. After the result obtained above, we
can complete the overall perception by introducing
all the dimensions of IQA, each one associated with
its own weight and obtaining the overall perception.
In the screen of computers or tablets it appears
the interface in Figure 7 and it allows teachers to introduce their perceptions of all dimensions of IQA.
Teachers should just move the vertex of all the

Figure 6: Sample means of XP and XG

7. Interpretation of weights
Because of the coefficients obtained in the previous section, the overall perception is computed as a
weighted arithmetic mean. In this section we try to
interpret these weights analyzing what aspects of a
classroom discussion are more relevant. Therefore,
some hints for teachers can be shown in order to
carry out high quality discussions.
The strongest correlated variable is one that depends on the teacher: Teacher’s questioning. According to this result, more and deeper questions the
teacher asks to their students, better quality of the
1051

trapezoidal fuzzy sets in a friendly environment for
them and, then, they could see a summary of the
classroom.

Figure 9: Luis’ classroom discussion

was not so clear explained by the rubrics, and we
can compare both situations by the comparison between two fuzzy sets.
Figure 7: Fuzzy IQA in GeoGebra

10. Conclusions
In this paper we try to pass from a qualitative study,
like the quality of a classroom discussion, to a quantitative study without losing the rigor of it. Furthermore, we want to obtain a mathematical summary
of the process that involves many aspects related to
discussions and opportunities to learn.
Firstly, we studied the well-known set of IQA
rubrics, which allowed us to focus on the main aspects that we took into account to study the quality
of the discussion. However, these rubrics, under our
view, force situations to be evaluated with only four
crisp values, losing a lot of information, and they do
not allow teachers and researchers to obtain a summary of the quality of the lesson.
As in [9], the first problem was solved by using
fuzzy logic. However, this paper focuses on obtaining a visual summary of the quality, taking into account all the aspects and dimensions of IQA. Each
rubric contributes to compute the quality of the discussion through a weighted arithmetical mean, in
which the weights are obtained by an experimental
study based on forty-nine participants’ perceptions,
which were collected in this contribution.
The process of obtaining the weighted mean allows us to analyze what dimensions have a higher
influence in the overall perception of the classroom.
The actions leaded by the teacher to involve students in the discussion seemed to be very important.
Therefore, some hints of the actions followed by the
teacher are obtained and, in future works that could
be related to the teacher’s ways of acting [8].
What is more as the summary is a fuzzy set that
has a visual interpretation, since the nearer the
graph of the fuzzy set is to the right side of the
horizontal axis, the better result is obtained, and
even more linguistic variable helps to interpret the
quality in linguistic terms.
Finally, this summary is not only useful in terms
of research, it could be also popularized to make
teachers conscious on the quality of the discussion
they hold in their classrooms.

9. Application Example
Some dimensions of IQA were studied previously
in two particular classroom discussions with 14 or
15-year-old students [9, 10], in which the previous
similarity problems were discussed. In those studies it could be concluded that two discussions did
not show the same opportunities to learn. Although
they had similar values in many rubrics, the main
differences were the way the problems were implemented by both teachers, the questions the teachers
asked and participation. Our feeling is that one of
these classroom discussions is better than the other,
in terms of the amount of quality and opportunities
to learn. After our analysis through the record of
both classrooms and the design of fuzzy sets to each
rubric in GeoGebra, we obtain the summary of both
situations1 (see Figures 8 and 9).

Figure 8: Sara’s classroom discussion

Through the comparison of the fuzzy sets that
summarize the quality of both classroom discussions represented in Figures 8 and 9, we can say
that Sara’s classroom discussion had higher quality
than the one carried out by Luis, because the levels that Sara reached are higher than levels reached
by Luis. We confirm our suspicious that before it
1 We use pseudonymous for the two teachers: Sara and
Luis.
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