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Abstract

Conditioning for (non-additive) uncertainty mea-
sures is still an open problem. These measures can
arise through probabilistic inference procedures, as
in the case of possibility measures, that can be seen
as the upper envelope of the extensions of a prob-
ability when the corresponding algebras are weakly
logically independent. The aim of this paper is
to define a conditioning rule (B-conditioning) such
that the upper envelope of the extensions of a full
conditional probability on an algebra A is a full B-
conditional possibility on another algebra A′ under
weak logical independence of A,A′.

Keywords: Conditional possibility, conditional
probability, inference, upper envelope, weak logical
independence, generalized Bayesian rule

1. Introduction

Prior probabilities have a central role in Bayesian
statistics, even if sometimes the elicitation of the
prior is not an easy task. For this, in some applica-
tions (for instance, in the reconstruction of images
or signals) instead of assessing a single prior prob-
ability, one can select a suitable family of priors.
These probabilities can derive also from a proba-
bilistic information concerning events different from
those of interest. Indeed, in some situations it could
be necessary to extend to a family of (conditional)
events a conditional probability defined on a differ-
ent domain.
Hence, in order to manage sets of probabilities,

it is fundamental to work with their lower and up-
per envelopes and to make inference through them.
These lower and upper envelopes are generally not
additive and sometimes they reveal to be measures
belonging to well-known families (e.g., plausibil-
ity functions [12, 20] and possibility measures [14])
which have received a lot of attention also in fuzzy
set theory. Nevertheless, as discussed at length in
probability theory, to make inference when the con-
ditioning event has measure 0 we need to consider
as prior a conditional measure (see, for instance, [8]
where conditional probabilities are used in order to
interpret a membership function), thus the notion
of conditioning for non-additive measures is crucial.

On the other hand, the debate on the condition-
ing for non-additive measures is still an open issue,

as one can verify by the related quite extended liter-
ature where several conditioning notions are given
(see, e.g., [4, 7, 12, 9, 14, 16]).

A first aspect in which the given conditioning
notions differ is how the conditional measure is
defined: essentially, either starting from a non-
additive unconditional measure through a suitable
mathematical rule or directly as a function on a
structured domain, satisfying a set of axioms.

Another peculiarity is the relationship between
probability theory and the chosen family of non-
additive measures. For example, a well-known cor-
respondence between probabilities and plausibility
functions has been recognized in the extension of
a probability [17]. On the same line, Dubois and
Prade in [15] provided a characteristic property for
an upper probability to coincide with a possibility
measure, which led in [6] to characterize possibility
measures as upper envelopes of the extensions of a
probability when a logical condition (weak logical
independence) holds.

In this paper we focus on possibility measures on
a finite algebra and we introduce the notion of B-
conditioning. It is shown that under weak logical
independence of two finite algebras A,A′, the upper
envelope of the conditional probabilities extending
a given full conditional probability P on A×A0 is a
full B-conditional possibility on A′ ×A′0. Further-
more, for any full B-conditional possibility measure
ΠB there exists a full conditional probability P such
that the upper envelope of its extensions coincides
with ΠB .

2. Conditional probability and its
enlargement

Let A be a Boolean algebra of events E’s and denote
with (·)c, ∨ and ∧ the usual Boolean operations of
contrary, disjunction and conjunction, respectively.
The sure event Ω and the impossible event ∅ coin-
cide, respectively, with the top and bottom elements
of A endowed with the partial order ⊆ of implica-
tion.

A conditional event E|H is an ordered pair of
events (E,H) with H 6= ∅, where the conditional
event E|Ω is customarily identified with E. Let H
be an additive class (i.e., a set of events closed under
finite disjunctions) such that H ⊆ A0 = A\{∅}. An
arbitrary set of conditional events G = {Ei|Hi}i∈I
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can always be embedded into a minimal structured
set A×H, where A = 〈{Ei, Hi}i∈I〉 is the Boolean
algebra generated by {Ei, Hi}i∈I and H is obtained
closing {Hi}i∈I under finite disjunctions. In the
following such set A×H is denoted as 〈〈G〉〉.

We refer to the axiomatic definition of conditional
probability [5], essentially due to de Finetti [11],
Rényi [19] and Dubins [13]. According to it, a real
function P (·|·) on a structured set A×H of condi-
tional events is asked to satisfy

(i) P (E|H) = P (E ∧H|H), for every E ∈ A and
H ∈ H;

(ii) P (·|H) is a finitely additive probability on A,
for any H ∈ H;

(iii) P (E∧F |H) = P (E|H) ·P (F |E∧H), for every
H,E ∧H ∈ H and E,F ∈ A.

Following [13], we say that a conditional prob-
ability P (·|·) is full on A if H = A0, i.e., if it
is defined on A × A0. Moreover, we simply write
P (E) = P (E|Ω).
When A is finite (as it will always be in this pa-

per), a full conditional probability P (·|·) on A is
completely singled out by a linearly ordered class
{P0, . . . , Pk} of probability measures on A whose
supports form a partition of Ω. For any E|H ∈
A×A0 there exists α ∈ {0, . . . , k} with Pα(H) > 0
and Pβ(H) = 0 for β < α and P (E|H) = Pα(E∧H)

Pα(H) .
The class {P0, . . . , Pk} is said to agree with P (·|·).

This representation is unique when P (·|·) is full,
while for a non-full conditional probability (i.e.,
whenH ⊂ A0), there can be several agreeing classes
of probabilities on A, each representing a full con-
ditional probability P̃ on A extending P .

Indeed, by the conditional version of the fun-
damental theorem for probabilities [11], any condi-
tional probability P on A×H can be extended as a
conditional probability on 〈〈G′〉〉 where G′ ⊇ A×H
is an arbitrary superset of conditional events. The
extension is generally not unique, in particular, if
G′ = (A × H) ∪ {E|H} the possible values for the
conditional probability of E|H range in a closed in-
terval [P (E|H), P (E|H)].
For an arbitrary eventA, denote by (A)∗ and (A)∗

the events of the finite Boolean algebra A with set
of atoms CA, defined as

(A)∗ =
∨
{Cr ∈ CA : Cr ⊆ A}, (1)

(A)∗ =
∨
{Cr ∈ CA : Cr ∧A 6= ∅}. (2)

Obviously, if A ∈ A then (A)∗ = (A)∗ = A.
Given a full conditional probability P (·|·) on a

finite Boolean algebra A, the bounds of its possible
extensions to a new E|H are such that P (E|H) = 1
if E ∧H = H, otherwise it holds

P (E|H) = P ((E ∧H)∗|(E ∧H)∗∨ (Ec∧H)∗), (3)

while P (E|H) = 0 if E ∧H = ∅, otherwise it holds

P (E|H) = P ((E ∧H)∗|(E ∧H)∗∨ (Ec∧H)∗). (4)

In particular, the bounds for the extensions of an
unconditional probability P (·) on A to a new E re-
duce to P (E) = P ((E)∗) and P (E) = P ((E)∗).

Note that equations (3) and (4) are based on the
“maximal” and the “minimal” conditional events
in A × A0 implying E|H and implied by E|H,
respectively, with respect to the implication rela-
tion among conditional events ⊆GN introduced by
Goodman and Nguyen in [18]:

E|H ⊆GN F |K ⇐⇒
{
E ∧H ⊆ F ∧K,
Ec ∧H ⊇ F c ∧K. (5)

The set P = {P̃ (·|·)} of all the conditional prob-
abilities extending P on 〈〈G′〉〉 is a compact subset
of the space [0, 1]〈〈G′〉〉 endowed with the product
topology of pointwise convergence. Thus, the lower
and upper envelopes of the extensions are defined as

P = minP and P = maxP, (6)

where the minimum and the maximum are intended
pointwise on the elements of 〈〈G′〉〉. The functions
P and P on 〈〈G′〉〉 are known as lower and upper
conditional probabilities, respectively [5]. Since ev-
ery conditional probability is monotone with respect
to ⊆GN relation, it easily follows that

E|H ⊆GN F |K =⇒
{
P (E|H) ≤ P (F |K),
P (E|H) ≤ P (F |K). (7)

3. Conditioning for possibility measures

In this section we assume A′ is a finite Boolean al-
gebra with set of atoms CA′ = {D1, . . . , Dm}.
A possibility measure Π on A′ is a normalized

maxitive function [14], i.e., it satisfies Π(∅) = 0,
Π(Ω) = 1 and Π(A ∨ B) = max{Π(A),Π(B)}, for
every A,B ∈ A′.

Every possibility measure Π has an associated
dual necessity measure N , defined for every E ∈ A′
as N(E) = 1 − Π(Ec), which is minitive, i.e., for
every A,B ∈ A′, N(A ∧B) = min{N(A), N(B)}.

Possibility measures are particular plausibility
functions [20] and so particular upper probabilities
[15, 10]. They are completely characterized by their
Möbius inversion mΠ : A′ → [0, 1] computed for ev-
ery E ∈ A′ as

mΠ(E) =
∑
B⊆E

(−1)|CE\B|N(B), (8)

where CE\B = {Dr ∈ CA′ : Dr ⊆ E ∧Bc}, which
singles out the corresponding set of focal elements

FΠ = {E ∈ A′ : mΠ(E) > 0}. (9)

A coherence concept, similar to that given in the
probabilistic setting [11], has been introduced in [7]
for possibility assessments on finites spaces. In par-
ticular, in [7] it has been proved that coherence of
a possibility assessment ensures its extendibility to
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every finite superset E ′ of events, and for any event
E ∈ E ′ the coherent possibility values belong to a
closed interval [Π(E),Π(E)].

Various definitions of conditional possibility have
been introduced, mainly by analogy with the Kol-
mogorovian probabilistic framework or by using
some suitable conditioning rule (see, e.g., [9, 14]).
All these definitions have in common the fact that
a conditional measure is obtained as a derived con-
cept of an “unconditional” possibility Π(·) on A′.
For example, in the Kolmogorov-like definition, for
E|H ∈ A′×A′0, the conditional possibility Π(E|H)
is defined as a solution of the equation in x

Π(E ∧H) = T (x,Π(H)), (10)

where T is a t-norm. Notice that continuity of T
assures only the solvability of (10), while to get a
unique solution a further constraint must be im-
posed. In this line, the Dubois and Prade’s min-
imum specificity principle [14] always chooses the
greatest solution by setting ΠDP (E|H) = Π(H)→T

Π(E ∧H), where →T is the residuum operator as-
sociated to T .

In [1, 7] a general notion of T -conditional possibil-
ity (with T any continuous t-norm) has been intro-
duced as a primitive concept: the T -conditional pos-
sibility is directly defined as a function Π(·|·) on a
structured set of conditional events which satisfies a
suitable set of axioms. The conditional possibilities
obtained through the minimum specificity principle
turn out to be particular T -conditional possibilities
[2], while, in general T -conditional possibilities are
not upper conditional probabilities.
On the other hand, a distinguished example of

conditioning rule is the following one (see, e.g., [12,
17, 16]) defining, for E|H ∈ A′ ×A′0 with N(H) >
0,

ΠB(E|H) = Π(E ∧H)
Π(E ∧H) +N(Ec ∧H) . (11)

Notice that the ratio in (11) could be properly de-
fined also in case N(H) = 0: indeed, it is sufficient
to have Π(E ∧H) +N(Ec ∧H) > 0.

Previous rule has a strong connection with upper
conditional probability and goes under the name of
Bayesian conditioning rule [16]. Indeed, every pos-
sibility Π induces a closed convex set of probabil-
ities on A′ defined as PΠ = {P̃ : A′ → [0, 1] :
N ≤ P̃ ≤ Π} for which it holds ΠB(E|H) =
max

{
P̃ (E∧H)
P̃ (H) : P̃ ∈ PΠ

}
when N(H) > 0. In [16]

it has been shown that for every H ∈ A′0 with
N(H) > 0, ΠB(·|H) turns out to be a possibility
measure on A′.

In [6] it is proved that every possibility measure
Π on a finite Boolean algebra A′ can be obtained
through the extension on 〈A ∪ A′〉 of a probabil-
ity measure P0 defined on another finite Boolean
algebra A. Actually, the class PΠ is the set of ex-
tensions of P0 on 〈A∪A′〉 restricted to A′, thus the

Bayesian conditioning rule is intimately related to
the extension of a probability.

Nevertheless, the Bayesian conditioning rule fails
on all the conditioning events H for which N(H) =
0. Thus, the idea is to provide a generalized
Bayesian conditioning rule relying on a linearly or-
dered class {Π0, . . . ,Πk} of possibilities on A′ such
that the resulting conditional possibility ΠB(·|·) can
be obtained through the extension of a full condi-
tional probability P (·|·) defined on a different finite
Boolean algebra A.

Definition 1. A linearly ordered class of possibil-
ity measures {Π0, . . . ,Πk} on A′ with sets of focal
elements {FΠ0 , . . . ,FΠk}, is a covering class (or
C-class for short) if

∨
E∈
⋃k

α=0
FΠα

E = Ω.

A linearly ordered class of necessity measures
{N0, . . . , Nk} is a C-class if the dual possibility mea-
sures {Π0, . . . ,Πk} are a C-class.

Definition 2. A function ΠB on A′ × A′0 is a
full B-conditional possibility measure on A′
if there exists a C-class {Π0, . . . ,Πk} of possibilities
on A′ such that, for every E|H ∈ A′ ×A′0,

ΠB(E|H) =
{

0 if E ∧H = ∅,
Πα(E∧H)

Πα(E∧H)+Nα(Ec∧H) otherwise,
(12)

where Nα is the dual necessity of Πα and α ∈
{0, . . . , k} is the minimum index such that Πα(E ∧
H) +Nα(Ec ∧H) > 0.

The dual conditional measure defined for every
E|H ∈ A′ ×A′0 as NB(E|H) = 1−ΠB(Ec|H) will
be called a full B-conditional necessity measure.

By results proved in [3], any C-class of possi-
bility measures {Π0, . . . ,Πk} on A′ can be gener-
ated by a full conditional probability P (·|·) defined
on a different finite Boolean algebra A. Indeed,
P (·|·) is uniquely represented by the agreeing class
{P0, . . . , Pk} and, for α = 0, . . . , k, Πα is the up-
per envelope of the extensions of Pα on 〈A ∪ A′〉
restricted to A′. Moreover, the upper envelope of
the extensions of P (·|·) on 〈〈(A×A0)∪ (A′×A′0)〉〉
coincides with ΠB on A′ ×A′0.
The problem is then to find conditions assuring

that extending a full conditional probability P (·|·)
on A one gets a C-class of possibility measures
{Π0, . . . ,Πk} on A′.

4. Weakly logically independent Boolean
algebras

In this section we recall the condition of weak logical
independence introduced in [6]. Such condition as-
sures that given two finite algebras A and A′, and a
probability measure P (·) on A, the upper envelope
P (·) of the extensions of P (·) on 〈A∪A′〉 is a possi-
bility measure on A′. Then we can show that under
this (logical) condition the upper envelope of the
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extensions of P (·|·) on 〈〈(A×A0)∪ (A′×A′0)〉〉 is a
full B-conditional possibility on A′ ×A′0 according
to Definition 2.
Let L = {C1, . . . , Cn}, L′ = {D1, . . . , Dm} be two

partitions of Ω. For any Dj ∈ L′, let us consider the
event (Dj)∗ of the algebra A = 〈L〉 defined as in (2).

Given two partitions L, L′ of Ω, for any Dj ∈ L′,
we consider the corresponding (Dj)∗ ∈ A. When
two partitions are logically independent (i.e., Ci ∧
Dj 6= ∅ for all i, j) one has (Dj)∗ = Ω, for any
Dj ∈ L′.

Definition 3. A finite partition L′ is weakly log-
ically independent of another finite partition L
(in symbol L′ ⊥w L) if, for any given Dj ∈ L′, ev-
ery Dk ∈ L′ (k 6= j) satisfies at least one of the
following conditions:

(i) Dk ⊆ (Dj)∗
(ii) Dk ∧ Ci 6= ∅ for any Ci ⊆ (Dj)∗.

The following characterization of weak logical in-
dependence has been proven in [6].

Theorem 1. Let L = {C1, . . . , Cn} and L′ =
{D1, . . . , Dm} be two partitions of Ω. The following
two statements are equivalent:

(i) L′ ⊥w L;
(ii) there exists a permutation σ of {1, . . . ,m} such

that (Dσ(1))∗ ⊆ . . . ⊆ (Dσ(m))∗ = Ω.

The notion of weak logical independence has been
extended to finite Boolean algebras in [6].

Definition 4. A finite Boolean algebra A′ is
weakly logically independent of another finite
Boolean algebra A (in symbol A′ ⊥w A) if and only
if CA′ ⊥w CA, where C′A and CA are the sets of
atoms of A′ and A, respectively.

Note that A′ ⊥w A if and only if A ⊥w A′, where
in the two statements the operator (·)∗ is intended
to be computed with respect to CA and CA′ , respec-
tively.

Proposition 1. Let A and A′ be two weakly log-
ically independent finite Boolean algebras, whose
sets of atoms are CA = {C1, . . . , Cn} and CA′ =
{D1, . . . , Dm}, respectively, and let σ be the permu-
tation of {1, . . . ,m} in condition (ii) of Theorem 1.
Then the following statements hold:

(a) for every E ∈ A′ it holds (E)∗ = (Dσ(h))∗,
where h = max{j : Dσ(j) ⊆ E};

(b) for every E,F ∈ A′ either (E ∨ F )∗ = (E)∗ ⊇
(F )∗ or (E ∨ F )∗ = (F )∗ ⊇ (E)∗;

(c) for every E ∈ A′ it holds (E)∗ = ((Dσ(k))∗)c,
where k = max{j : Dσ(j) ⊆ Ec}.

Proof. Statement (a) is a direct consequence of
Theorem 1. Statement (b) immediately follows from
(a). To prove statement (c) it is sufficient to take
into account the definition of (E)∗ and statement
(a).

5. Conditioning in possibility theory: a
generalized Bayesian rule

Starting from a full conditional probability P (·|·)
on a finite A, consider a finite algebra A′ weakly
logically independent of A. The aim is to charac-
terize the properties of the restriction on A′ × A′0
of the lower and upper envelopes of the extensions
of P (·|·) on 〈〈(A×A0) ∪ (A′ ×A′0)〉〉.

For E|H ∈ A′ × A′0, if E ∧ H = H, since the
operators (·)∗ and (·)∗ are computed with respect to
CA, the event (E ∧H)∗ ∨ (Ec ∧H)∗ could reduce to
the impossible event, while it must hold P (E|H) =
P (Ω|Ω) = 1.
Hence, in order to simplify notation, for every

E|H ∈ A′ × A′0 we can define the operator (·|·)•
setting (E|H)• = Ω|Ω if E ∧H = H, otherwise

(E|H)• = (E ∧H)∗|(E ∧H)∗ ∨ (Ec ∧H)∗, (13)

which associates to each conditional event E|H ∈
A′×A′0 a conditional event in A×A0 having prob-
ability equal to the lower probability of E|H.

An analogous operation (·|·)• can be defined by
focusing on the upper conditional probability. In
fact, it holds P (E|H) = P (∅|Ω) = 0 when E ∧H =
∅, while, in this case, the event (E ∧ H)∗ ∨ (Ec ∧
H)∗ could reduce to the impossible event, so we set
(E|H)• = ∅|Ω if E ∧H = ∅ and otherwise we set

(E|H)• = (E ∧H)∗|(E ∧H)∗ ∨ (Ec ∧H)∗. (14)

Let us stress that for every conditional event E|H
it holds ∅|Ω ⊆GN E|H ⊆GN Ω|Ω.
Notice that the operators (·|·)• and (·|·)• are con-

sistent with the lower and upper conditional prob-
abilities on A′ × A′0, indeed, if E ∧ H = ∅, then
P (E|H) = P (E|H) = P ((E|H)•) = P ((E|H)•) =
0 and if E ∧ H = H, then P (E|H) = P (E|H) =
P ((E|H)•) = P ((E|H)•) = 1, thus we can simply
set for every conditional event E|H ∈ A′ ×A′0

P (E|H) = P ((E|H)•), (15)
P (E|H) = P ((E|H)•). (16)

Next result, which generalizes Theorem 3 in [6]
to the conditional case, shows that, if A and A′ are
weakly logical independent, then there exists a form
of nesting involving the relation ⊆GN .

Proposition 2. Let A and A′ be two finite Boolean
algebras with sets of atoms CA = {C1, . . . , Cn} and
CA′ = {D1, . . . , Dm}. If A′ ⊥w A then for every
H ∈ A′0 there exists a permutation τ of the indices
{1, . . . ,m} such that

(Dτ(1)|H)• ⊆GN . . . ⊆GN (Dτ(m)|H)•.

Proof. Let σ be the permutation of {1, . . . ,m} in
condition (ii) of Theorem 1 and let h be the in-
dex such that (Hc)∗ = (Dσ(h))∗ (see statement (a)
of Proposition 1). Partition {1, . . . ,m} in two sets
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I1 = {i1, . . . , it} and I2 = {it+1, . . . , im} such that
Dir ∧ H = ∅ for r = 1, . . . , t and Dir ⊆ H for
r = t + 1, . . . ,m. Assume it+1 ≤ . . . ≤ im. For
every j ∈ I1 one has (Dσ(j)|H)• = ∅|Ω, so set
τ(r) = σ(ir) for r = 1, . . . , t. For every j ∈ I2 one
has (Dσ(j)∧H)∗ = (Dσ(j))∗. Then, from statement
(c) of Proposition 1, (Dc

σ(j) ∧ H)∗ = ((Dσ(k))∗)c,
where k = max{j, h}. Therefore, for every i, j ∈ I2
with i ≤ j we have ((Dc

σ(j)∧H)∗)c ⊆ ((Dc
σ(i)∧H)∗)c

which implies (Dσ(i)|H)• ⊆GN (Dσ(j)|H)•. Hence,
set τ(r) = σ(ir) for r = t+ 1, . . . ,m.

Let us point out that in previous proposition
the symmetry of ⊥w also implies that for every
K ∈ A0 there exists a permutation κ of the indices
{1, . . . , n} such that

(Cκ(1)|K)• ⊆GN . . . ⊆GN (Cκ(n)|K)•,

where, in this case, the operator (·|·)• is computed
with respect to the set of atoms CA′ .
Next proposition investigates the relation among

conditional events (E|H)•, (F |H)• and (E ∨F |H)•
where E|H,F |H,E ∨ F |H ∈ A′ ×A′0.

Proposition 3. Let A and A′ be two finite Boolean
algebras with sets of atoms CA = {C1, . . . , Cn} and
CA′ = {D1, . . . , Dm}. If A′ ⊥w A then for every
H ∈ A′0 and E,F ∈ A′ one of the following condi-
tions holds:

(i) (F |H)• ⊆GN (E|H)• = (E ∨ F |H)•;
(ii) (E|H)• ⊆GN (F |H)• = (E ∨ F |H)•.

Proof. If E ∧ H = ∅ or F ∧ H = ∅ the conclusion
is trivial and the same holds if E ∧H = H or F ∧
H = H. Thus assume E ∧ H 6= ∅ 6= F ∧ H and
E ∧H 6= H 6= F ∧H and consider the permutation
σ of {1, . . . ,m} in condition (ii) of Theorem 1. From
statement (b) of Proposition 1 we have that either
((E ∨ F ) ∧ H)∗ = (E ∧ H)∗ ⊇ (F ∧ H)∗ or ((E ∨
F )∧H)∗ = (F ∧H)∗ ⊇ (E ∧H)∗. Suppose the first
relation holds and let i ≥ j be the indices such that
(Dσ(i))∗ = (E∧H)∗ and (Dσ(j))∗ = (F ∧H)∗. Let h
and k be the indices such that (Dσ(h))∗ = (E∨Hc)∗
and (Dσ(k))∗ = (F ∨Hc)∗.

It holds (E ∨ Hc)∗ = (E ∧ H)∗ ∨ (Hc)∗ ⊇ (F ∧
H)∗∨(Hc)∗ = (F ∨Hc)∗, thus it must be h ≥ k and
(Dσ(h))∗ = ((E ∨ F )∨Hc)∗. Then, from statement
(c) of Proposition 1, it immediately follows (F c ∧
H)∗ ⊇ ((E∨F )c∧H)∗ = (Ec∧H)∗ and so statement
(i) is proved. When ((E ∨ F ) ∧H)∗ = (F ∧H)∗ ⊇
(E ∧ H)∗, with analogous considerations one can
prove that statement (ii) holds

We consider now the lower and upper envelopes
P (·|·) and P (·|·) of the set of extensions P on 〈〈(A×
A0)∪ (A′×A′0)〉〉, focusing on their restrictions on
A′ ×A′0. In next theorem we prove that for every
H ∈ A′0, P (·|H) and P (·|H) are, respectively, a
minitive and a maxitive measure on A′.

Theorem 2. Let A and A′ be two finite Boolean
algebras, P (·|·) a full conditional probability on A
and P (·|·) and P (·|·) the lower and upper envelopes
of the class P of extensions of P (·|·) on 〈〈(A×A0)∪
(A′ ×A′0)〉〉. If A′ ⊥w A then, for every H ∈ A′0,
the following statements hold:

(i) P (·|H) is a necessity measure on A′;
(ii) P (·|H) is a possibility measure on A′.

Proof. By the duality between P (·|H) and P (·|H)
for every H ∈ A′0, it is sufficient to prove (ii).

For H ∈ A′0, we have to show that P (·|H) is a
possibility measure on A′. It trivially holds that
P (∅|H) = 0 and P (Ω|H) = 1 thus we only need
to prove that P (·|H) is maxitive on A′. For every
E,F ∈ A′ by Proposition 3 we have (F |H)• ⊆GN
(E|H)• = (E ∨ F |H)• or (E|H)• ⊆GN (F |H)• =
(E∨F |H)•. Suppose without loss of generality that
(F |H)• ⊆GN (E|H)• = (E ∨ F |H)• from which it
follows P ((F |H)•) ≤ P ((E|H)•) = P ((E ∨F |H)•),
that is P (F |H) ≤ P (E|H) = P (E ∨ F |H) which
implies P (E ∨F |H) = max{P (E|H), P (F |H)} and
this concludes the proof.

From previous results and Theorem 3 in [3] the
next result immediately follows.

Theorem 3. Let A and A′ be two finite Boolean
algebras with A′ ⊥w A, P (·|·) a full conditional
probability on A represented by the agreeing class
{P0, . . . , Pk} of probability measures on A, and
P (·|·) and P (·|·) the lower and upper envelopes of
the set P of extensions of P (·|·) on 〈〈(A×A0)∪(A′×
A′0)〉〉. Let {P 0, . . . , P k} and {P 0, . . . , P k} be the
classes of restrictions on A′ of the lower and upper
envelopes of the extensions of each Pα on 〈A∪A′〉.
Then {P 0, . . . , P k} and {P 0, . . . , P k} are dual C-
classes of necessity and possibility measures on A′,
moreover, P (·|·) and P (·|·) on A′ × A′0 coincide
with the full B-conditional necessity and possibility
measures on A′ generated by them.

Next example shows an application of previous
theorem.

Example 1. Let A,A′ be two finite Boolean alge-
bras with sets of atoms CA = {C1, C2, C3, C4} and
CA′ = {D1, D2, D3}, respectively, with C1 ∧ (D2 ∨
D3) = ∅, C2 ∧ (D2 ∨D3) = ∅, C3 ∧D3 = ∅. Since
(D1)∗ = Ω, (D2)∗ = C3 ∨ C4 and (D3)∗ = C4, it
follows A′ ⊥w A.
Consider the full conditional probability P (·|·) on

A represented by the agreeing class {P0, P1} whose
distributions on CA are

CA C1 C2 C3 C4
P0

1
2 0 1

2 0
P1 0 3

4 0 1
4

The agreeing class {P0, P1} induces the following
C-class of necessity measures {P 0, P 1} on A′ with
dual possibility measures {P 0, P 1}, where Dij =
Di ∨Dj:
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A′ ∅ D1 D2 D3 D12 D13 D23 Ω
P 0 0 1

2 0 0 1 1
2 0 1

P 0 0 1 1
2 0 1 1 1

2 1
P 1 0 3

4 0 0 3
4

3
4 0 1

P 1 0 1 1
4

1
4 1 1 1

4 1

The full B-conditional possibility measure in-
duced by {P 0, P 1} on A′ ×A′0 is then

A′ ∅ D1 D2 D3 D12 D13 D23 Ω
P (·|D1) 0 1 0 0 1 1 0 1
P (·|D2) 0 0 1 0 1 0 1 1
P (·|D3) 0 0 0 1 0 1 1 1
P (·|D12) 0 1 1

2 0 1 1 1
2 1

P (·|D13) 0 1 0 0 1 1 0 1
P (·|D23) 0 0 1 1 1 1 1 1
P (·|Ω) 0 1 1

2 0 1 1 1
2 1

Let us stress thatA′ ⊥w A is only a sufficient con-
dition in order to get a C-class {Π0, . . . ,Πk} of pos-
sibility measures (and so a full B-conditional pos-
sibility measure) on A′ through the extension of a
full conditional probability defined on A.

Example 2. Let A′ be the finite Boolean algebra
with set of atoms CA′ = {D1, D2, D3} and {Π0,Π1}
the C-class of possibility measures on A′, where
Dij = Di ∨Dj:

A′ ∅ D1 D2 D3 D12 D13 D23 Ω
Π0 0 1 1 0 1 1 1 1
Π1 0 0 2

3 1 2
3 1 1 1

Consider the finite Boolean algebra A with set of
atoms CA = {C1, C2, C3} such that C1 ∧ D3 = ∅,
C2 ∧ (D1 ∨D2) = ∅ and C3 ∧D1 = ∅. Let P (·|·) be
the full conditional probability on A represented by
the agreeing class {P0, P1} whose distributions on
CA are

CA C1 C2 C3
P0 1 0 0
P1 0 1

3
2
3

Simple computations show that Pα gives rise to
Πα as upper envelope on A′, for α = 0, 1. Never-
theless, it holds (D1)∗ = C1, (D2)∗ = C1 ∨ C3 and
(D3)∗ = C2 ∨ C3 thus ¬(A′ ⊥w A).
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