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Abstract

In many models for real-world problems such as the
law of conservation of energy, the sum of param-
eters must be zero. In this paper, we investigate
the problem of adding fuzzy numbers using the ex-
tension principle based on the concept of the joint
possibility distribution. In particular, we present
a formula to produce a family of joint possibility
distribution indexed by a parameter γ for a given
pair of fuzzy numbers, say A1 and A2, such that the
norm of the corresponding sums of A1 and A2 form
a increasing mapping with respect to γ.

Keywords: Biomathematical models, sup-J exten-
sion, fuzzy numbers, sum operation.

1. Introduction

The law of conservation naturally appears in many
biomathematical models. For example, mathemati-
cal models of disease transmission in a short period
of time assumes that there are neither births nor
death. This assumption is described by S + I = 1,
where S and I stands for the rates of susceptible
and infected populations, respectively, in every in-
stance of time. Assuming that the model is subject
to uncertainty, Baetens and Baets treated S and I

as interactive fuzzy numbers in order to study the
evolution of epidemics over time and space [1]. In
this context, Cabral and Barros [2] considered the
interactivity between contact rates and the initial
infected population. The same authors also consid-
ered the interactivity between the decay rate (w)
and the initial condition (x0) in a Malthusian decay
model such that w + x0 = 2. Note that the anal-
ysis of the dynamics of a given model depends on
how this interactivity is mathematically expressed.
The last comment motivated us to develop novel ap-
proaches for adding interactive fuzzy numbers that
allow us to remain consistent with these underlying
conservation assumptions.

∗This work was partially supported by Fapesp under grant
n. 2014/10067-8

†This work was partially supported by CNPq under grant
n. 132765/2014-4

‡This work was partially supported by CNPq under grant
n. 305862/2013-8

§This work was partially supported by CNPq under grant
n. 311695/2014-0

2. Joint Possibility Distribution and
Extension Principle

A fuzzy set A over a universal set X is determined
by its membership function [3] µA : X → [0, 1]
where µA(x) yields the membership degree of x in A.
For notational convenience, we simply write A(x)
instead of µA(x) for all x ∈ X . The symbol F(X)
denotes the class of fuzzy sets over the universal set
X . The total order relation on [0, 1] induces the par-
tial order relation given by the inclusion operator ⊆
on F(X) as follows: A ⊆ B ⇔ A(x) ≤ B(x) for all
x ∈ X . Moreover, the usual operations of infimum
and supremum of the complete lattice [0, 1] [4], de-
noted respectively by

∧

and
∨

, induce the usual
intersection and union operations for fuzzy sets.

The total order relation on [0, 1] with the usual
operations of infimum and supremum, denoted re-
spectively by

∧

and
∨

, induces the partial order
relation given by the inclusion operator ⊆ on F(X)
as follows: A ⊆ B ⇔ A(x) ≤ B(x) for all x ∈ X .
Note that the partially ordered set F(X) represents
a complete lattice [4].

Operators of fuzzy logic arises from the gener-
alization of operators of Boolean logic to the unit
interval [0, 1]. Here, we will only employ extensions
of the "and" connector known as t-norms. Mathe-
matically speaking, a t-norm is a commutative, as-
sociative, and increasing function t : [0, 1]2 → [0, 1]
with identity element 1.

The power set of X , denoted by P(X), can be
embedded into F(X) since every subset Y of X is
uniquely determined by its characteristic function
χY : X → {0, 1} ⊆ [0, 1]. The concept of a relation
can also be easily extended to the fuzzy domain as
follows. A fuzzy relation between an arbitrary set
X and another arbitrary set Y is given by a fuzzy
set in X × Y , that is, a function R : X × Y → [0, 1].
The value R(x, y) can be interpreted as the degree
of relationship between x and y for (x, y) ∈ X × Y

[5].

Two fuzzy relations can be combined by means
of a fuzzy relational composition in order to pro-
duce another fuzzy relation. Here we only employ
fuzzy relational compositions of the type sup-t that
are defined as follows. Let R ∈ F(X × Y ) and
S ∈ F(Y × Z), where X, Y , and Z are arbitrary
universes, and let t be a t-norm. The sup-t com-
position of R and S is the following fuzzy relation
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R ◦t S ∈ F(X × Z) [6]:

(R◦tS)(x, z) =
∨

y∈Y

R(x, y) t S(y, z) ∀(x, z) ∈ X×Z.

(1)
Similarly, the sup-t composition of a fuzzy relation
R ∈ F(X × Y ) and a fuzzy set S ∈ F(Y ) yields the
following fuzzy set R ◦t S ∈ F(X) [6]:

(R ◦t S)(x) =
∨

y∈Y

R(x, y) t S(y) ∀x ∈ X. (2)

If t equals ∧, i.e., the minimum t-norm, in Equations
(1) and (2), then we simply use the symbol ◦ instead
of ◦t.

A fuzzy set R in an n-dimensional domain X =
X1 × . . . × Xn can also be interpreted as an n-ary
fuzzy relation [7]. The projection of a fuzzy relation
R ∈ F(X1 × . . . × Xn) onto Xi, where 1 ≤ i ≤ n, is
the fuzzy set Πi

R of Xi given by [6, 7]:

Πi
R(y) =

∨

{R(x) | x ∈ Xwith xi = y} ∀y ∈ Xi.

(3)
A fuzzy set A of X can be identified with its α-

cuts [6, 8]. Given α ∈ (0, 1], the α-cut of A is defined
by [A]α = {x ∈ X | A(x) ≥ α}. If X is also a
topological space, then [A]0 is defined as the closure
of the support of A, that is, cl{x | A(x) > 0}. The
following properties hold for all A, B ∈ F(X):

(P1) A = B ⇔ [A]α = [B]α for all α ∈ (0, 1];
(P2) A ⊆ B ⇔ [A]α ⊆ [B]α for all α ∈ (0, 1];
(P3) for every x ∈ X , we have that

A(x) =
∨

{α ∈ (0, 1] | x ∈ [A]α}. (4)

Let X1, . . . , Xn, and Y be arbitrary universes.
Zadeh’s extension principle [9] is a mathematical
tool for extending any function f : X1 × . . .×Xn →
Y to a function fM : F(X1)× . . .×F(Xn) → F(Y ).
Recall that fM is defined by

fM (A1, . . . , An)(z) =
∨

x∈f−1(z)

A1(x1)∧. . .∧An(xn),

where f−1(z) = {(x1, . . . , xn) ∈ X1 × . . . ×
Xn | f(x1, . . . , xn) = z}. Note that f−1(z)
can be empty, in which case we have that
fM (A1, . . . , An)(z) = 0.

For the case where f : Rn → R, Fuller and Ma-
jlender [10, 11] employed the notion of a joint pos-
sibility distribution to propose a method that deals
with an n-tuple of fuzzy numbers and that can be
viewed as a generalization of Zadeh’s extension prin-
ciple. Recall that a fuzzy number is a fuzzy set of
R, i.e., an element of F(R), that is normal, convex,
and upper semi-continuous and has a compact 0-
cut. The set of fuzzy numbers of R is denoted using
the symbol RF . Typical examples of fuzzy numbers
include triangular and trapezoidal fuzzy sets. The
next proposition characterizes the α-cuts of a fuzzy
number [12, 8].

Proposition 1 Let A ∈ RF . If Mα = [A]α for α ∈
[0, 1], then the family of intervals {Mα | α ∈ [0, 1]}
has the following properties:

1. Mα is a non-empty closed interval of R for all
α ∈ [0, 1];

2. Mα ⊆ Mβ for 0 ≤ β ≤ α ≤ 1;
3. for any sequence (αn) that converges from be-

low to α ∈ (0, 1], we have that

∞
⋂

n=1

Mαn = Mα;

4. for any sequence (αn) that converges from
above to 0, we have that

cl

(

∞
⋃

n=1

Mαn

)

= M0.

The norm of a fuzzy number is defined as the
function || · || : RF → [0, ∞) given by: [12]

||A|| =
∨

α∈[0,1]

∨

x∈[A]α

|x|, ∀A ∈ RF . (5)

Definition 1 A fuzzy relation J ∈ F(Rn) is said
to be a joint possibility distribution of A1, . . . , An ∈
RF if

Ai(x) = Πi
J(x) (6)

holds for all x ∈ R and i = 1, . . . , n.
Furthermore, J is called non-interactive if

J(x1, . . . , xn) =

n
∧

i=1

Ai(xi) (7)

for all (x1, . . . , xn) ∈ R
n.

Equation (6) ensures that J(x1, . . . , xn) ≤ Ai(xi)
for all i = 1, . . . , n, which implies that any joint
possibility distribution J of A1, . . . , An satisfies
the inequality J(x1, . . . , xn) ≤

∧n
i=1 Ai(xi). In

other words, any joint possibility distribution J of
A1, . . . , An is contained in the non-interactive joint
possibility distribution of A1, . . . , An.

Definition 2 ([10]) Let J ∈ F(Rn) be a joint pos-
sibility distribution of A1, . . . , An ∈ RF and let
f : Rn → R. The sup-J extension of f is defined by

fJ(A1, . . . , An)(y) =
∨

(x1,...,xn)∈f−1(y)

J(x1, . . . , xn)

(8)
for all A1, . . . , An ∈ RF .

Note that if J corresponds to the non-interactive
joint possibility distribution of A1, . . . , An given
by Equation (7), then fJ(A1, . . . , An) boils down
to Zadeh’s extension of f at (A1, . . . , An). More-
over, if J(x1, . . . , xn) = A1(x1) t . . . t An(xn) for all
(x1, . . . , xn) ∈ R

n and for some fixed t-norm t, then
fJ(A1, . . . , An) is said to be the t-norm based ex-
tension principle of f [13, 14].
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The fuzzy set fJ(A1, . . . , An) can also be ex-
pressed in terms of a fuzzy relational composition
as follows:

Rf ◦ J = fJ(A1, . . . , An) (9)

where Rf is the fuzzy set of R×R
n whose member-

ship function is given by

Rf (y, x) =

{

1 if y = f(x)
0 otherwise

, (10)

for all y ∈ R and for all x = (x1, . . . , xn) ∈ R
n.

Fuller and Majlender also introduced the con-
cept of completely (positively/negatively) corre-
lated fuzzy numbers in terms of a given joint possi-
bility distribution. Specifically, if J is a joint pos-
sibility distribution of two fuzzy numbers A and B,
then A and B are said to be completely correlated
if there exist q, r ∈ R with q 6= 0 such that J equals
Jq,r where

Jq,r(x, y) = A(x)χ{qx+r=y}(x, y) (11)

= B(y)χ{qx+r=y}(x, y)

∀x, y ∈ R.

Recall that χ{qx+r=y} is the characteristic function
of the the subset {(x, qx + r) | x ∈ R} of R2, that is

χ{qx+r=y}(x, y) =

{

1 if qx + r = y

0 otherwise
.

Moreover, we speak of completely positively (or neg-
atively) correlated fuzzy numbers if q > 0 (or q < 0).

Note that the t-norm-based approach to con-
struct joint possibility distributions is defined for
any finite set of fuzzy numbers whereas the Fuller
and Majlender’s approach is only defined for cer-
tain pairs of fuzzy numbers. In general, a triangular
fuzzy number and a trapezoidal fuzzy number can
not be completely correlated.

The notion of interactivity between two fuzzy
numbers only arises if a joint possibility distribution
is at hand. Thus, the task of defining an interac-
tivity relation for two fuzzy numbers is tied to the
one of determining a joint possibility distribution.
Therefore, developing appropriate formulas for con-
structing joint possibility distributions for two or
more given fuzzy numbers is essential for tuning
the resulting interactivity relations. In Section 4,
we will provide some formulas for constructing joint
possibility distributions for any pair of fuzzy num-
bers. Note that the choice of a joint possibility dis-
tribution determines if some given fuzzy numbers
are interactive or not.

3. Addition of Interactive Fuzzy Numbers

Parameters such as rates or initial conditions in
biomathematical models are intrinsically endowed
with uncertainty. What follows is motivated by a

particular model, that is, Malthus’ model with de-
cay [2]. In this model, w + x0 = 2 or, similarly,
(w − 1) + (x0 − 1) = 0, where w and x0 are un-
certain parameters that stand respectively for the
decay rate and the initial condition. An approach
for dealing with this model is given by treating the
uncertain terms (w − 1) and (x0 − 1) as fuzzy num-
bers A1 and A2, respectively.

Let us start with a simple general example that
represents the following situation: the sum of two
fuzzy numbers “around to zero” equals another
fuzzy number “around to zero”. Let + : R2 → R

be the function that associates each pair of real
numbers (x1, x2) with the sum x1 + x2, that is:
+(x1, x2) = x1 + x2. Furthermore, let A1 and A2

be equal to the triangular fuzzy number (−1; 0; 1).
Note that (−1; 0; 1) can be used to model the con-
cept ’arround to zero’.

Different choices of a t-norm-based joint pos-
sibility distribution of (A1, A2), that is, different
choices of a t-norm, yield different extensions of +
at (A1, A2). For notational convenience, we sim-
ply write (A1 +J A2) instead of +J(A1, A2). Let
tD denote respectively the drastic t-norm. More-
over, let Jt denote the t−based joint possibility dis-
tribuitions of A1 and A2 for any t-norm t. In par-
ticular, the symbols JD and J∧ stand respectively
for the tD-based and ∧-based joint possibility dis-
tribuitions of A1 and A2. Note that JD ⊆ Jt ⊆ J∧

since a tD b ≤ a t b ≤ a ∧ b for all a, b ∈ [0, 1]. Con-
sequently, the norm of the sup-Jt extension of any
function f is bounded by the norms of the sup-JD

extension and the sup-J∧ extension of f . In other
words, for any function f , the following property
holds:

||fJD
(A1, A2)|| ≤ ||fJt

(A1, A2)|| ≤ ||fJ∧
(A1, A2)||.

These inequalities can be verified by writing the
sup-J extensions above in fuzzy relational equation
form as in Eq. (9) and by using the sup-t composi-
tion’s order-preserving property and the definition
of the norm for fuzzy numbers. Hence, if we em-
ploy a t-norm-based joint possibility distribution Jt

to extend the function of addition, then we have
that the norm of the resulting sup-Jt extension lies
in the interval [1, 2] since (A1 +JD

A2) = (−1; 0; 1)
and (A1 +J∧

A2) = (−2; 0; 2).
Extensions of + at (A1, A2) with norm less

than 1 can be obtained if we use other forms of
joint possibility distributions that do not employ t-
norms. This is the case for the completely correlated
fuzzy numbers introduced by Fuller and Majlender
[14, 10]. Indeed, in our example, the triangular
fuzzy numbers A1 and A2 are completely negatively
correlated fuzzy numbers if their joint possibility re-
lation J equals J−1,0 (cf. Equation 11). Note that
J−1,0 is a joint possibility distribution for A1 and
A2 that is not t-norm based. Figure 1 exhibits the
joint possibility distribution J−1,0 for A1 and A2.

By definition, the sup-J−1,0 extension of f at
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Figure 1: The joint possibility distribution J−1,0 of
A1 and A2 given by Equation (11) is depicted in
gray. The dashed lines correspond to the level sets
of the function +(x, y) = z for z = −2, . . . , 2.

(A1, A2) is

(A1 +J−1,0 A2)(z) =
∨

z=x+y

A1(x)χ{−x=y}(x, y).

(12)
An application of the Nguyen’s theorem [15] leads to
an elegant formula for the α-cuts of (A1 +J−1,0 A2):

[(A1 +J−1,0 A2)]α = (q + 1)[A1]α + r = 0[A1]α = {0}

for all α ∈ [0, 1]. Hence, using the representation
theorem, we obtain that (A1 +J−1,0 A2) = χ{0},
that is, the crisp number 0, which implies that
||(A1 +J−1,0 A2)|| = 0.

The above example reveals that if we restrict our-
selves to the t-norm based extension principle, then
we may not be able to produce an extension of +
at a pair (A, B) such that (A +Jt

B) has a min-
imal norm. In fact, every pair of fuzzy numbers
A, B 6∈ P(R) (that do not represent real numbers)
has an infinite number of joint possibility distribu-
tions. Hence, there are infinitely many possible ex-
tensions of the sum operator at (A, B).

The previous example shows that is possible to
generate extensions of the sum operator at (A1, A2)
with different norms ranging from 0 to 2. This ob-
servations leads us to the following question: Is it
possible to control the norm of the sum of two fuzzy
numbers by means of the sup-J extension principle?
More precisely, is it possible to construct a sequence
of joint possibility distribution for any pair of fuzzy
numbers such that the norm of the corresponding
extensions is increasing? In the next section, we
will provide affirmative answers to these questions.

4. A Family of Joint Possibility
Distributions

First of all, given a pair of fuzzy numbers, we will
present a parametrized formula which leads to a
family of fuzzy relations in R

2 and then we will
prove that they are indeed joint possibility distri-
butions for the given pair of fuzzy numbers.

Since we want to have some control over the un-
derlying interactivity, the proposed formula is en-
dowed with a tunable parameter γ ∈ [0, 1] that plays
the role of adjusting the norms of the corresponding
sup-J extensions of the sum operator.

Given arbitrary A1, A2 ∈ RF , we define the func-
tions f i

∧, f i
∨ : R → R, where i = 1, 2, as follows:

f i
∧(z) =

∧

w∈[A3−i]Ai(z)

|w + z| ∀z ∈ R (13)

and

f i
∨(z) =

∨

w∈[A3−i]Ai(z)

|w + z| ∀z ∈ R. (14)

Now, we are ready to define the following family
{Jγ} of fuzzy relations of R2 for γ ∈ [0, 1]:

Jγ(x1, x2) =

{

∧2
i=1 Ai(xi) , |x1 + x2| ≤ υγ(x1, x2)

0 , otherwise
(15)

where

υγ(x1, x2) =

2
∨

i=1

[(1 − γ)f i
∧(xi) + γf i

∨(xi)].

Let us begin our investigation by showing that
Equation (15) is a joint possibility distribution of A1

and A2 for every γ ∈ [0, 1]. On the one hand, the in-
equality Jγ(x, y) ≤ A1(x) holds for all x, y ∈ R from
Equation (15), which implies that Π1

Jγ
(x) ≤ A1(x).

On the other hand, Proposition 1 guarantees that
[Ai]

α, i = 1, 2, are closed intervals for all α ∈ [0, 1].
Thus, an application of Weierstrass’s theorem ex-
treme value theorem ensures that there exists x∧ ∈
[A2]A1(x) such that |x + x∧| = f1

∧(x) ≤ vγ(x, y)
for all y ∈ R. The last observations implies that
Π1

Jγ
(x) ≥ [A1(x) ∧ A2(x∧)] = Jγ(x, x∧) = A1(x).

Hence, we have that Π1
Jγ

(x) = A1(x) for all x ∈ R.

Similarly, we can show that Π2
Jγ

(y) = A2(y) for all
y ∈ R. Consequently, we obtain the next theorem.

Theorem 1 Given A1, A2 ∈ RF , the fuzzy relation
Jγ defined as in Equation (15) is a joint possibility
distribution of A1 and A2 for every γ ∈ [0, 1].

For 0 ≤ γ1 ≤ γ2 ≤ 1, we have that Jγ1 ⊆ Jγ2

since υγ1 (x, y) ≤ υγ2(x, y) for all x, y ∈ R
2. Thus,

the bigger the parameter γ, the greater the fuzzy
set given by means of Equation (15) with respect
to the inclusion order. This is actually what we
were looking for. Writing the corresponding sup-J
extensions in terms of fuzzy relational compositions
(cf. Equation (9)) and using the fact that the sup-
min composition is an order-preserving operator, we
have that

Rf ◦ Jγ1 ⊆ Rf ◦ Jγ2 if γ1 ≤ γ2

⇒ ||(A1 +Jγ1
A2)|| ≤ ||(A1 +Jγ2

A2)|| if γ1 ≤ γ2.
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Thus, the norm of the sup-Jγ extension of the sum
of two fuzzy numbers can be adjusted by modifying
the parameter γ.

Note that J1 = J∧ for all A1, A2 ∈ RF due to
the following observations. Consider arbitrary x ∈
[A1]0 and y ∈ [A2]0 and let us suppose, without
loss of generality, that A1(x) ≤ A2(y). In this case,
we have that y ∈ [A2]A1(x) and consequently |x +
y| ≤ f1

∨(x) ≤ υ1(x, y) = f1
∨(x) ∨ f2

∨(y). Hence, the
equality J1(x, y) = J∧(x, y) follows from Equation
(15).

Let us finish this section by constructing some
joint possibility distributions using our simple ex-
ample. Henceforth, let A1 = A2 = (−1; 0; 1) and
f(x, y) = x + y for all x, y ∈ R.

As mentioned before, ||(A1 +Jγ
A2)|| is increasing

with respect to γ. Let us now express ||(A1+Jγ
A2)||

in terms of a simple formula. Specifically, we will
show that ||(A1 +Jγ

A2)|| = 2γ.
On the one hand, f i

∧(z) = 0 for all z ∈ [Ai]
0

since we have that [−|z|, |z|] ⊆ [A3−i]
Ai(z) because

[A3−i]
Ai(z) is a closed interval (see Prop. 1) and

A3−i(z) = A3−i(−z) = Ai(z) for i = 1, 2. More-
over, we have that f i

∨(z) ≤ 2 for all z ∈ [Ai]
0 be-

cause 2 =
∨

{|z + w| | z ∈ [A1]0 = [−1, 1], w ∈
[A2]0 = [−1, 1]} and [Ai]

β ⊆ [Ai]
0 for all β in [0, 1]

and i = 1, 2 by the second property of Proposition
1. The last observation implies that vγ(x, y) ≤ 2γ

for all (x, y) ∈ [A1]0 × [A2]0. Thus, for any z such
that (A1 +Jγ

A2)(z) > 0, there exist (x, y) ∈ [Jγ ]β,
(A1 +Jγ

A2)(z) ≥ β > 0, satisfying x + y = z, and
therefore |x + y| = |z| ≤ vγ(x, y) ≤ 2γ. The in-
equality |x + y| ≤ 2γ implies that [(A1 +Jγ

A2)]β ⊆
[−2γ, 2γ] for all β ∈ (0, 1] and therefore we obtain
[(A1 +Jγ

A2)]0 ⊆ [−2γ, 2γ] from the fourth property
of Proposition 1. Hence, ||(A1 +Jγ

A2)|| ≤ 2γ.

On the other hand, [A3−i]
Ai(z) is a closed interval

by Proposition 1 and an application of the interme-
diate value theorem ensures that there exist ci

z ∈
[A3−i]

Ai(z) such that |ci
z + z| = γf i

∨(z) for all z ∈ R

and i = 1, 2. Moreover, f i
∨(z) = |z + z| for all z ∈

[Ai]
0 and i = 1, 2 since we have that [A3−i]

Ai(z) =
[−|z|, |z|] by the definition of the α-cuts of A1 =
A2 = (−1; 0; 1). This implies that υγ(z, z) = γ|z+z|

for all z ∈ [A1]0 = [−1, 1]. If x
(n)
1 = 1 − 1

n
∈

[A1]
1
n , then there exists x

(n)
2 ∈ [A2]A1(x

(n)
1 ) such

that |x
(n)
1 +x

(n)
2 | = γf1

∨(x
(n)
1 ) ≤ υγ(x

(n)
1 , x

(n)
2 ) which

implies that (A1 +Jγ
A2)(x

(n)
1 + x

(n)
2 ) ≥ 1

n
. Taking

the limit of |x
(n)
1 + x

(n)
2 | = γf1

∨(x
(n)
1 ) = 2γ|x

(n)
1 | we

obtain that ||(A1 +Jγ
A2)|| ≥ 2γ. Therefore, the

following formula holds:

||(A1 +Jγ
A2)|| = 2γ.

For this particular example, our approach yields a
one-to-one continuous increasing mapping that as-
sociates each γ ∈ [0, 1] with the norm of the sup-
Jγ extension, that is, ||(A1 +Jγ

A2)||. Moreover,
||(A1 +J0 A2)|| and ||(A1 +J1 A2)|| constitute respec-
tively the minimal and maximal norms that can be

obtained by means of a sup-Jγ extension of the sum
operator at (A1, A2). Recall that the norm of the
sup-J extension based on a t-norm-based joint pos-
sibility distribution has 1 as a lower bounded. Thus,
our approach provides a way to model the interac-
tivity of A1 and A2 in terms of sup-J extensions such
that the resulting expressions of sums have norms
between 0 and 1.

Figure 2 displays a lateral view of the joint pos-
sibility distribution J0.5. Figures 3 and 4 depict a
top-down view of the joint possibility distribution
J0.25 and J0.75.
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Figure 2: The joint possibility distribution J0.5 of
A1 = (−1; 0; 1) and A2 = (−1; 0; 1) is depicted in
the gray area. The sketch of J1 is given by the
dotted line. The dashed lines correspond to the level
sets of the function +(x, y) = z for z = −2, . . . , 2.

−2 −1 0 1 2
−2

−1

0

1

2

z = 2 
z = 1.5 

z = 1 z = 0.5 

z = 0 

z = −0.5 

z = −1 

z = −1.5 

z = −2 

Figure 3: The joint possibility distribution J0.25

of A1 = (−1; 0; 1) and A2 = (−1; 0; 1) is de-
picted in the gray area. The sketch of J1 is given
by the dotted line. The dashed lines correspond
to the level sets of the function f(x, y) = z for
z = −2, −1.5, . . . , 1.5, 2.

Recall that ||(A1 +J−1,0 A2)|| = ||(A1 +J0 A2)|| =
0. These equalities suggest that J0 coincides with
J−1,0 since the unique fuzzy number that has norm
0 is the crisp number 0 (i.e., χ{0}). On the one
hand, χ−u=v(x, y) = 1 if and only if 0 = x + y,
and therefore we have that J−1,0(x, y) = A1(x) if
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Figure 4: The joint possibility distribution J0.75

of A1 = (−1; 0; 1) and A2 = (−1; 0; 1) is de-
picted in the gray area. The sketch of J1 is given
by the dotted line. The dashed lines correspond
to the level sets of the function f(x, y) = z for
z = −2, −1.5, . . . , 1.5, 2.

x + y = 0 and otherwise J−1,0(x, y) equals 0. On
the other hand, [A1]α = [A2]α for all α ∈ [0, 1] since
A1 = A2. We conclude that f i

∧(x) = 0 for all x ∈ R

and i = 1, 2. Equation (15) and the last observation
imply that J0(x, y) = A1(x) ∧ A2(x) = A1(x) if
x + y = 0. Otherwise, we have that J0(x, y) =
0. To summarize, we have that J0 = J−1,0 in this
example.

Finally, we would like to point out that there
are joint possibility distributions Jq,r of completely
correlated fuzzy numbers that differ from all joint
possibility distributions Jγ where γ ∈ [0, 1]. For
example, the joint possibility distribution J−1,1 of
(−1; 0; 1) and (0; 1; 2) differs from every joint possi-
bility distribution Jγ of these triangular fuzzy num-
bers.

5. Concluding Remarks

Fuller and Majlender’s definition of completely cor-
related fuzzy numbers can only be applied to a sub-
set of the pairs of fuzzy numbers in which a joint
possibility distribution can be generated in terms
a characteristic function of a line. In contrast, our
approach as well as the t-norm-based approach can
be applied to establish an interactivity relation be-
tween any pair of fuzzy numbers.

This paper shows that our approach generates a
family of joint possibility functions, denoted by Jγ

such that the norm of the sup-Jγ extension repre-
sents an increasing mapping with respect the pa-
rameter γ. This property allows us to determine
the effect of the underlying interactivity on the sup-
J extension of the sum operation in terms of the
norm. We considered a specific example and showed
that, in this particular case, the norm of the sup-
Jγ extension of two fuzzy numbers is given by 2γ

with γ ∈ [0, 1] whereas the t-norm-based approach

produces extensions whose norms are at least 1.
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