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Abstract

Our paper deals with constructions of upper and
lower general aggregation operators, which are
based in their definitions on a fuzzy equivalence re-
lation. We study some properties of these aggrega-
tion operators which are important in the context
of aggregation of fuzzy sets. In particular we con-
sider different types of monotonicity and show that
obtained results allow us to describe approximate
system based on the constructed operators.
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1. Introduction

In this paper we develop the concept of upper and
lower general aggregation operators with respect to
a fuzzy equivalence relation E. This concept was
introduced by the authors in [15, 16]. Now we are
focusing on different properties of these aggrega-
tion operators, which allows us to enrich existing
framework. In our previous works [13, 14] we stud-
ied general aggregation operators based on a crisp
equivalence relation instead of E. The idea was to
aggregate fuzzy sets in accordance with classes of
equivalence generated by this crisp equivalence rela-
tion. Such construction appeared while we were ap-
proaching an analysis of optimal solution for bilevel
linear programming problems. In that case a crisp
equivalence relation was induced by an upper level
objective function.

Taking into account that fuzzy equivalence rela-
tions represent the fuzzification of equivalence re-
lations and extensional fuzzy subsets play the role
of fuzzy equivalence classes, we consider upper and
lower general aggregation operators in the context
of extensional fuzzy sets. It is important that the
output of upper and lower general aggregation op-
erators corresponding to fuzzy equivalence E are
extensional with respect to E. In some cases while
aggregating extensional fuzzy sets it could be nec-
essary to obtain as a result an extensional fuzzy set
as well, but an ordinary general aggregation does
not ensure this property.

In this paper we consider different properties
of upper and lower general aggregation operators.
Some of them deals with preservation of proper-
ties of an ordinary aggregation operator. We also
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study the monotonicity of these operators with re-
spect to an aggregation operator, a t-norm and a
fuzzy equivalence relation. We show that satisfac-
tion of these properties ensures the construction of
an approximate system based on upper and lower
general aggregation operators. The concept of an
approximate system was introduced and studied in
[5, 7, 18]. Among the most important examples of
approximate systems are approximate systems in-
duced by fuzzy equivalence relations. These approx-
imate systems are related to fuzzy rough sets, see

e.g. [4].
2. Preliminaries

In this section first we will remind the definitions
of an ordinary aggregation operator as well as gen-
eral aggregation operator, which acts on fuzzy struc-
tures. As the examples of widely used aggregation
operators we can mention the arithmetic and geo-
metric means, the minimum and maximum opera-
tors, t-norms, t-conorms and others. Let us start
with the classical notion of an aggregation operator
(see, e.g., [1, 3, 6]).

Definition 2.1 A mapping A : |J,,[0,1]" — [0,1]
is called an aggregation operator if the following
conditions hold:

(A1) A(0,...,0) =0;

(A2) A(1,...,1)=1;

(A3) for all n € N and for all ty,...,t, €[0,1],
7_17"';7_77,6 [071]
1< T,y yty <7 =
:>A(t1,...,tn) < A(Th...,Tn).

Conditions (A1) and (A2) are called the boundary
conditions of A, (A3) means the monotonicity of A.

The general aggregation operator A acting on
[0, 1]%, where [0, 1] is the set of all fuzzy subsets of
a set X, was introduced in 2003 by A. Takaci [19].
Let us note that for simplicity we do not distinguish
between fuzzy sets and their membership functions.
We denote an order on [0,1]%¥ by <. The least and
the greatest elements of this order are denoted by 0
and 1, which are indicators of @ and X respectively,
ie.

0(r) =0and I(z) =1 for all z € X.



Definition 2.2 A mapping
A: U [0, 1]%

is called a general aggregation operator if the follow-
ing conditions hold:

~[0,1]¥

(A1) A(0,...,0) =0;
(A2) A(,..., 1) =1;
(A3) for all n € N and for all uy, ..., i, € [0,1]%
Ny ey M € [0,1]%
P12 N1y o 21 ==
= A(H17~-~,Hn) < /1(771,...,77").

We consider the case:

w=n if and only if pu(z) < n(z) for all z € X,

for p,n € [0,1]X

Let us note that a specific case is the aggrega-
tion of a singleton. Scientists often propose the fol-
lowing conventions (see e.g. [6]): A(z) = « for all
z € X (in the case of aggregation) and A(u) = u for
all i € [0,1]% (in the case of general aggregation).
Throughout this paper we will not follow these con-
ventions. Moreover, for the suggested constructions
of upper and lower general aggregation operators
(see Definition 3.1) equality A(u) = u does not
fulfil in general case. As a result of the proposed
aggregation (upper or lower) we always obtain an
extensional fuzzy set (see Definition 3.2). Thereby,
if argument p is not an extensional fuzzy set, then
this equality does not hold.

There exist several approaches to construct a gen-
eral aggregation operator A based on an ordinary
aggregation operator A. The most simplest one is
the pointwise extension of an aggregation operator

A:
A(/le 7”")(x) = A(/U'l(x)a ...,,LLn(.Tb)),

where i1, ..., i, € [0,1]% are fuzzy sets and z € X.

A widely used approach to constructing a general
aggregation operator A is the T - extension [19],
which idea comes from the classical extension prin-
ciple and uses a t-norm T (see, e.g., [10]):

A(M1a7un)(x) -
= sup T(Ml(‘rl)?aun(l’n))
r=A(x1,...,Tn)
Here p1,...,pun € [0,1]% and z,2;...,2, € X,
where X = [0, 1].

We introduce another construction of a general
aggregation operator, based on a left-continuous t-
norm 7', the corresponding residuum ? and a T-
fuzzy equivalence relation F. Let us recall the basic
definitions.

Fuzzy equivalence relations were introduced in
1971 by L.A. Zadeh [21] for the strongest t-norm
Ty (minimum t-norm) and later were developed
and applied by several authors in more general cases
(see e.g. [11]).
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Definition 2.3 LetT be a t-norm and E be a fuzzy
relation on a set X, i.e. E is a fuzzy subset of
X x X. A fuzzy relation E is a T-fuzzy equivalence
relation if for all x,y,z € X it holds

(El) E(z,x) =1 (reflexivity);

(E2) E(x,y) = E(y,x) (symmetry);

(E3) T(E(z,y),E(y,2)) < E(z,2) (T-transitivity).

Definition 2.4 Let T be a left continuous t-norm.
of T is defined for all x,y € [0,1]

The residuum
by

T (aly) = sup{a € [0,1] | T(a,z) < y}.

We recall the following basic properties of the
residuum, which will be used later in the paper:

1) T'(z|ly) =1if and ounly if x < y;
2) T(ly) =y;
Oly) = 1;

if y=0and z # 0, then?x\y =0;

the residuum is a non-increasing function
with respect to the first argument and a non-
decreasing function with respect to the second ar-
gument:

21 < v = T(w1ly) > T (a2y);

y1 <Y = ? (x]yr) < ? (zly2);

?6 T(z,x) <y<:>z<?$|y
(here T,T1,T2,Y,Y1,Y2, 2 € [0,1]).

3. Upper and lower general aggregation
operators

Now we give the definition of upper and lower
general aggregation operators, based on a left-
continuous t-norm 7', the corresponding residuum

and a T-fuzzy equivalence relation F.

Definition 3.1 Let A: (J,,[0,1]™ — [0, 1] be an ag-
gregation operator, T be a left continuous t-norm,

be the residuum of T and E be a T-fuzzy equiv-
alence relation defined on a set X. The upper and
lower general aggregation operators AE T and AE 7
are defined respectively by

AE,T(Ml)"wun)(l’) =
= su}f}){T(E(a:,a:’),A(ul(x’),... ,/,Ln(.lil))),
z'e
AE ?(ﬂlﬂ"'vﬂ'n)(x) =
— /
= inf T(E@, A (), (),
where x € X and pi1, ..., pn € [0,1]%

It is easy to show that conditions (A1), (A2) and
(A3) are satisfied for such constructions. Thereby
we obtained two general aggregation operators A BT
and A BT We could consider them as upper and



lower approximations of a general aggregation op-
erator A, which is the pointwise extension of an or-
dinary aggregation operator A. It is clear, that for
all gy, ..., pun €[0,1]% it holds

AE7?(/’L17"'aMn) < A(Hl,,un) <

< Apr(pi,--- s pn)-

The notions of upper and lower general aggre-
gation operators in our works [13], [14] were pre-
ceded by a general aggregation operator based on a
crisp equivalence relation instead of a fuzzy one. Let
p € X x X be a crisp equivalence relation defined
on a set X. We take E = F,, where

1, (x,y)€p,
0, (z,9)¢np,

and for an ordinary aggregation operator A obtain
Ag, T and AE 7 for any t-norm T":
P>

Ep(xa y) = {

b)) () =
Apa ('), . ..

AEP,T(H17 e

sup
z'eX:(x',x)Ep

7Nn(w/))7

AE’“?(NM cee 7”")(x)

Apa ('), ...

inf s ().

z'eX:(x',x)Ep
The idea of these general aggregation operators
is based on the classes of equivalence generated by
a crisp equivalence relation p. In fact, we aggregate
fuzzy sets in accordance with classes of equivalence
generated by equivalence relation p. As a result we
have the following property:

(,y) € p=
= AEP’T(,U/l, te 7“71)(x) = A~E97T(Ml7 s 7ﬂn)(y)7
AEPV?(NL s i) (T) = AEP,?(/“? cey i) ()
for all x,y € X and for all py,...,u, € [0,1]%.

An analogue for this property in the case of
T-fuzzy equivalence relation E is the fact that
the results of aggregations Apr(uy,...,pu,) and
AE’? (11, - -, pn) are extensional fuzzy sets with re-

spect to E for all uy,...,u, € [0,1]%.

Definition 3.2 Let T be a t-norm and E be a T-
fuzzy equivalence relation on a set X. A fuzzy subset
p € [0,1]% is called extensional with respect to E if:

T(E(z,y), u(y)) < p(x) for all 2,y € X.

Extensional fuzzy subsets have been widely stud-
ied in the literature [2], [8], [9], [11]. We recall two
approximation operators ¢ and ¥ g, which appear
in a natural way in the theory of fuzzy rough sets
(see, e.g., [4], [12], [20]). Fuzzy sets ¢r(p) and
YE(w) were introduced to provide upper and lower
approximation of a fuzzy set p with respect to fuzzy
equivalence relation E [11].
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Definition 3.3 Let T be a left-continuous t-norm,

be it’s residuum and E be a T-fuzzy equivalence
relation on a set X. The maps ¢g: [0,1]% — [0,1]%
and ¥g: [0,1]1% — [0,1]% are defined by

¢p(p)(z) = sup T(E(z,y), 1(y)),

Ve(0)(@) = inf T (E(x.y)|u().

for all z € X and for all p € [0,1]%.

It is known that for all u € [0,1]% fuzzy sets
¢r(p) and Ygp(p) are extensional with respect to
FE. Let us note that we always obtain extensional
fuzzy sets as results of the upper and lower general
aggregation operators.

Proposition 3.4 Let T be a left-continuous t-
norm, E be a T-fuzzy equivalence relation on a
set X. Let flE’T and AE? be upper and lower
g~eneml aggregation 0p~emt70rs. Then fuzzy sets
Apr(pa, ..., o) and AE? (11, -+, i) are exten-
stonal with respect to E for each n € N and for all
fuzzy sets piy, ...,y € [0,1]%.

The concept of upper and lower general aggrega-
tion operators was introduced and studied in the
context of extensional fuzzy sets in our previous
works [15, 16].

4. Properties derived from an ordinary
aggregation operator

In this section we study some of the most impor-
tant properties of upper and lower general aggre-
gation operators AEJ" and A BT derived from the
properties of ordinary aggregation operator A (see
[1, 3, 6]).

Symmetry. For all n € N it holds: if for every
permutation 7: N — N, where N = {1,...,n},
and for all 1,...,t, € [0,1]

Aty stn) = A1), -+ -5 ta(n))s
then for all 7: N — N the following equalities
AE7T(M17 o 7[1’71) = AE,T(:U’Tr(l)’ oo 7,U'Tr(n))7
Aﬂ?(/‘lv ey fin) = A]Q?(ﬂw(l)v cee >/L7r(n))

hold for all 1, ..., u, € [0,1]%.

Associativity. Associativity of A in general is not
preserved by upper and lower general aggregation
operators AE,T and AE 7. Let us provide an illus-
trative example for this fact.

For simplicity we consider the discrete two-point
universe X, and we use a vector form for fuzzy
sets and a matrix form for T-fuzzy equivalence rela-
tion. Let us take T -fuzzy equivalence relation (77,
is Lukasiewicz t-norm)

107
b= (0.7 1)



and fuzzy sets 1, o and pg:

(04 (0.3 ~ /o1
m=1\o02) "= \o7) "~ \o9)

We obtain the following results for the upper general
aggregation operator:

- . 0.375
AVGpr, (AVGEr, (1, p2), 13) = (0.675) ’

0.45
AVGg 1 (1, AVGp 1y (2, p3)) = (0 50>

and the following results for the lower general ag-
gregation operator:

=~ ~ 0.225
AVGE,?L (AVGE?L (Ml,ﬂg),/l{g) = <0525) )

~ ~ 0.30
AVGE,?L (MlaAVGE7?L (,LLQ,N?))) = (0135> )

where A = AV G is an ordinary arithmetic mean
aggregation operator. As one can see, associativity
does not hold in both cases.

Now we will look at existence of absorbent, neutral
and idempotent elements.

Absorbent element. Let M, be a set of all ab-
sorbent elements (or annihilators) of ordinary ag-
gregation operator A, i.e. for all d € M, C [0,1],
for all n € N and for all ¢y, ...,t, € [0,1]
Altr,...,d,... t,) =d.

Then any fuzzy set d € [0,1]%, such that d is ex-
tensional with respect to E and d(z) € M,y for all
x € X, is an absorbent element of AE T+ and AE 7

Indeed, for all n € N and for all p1, ..., u, € [0, 1}
we have
Agr(py,...ody. .. pun)(z) =
= sup T(B(@,2"), AGua (@), (@), () =
= sup T(E(z,'),d(@")) = d(x),
w'eX
AE?(ul,...,J,...,un)(x):
= il T(B(@,2) [ A (@), s @), i (o)) =
:xlrelg(? z,2)|d(2")) = d(x).

Neutral element. Let M, be a set of all neutral
elements of ordinary aggregation operator A, i.e.
for all e € M. C [0,1], for all n € N and for all

t1, .-ty € [0,1]
A(t17...,ti_1,€,ti+1,...,tn) =
= A(tb' . 7ti—1ati+17~ .. ;tn)
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Then any fuzzy set é € [0,1]%, such that & is ex-
tensional with respect to E and é(z) € M, for all
r € X, is a neutral element of AE + and AE 7 In-

deed, for all n € N and for all pq,...,u, € [0,1]%
we have y
AE,T(MI,"')éa"'aun) =
= Sulg(T(E(w,x’),A(Ml(ﬂfl),~--,é(33'), et (2))) =
S
= SUI))( T(E(xa :E/), A(/Ll(z/)a cee ,,U,n(l‘/))) =
x' e
= AE7T(:U‘15 s Hu’n)a
AE?(pl,...,é,...,,un) =
= il T (B, )| AGu @), 8(a), o i (0))) =
:mugx7 z, 2" )| A(pr (2", - (7)) =
= AE77(.H17 s hu‘n)

Idempotent element. Let M;; be a set of all
idempotent elements of ordinary aggregation oper-
ator A, i.e. for all t € M;q C [0,1] and for all n € N

Then any fuzzy set u € [0,1]%, such that p is ex-
tensional with respect to E and u(z) € M;q for all
r € X, is an idempotent element of Ag 7 and A, =.

Indeed, for all i1, ..., 1, € [0,1]% we have
1 —N—

Apr(,.. 1) (z) =

—_—~
= sup T(B,a"), AGE), . H() =
z' €
= sup T(E(e, 2'),u(a')) = u(a),
z'eX

and analogously

Ay () =
= zlléf;(? x x ‘A ( ) ,u(l'/))) =
= wlrelfx? (z,2")|p(z") = p(x)

Now we will illustrate the properties mentioned
above with some particular ordinary aggregation
operators A.

A = min. Taking A = min we will obtain symmet-
ric aggregation operators Ag r and A, =z with neu-
tral element é = 1 and absorbent element d = 0. In

this case all extensional fuzzy sets with respect to
E are idempotent elements for these operators.

A = max. Taking A = max we obtain operators
with similar properties to the case, when A = min



with a remark, that neutral and absorbent elements
are € = 0 and d = 1 respectively.

E =E, In the case of crisp equivalence relation p
general aggregation operators Ag, r and A, = in-
I3

herit such properties of ordinary aggregation oper-
ator A as symmetry, associativity, existence of ab-
sorbent, neutral and idempotent elements. Let us
note that in this case fuzzy set p is extensional with
respect to E, if it holds

wy) = (z,y)

() € p.
5. Different types of monotonicity for upper
and lower general aggregation operators

In this section we will look at monotonicity of upper
and lower general aggregation operators Ap 7 and
A BT with respect to ordinary aggregation operator
A, t-norm T and T-fuzzy equivalence relation E.
Monotonicity with respect to inputs is ensured by
the property (A3).
In order to consider monotonicity with respect to
ordinary aggregation operator A, we assume that
At < A2 = Al(ty,. ..

) < A%y, .. t,)

for all t1,...,t, € [0,1]. We also suppose that for
all Hiyevos fin € [05 1]X
App <Ay =
<~ AIE,T(N’D s 7/1%)(1') < AQE,T(:U’D v 7”71)(1')3
il 2
AE’? < AE? =
o A i ) (@) € AL i) @),
r e X.

As aresult if it holds A! < A2, then A}ET < fl%j
and A;? < AQE’?.

Now we will consider monotonicity of upper and
lower general aggregation operators A e,r and A B
with respect to a left-continuous t-norm 7. It is ea75y
to show, that if 71 < T, then AE’TI < AE)T2 and
Ap7, 2 Ap7,:

To study monotonicity of AE,T and A o with
respect to a T-fuzzy equivalence relation E we de-
fine the order between fuzzy equivalencde relations:

Ey < Ey <= E(z,y) < Es(x,y) for all z,y € X.

Taking into account the monotonicity of T', we ob-
tain that if F; < Es, then

AEhT(:u‘la s ’lu’n)(x) =
= sup T(Ey(z,2"), A(pa(2'), ..., pa(2))) <
< sup T(Ep(w,a), A (@), .. jn (")) =

= Ap, r(u1,- -, ) (2).
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It is true that if £y < Es, then

Ap, 7 (i, i) (2) =
= il T (B, a)AGu (@), . n(@')) 2
> il T(Ea(a,a)|AGn (@), ... aa')) =
= Ay 2 n) (@),

In some cases it is important to observe T-fuzzy
equivalence relation £ on some particular a-levels,
a € [0,1]. For example, dealing with lower general
aggregation operator, elements with low degrees of
equivalence have major impact on the output of ag-
gregation and we could obtain a distorted result. In
such case it is reasonable to use T-fuzzy equivalence
relation F only above some a-level, in that way ig-
noring elements with lower degrees of equivalence.
We can consider T-fuzzy equivalence relation E%:

E(z,y),
0,

E(z,y) > a,

E%(@,y) = { E(z,y) < «,

or crisp equivalence relation E7':

L,
0,

E(z,y) > a,

By (@,y) = { E(z,y) < a.

For both cases the following implications hold:
o < ay = E* > EaZ,

a; < ag :>Eg1 ZE;Q

for all a1,az € [0,1]. Thereby if E* > E°2,
then Agey 7 > Ager 7 and AEQI-? < AECx2 7, as

well as if £t > E7?, then flE;u,T > flE;xz,T and
AEﬁl,? < AE;’Q,?'

As we will see later, the properties described in
this section are important, when we are dealing with
approximate systems, based on upper and lower
general aggregation operators.

6. Approximate systems induced by upper
and lower general aggregation operators

The concept of an M-approximate system was first
introduced in [17] and further studied in [5, 7, 18].
This concept provides an alternative view on the
relations between fuzzy sets and rough sets. This
tool gives a framework allowing to generalize these
theories.

In the context of M-approximate systems two lat-
tices play the fundamental role. The first one is an
infinitely distributive complete lattice

L= (L, <w,AL,VL).

The bottom and the top elements of L are O, and
11, respectively. The second lattice is denoted by
M = (M, <m, Am, VM) and is assumed to be the
complete lattice. The bottom and the top elements
of M are Oy and 1y, respectively.



Definition 6.1 An upper M-approximate operator
on L is a mapping u: L x Ml — 1L such that

(1u) u(Op, ) = 0, for all « € M

(2u) a <ula,a), Yae€lL forall a €M

(3u) u(aVb,a) = u(a, o) Vu(b,a ) for all a,bel
and for all o € M

(4u) u(u(a, @), ) = u(a, ) for all a €L and for
all a € M;

(5u) a < B, o, € M = u(a,a) <ula,B) forall
a el

(6w) if Op # 1y, then u(a,Opm) = a for all a € L.

Definition 6.2 A lower M-approximate operator
on L is a mapping [: . x Ml — 1L such that

(11) (1, ) = 1, for all a € M

(2l) a > l(a,a), Ya €L forall o €M

(31) l(a Ab,) = l(a,a) ANl(b,ar) for all a,b €L
and for all o € M,

(41) l(l(a,a), ) = l(a,a) for all a € L and for
all o€ M

(5) a < B, o, € M = l(a,a) > l(a,B) for all
a € L;

(61) if Opg # Ly, then l(a,0pm) = a for all a € L.

Definition 6.3 A triple (L, u,!), where
u:LxM—-Landl:LxM—1L

are upper and lower M-approzimate operators on L,
is called an M-approzimate system.

There are several works where some particular
constructions of M-approximate systems are pre-
sented [7, 18]. In this paper we recall approximate
systems induced by upper and lower general aggre-
gation operators.

First, we describe the lattice L of all general ag-
gregation operators:

L= {A: [J(0,11%)" — [0,1]*|A is a gen. agop}.

The order <p, on L is defined as follows: for all
Hiyeeoyn € [Ovl]X

Al(ul;"'uﬂn) S]L A2(/¢17~~~»/14n) <~
(@) < Ayl ..

The supremum A1 VL. Ag and infimum Al AL A2
of two elements A;, Ay € L are defined for all
Ui,y pin € [0,1]% and 2 € X respectively by

(A Ve A (py -+ i) () =
:zzll(,ula7Mn)(I)\/A2([L177un)(m) and
(Al AL A~2)(:u17 cee 7/~Ln)(x) =
= Ay (pas ooy pin) (@) A Ag(pn, oy ) ().

The top and the bottom elements 1y, and 0, respec-
tively are

<~ Al(,ul,...

I, Jie{1,...,n} u; #0,
1L(ﬂ17'~'aﬂn) = {0 L1 :{ =pu }:6

vﬂn)( )v e X.

and

0, Fie{l,....n} pu; #1,
OL<M17"'7MTL>: = { } =
1, m=...=pu,=1.

The lattice M of all T-fuzzy equivalence relations
is described in the following way:

M={F: XxX — [0,1]|E is a T-fuzzy equiv. rel.}.
The order <y; on M is defined as follows:
Ey <y By <= E1(z,y) < Ex(z,y) for all z,y € X.

The top and the bottom elements 1p; and Oy re-
spectively are

Im(z,y) =1 and

0, z#v,
1, x=y

Op(z,y) = {

for all z,y € X.
The approximation operators

u:LxM—-Landl:LxM—L

in this case are defined as follows:
(u(A, E))(pa, .., i) (2) =

CU/)a A(Nh e 7ﬂn)(m/))7

7Mn)(x) =
— il T(E ) ().

Most of the conditions from Definitions 6.1 and 6.2
follow from the properties considered previously in
this paper and could be easily shown. There are
needs for an additional argumentation for condi-

tions (31), (41) and (3u), (4u).
(31) We prove that

= sup T(E(z,
z'eX

(A, B)(pa, -

E(z,2)|A(p, . ..

I(A; AN Ay, E) = 1(Ay, E) N(Ay, E)

for all 1411,/12 € L and for all £ € M. For all
Ui,y pin €[0,1]% and for all z € X it holds

(A1 AL Az, B))(pa, - i) (2) =

= il T (B, )| (A AL A2) (1, pn) (@) =
- xi,gg(ﬁ(E(z, ) A (s ) ()N
AT (B(z, ') A, i) (2'))] =
= (it T (B, 2) A, o)D)
Ilg(? (z,2")|As(pn, - .., pn)(2))) =
= (A, B)) s, pn) (@)

AU Az, B) (1, - pin) ().



(41) We show that
(I(A,E),B) =1(A, B)

for all A € L and for all E € M. In order to prove
this property, we will show that inequalities

I(I(A,E),E) <I(A,E),

I(I(A,E),E) > (A, E)

hold. The first inequality holds by property (21).
Let us prove that for all iy, ..., i, € [0,1]% and for

allz e X
(A, ), B) (s ., ) ) =
> (1A, B)) (s - 1) (@),
By the definitions we have
(WA B, E) g, ., o) () =

inf T (E(z, )| (I(A)) (11, . .-

z'eX

7#%)(37/)) and

T (B(z,2)|((A) (1, - -, ) (@)

=sup{a € [0,1] | T(«a, E(z,2")) <

) ,Un)(x/)}

, in ) (), we obtain

< (A, B))(pa, ..
Taking o = (I(A, E))(p1, . . .

) (2), E(z,2)) <

S (l("i’ E))(,ulv o ,/.Ln)(x/)},

which holds for all z,2" € X by the fact, that
(I(A,E))(p1,-- -, n) is extensional fuzzy set with
respect to E. It means that for all z,2’ € X

T((U(A, B))(pa, -

T (B, )| (A, E)) (1. ... ) ("))

and thus
nf T (B, )| (A, E) (g, 1) (@) =

Properties (3u), (4u) for upper approximation op-
erator u could proved analogously to the previous
case.
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