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Abstract

For the fuzzy systems with the kernel-shaped fuzzy sets of if part, we estimate the rates of the uniform
approximation for continuous functions. Results are given associatively with the rates of convergence of

the sequencéogk/k)“.
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1. Introduction

As an intelligent system of soft computing tech-
nique, fuzzy system (FS) is an efficient tool to deal
with nonlinearly complex systems, in which there
are linguistic information and data information, si-
multaneously. One most important advantage of us-
ing fuzzy systems is that linguistic fuzzy IF - THEN
rules are naturally utilized in the systems. Linguistic
fuzzy IF - THEN rules can be developed by human
experts who are familiar with the process under con-
sideration. Fuzzy systems have been developed to
solve many different practical problems such as pat-
tern recognitiont, system identificatiorf, adaptive
control 348 etc. Fuzzy systems offer a key advan-
tage over traditional approaches, expecially in fuzzy
control systems. They offer model-free estimation
of the control system. The user need not specify how
the controller output mathematically depends on its
input. Instead, the user provides a statistically repre-
sentative set of numerical training samples. Even if
a math-model controller is available, fuzzy systems

may prove more robustly and easily to modify. If
experts provide structured knowledge of the control
process or if sufficient numerical training samples
are unavailable, the fuzzy approach may be prefer-
able. We can use the numerical data to generate
fuzzy rule base. Each fuzzy rule base defines a patch
in the input-output state space, and the fuzzy system
approximates the unknown function by covering its
graph with fuzzy rule base patches.

In most of applications of the fuzzy systems, the
main design objective can be transformed to find de-
signed mapping from the input spaces to the out-
put spaces, which may also be denoted as function.
Thus, problems of designing fuzzy systems can be
considered as approximation problems of functions.
As an important research topic related to fuzzy sys-
tems, the approximation capability of fuzzy systems
has been studied in theory and in application in the
past few years (sek891011121314151617,18192021

etc).

When those authors researching on the approxi-
mation accuracy theory of fuzzy systems, they deal
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mainly with three questions: (1) universal approx-
imation; (2) constructive approximation; (3) ap-
proximation rates. The first and the second ques-
tions are answered widely in the last few years (see
6101112131417.18)  However, there is still a lack
of the theoretical estimations of the approximation
rates of fuzzy systems (sé€€). The approxima-
tion rates plays a key role in answering the question:
what, if any, are the advantages of fuzzy systems as
function approximators over the other methods such
as the polynomial, spline, trigopnometric, wavelets,
neural networks (se&23242526)  gq that, in the
present paper, we prove that the fuzzy systems (with
the kernel-shaped fuzzy sets of if part) have the uni-
versal approximation properties for any continuous
function f defined onlJ c R. Furthermore, we es-
timate the uniform approximation rates of the fuzzy
systemF, where the uniform approximation rates
are defined as follows:

[IFc(e) = f(0)[lo = sUpR(x) — f(x)].
xeU

One of the main features in the design of fuzzy
systems for approximation functions is the flexibil-
ity in choosing their components such as member-
ship functions, fuzzy inference engine, and defuzzi-
fication procedures, etc. Thus the problem of robust-
ness of fuzzy systems arises. The choices of the in-
put variables membership functions is quite impor-
tant as it could affects substantially its output behav-
ior. In this paper, the input membership functions
of a fuzzy system are generated by the translations
and scale transformations of a fixed kernel function.
By using test functions methods in Fourier analy-
sis, we explain how the shape of the input member-
ship functions determines the approximating capa-
bility of the fuzzy systems. This choice has a num-
ber of advantages. One of them is that if the origi-
nal function is intuitively meaningful, then the ker-
nel constructed will be also intuitively meaningful.
An other advantage is that the kernel can change
their width and move on the real space to be able
of representing different linguistic variables. But the
main advantage of this construction is the flexibility
and the ease of propagating properties of the original
function to all other membership functions.

The paper is organized as follows. In section

2 some necessary notations and preliminaries are
introduced. Fuzzy systems with kernel shapes of
fuzzy sets are constructed in this section from train-
ing data. The universal approximation property of
fuzzy system for a continuous function is proved in
section 3. Our main results are given in section 4
with two methods to estimate the rates of approxi-
mation of fuzzy systems with kernel shapes of fuzzy
sets to any continuous function. Some numerical ex-
amples will be stated in section 5 to illustrate our re-
sults. Finally, some conclusions are given in section
6.

2. Preliminaries

Assume that the analytical form of a continu-
ous function f(x) defined on the closed interval
U=[-1+0d),1-]CR, (0< & <1)isunknown,
while the input output behavior of (x) for any
x € U is known. In this casef(x) is similar to a
black box. Assume that the input - output data of
f onU are{x,yi}k ;, where{x } , are considered
as a random sample of sikdrom the absolute con-
tinuous distribution functiorH (x) with the density
functionh(x) andy; = f(x), i = 1,...,k. Generally,
the training dat?{xi}!‘:l could be a random sample
from any distribution function; howeven(x) is de-
termined in this paper by the denominator of a fuzzy
system and is only required to be bounded away
from 0 inU by somegp > 0, i.e.,h(x) > & for any
x € U. Theoretically, the size of a random sample
could be arbitrarily (See i#’ for more details).

Let C(U) be the set of the continuous functions
defined orlJ with the supremum norm

[ fllc) = sup f(x)],
xeU

and for anyx € U, f(x) is defined to be zero. Recall
thatL'(R) is the space of all integrable functions on
R. In this paper, the membership functions of each
input variable are chosen as kernel shapes. Some
related notations, concepts and properties are intro-
duced below.

Definition 1.  [see in ?®] A set of functions
{X(0,0),0 > 0} will be called a kernel on the real
Euclid spaceR if for any o > 0 we havex(o,0) €
LY{(R) and [ x (X, 0)dx= 1.
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Definition 2. [see in?®] A kernel {x (o, 0),0 >0} is
called an approximation identity kernel if there ex-
ists a constant! > 0 such that

) [ Ix(xo)ldx<M, vo >0
R

i) lim
00/ |x|>5

Ix(x,0)|dx=0, ¥& > 0.

Following lemma gives a construction kernel
from a integrable function il L'(R) and can be
proved similarly to Lemma 2.2 it?.

Lemma 1. Suppose thay € L*(R) and [ x (x)dx #
R

0 then{%x(g), o > 0} confirms an approximation
identity kernel.

Now, let x € LY(R), [z x(X)dx# 0 andy(x) >
0, ¥x € R. A translation and scale transformation
of x is defined as%x(%), wherex € R, o is the
translation factor and is the scale factor. Suppose
that { o,k € N} are regularizing scale factors, that
is

i) ok>0vVkeN; lim =0
k— 400

i) S exp(—nvkag) < 4o, ¥ > 0.
&

Set

1 X
X(x) = 2 X () 1)
It follows from Lemma 1 that xk(x), ok} confirms
an approximation identity kernel oR. Further-
more, we can suppose that<Oxk(x) < 1 for all
x € U, for all k and {x«(x — %)}X ; construct an
go—complete partition otJ, 0 < & < 1 (se€?d), i.e.,

1 k
=Y Xk(X—X%) = &, ¥xe U,
k2,

where {x }¥ ; c U is the random sample with the
density functiorh(x) € C(U).

In this paper, we introduce the mathematical for-
mula of fuzzy systems in the single input - single
output (SISO) case. Witk rules, a fuzzy system is

Rates Approximation of Fuzzy Systems

denoted by : R — R, which comprises four prin-
cipal components: singleton fuzzifier, product infer-
ence engine, center-average defuzzifier (s&eor
more details) and the fuzzy rule base. The fuzzy rule
base storek rules

R : IFxisA THENYyis B;

(i=1,2,...,k), whereA;(i=1,2,...,k) are the if-part
sets andB;j(i =1,2,...,k) are the then-part setec U

is the input variable angd< R is the output variable.
Assuming that the then-part sets are singleton fuzzy
sets, the rules can be rewritten in the following form

R: IFxisA THENy=Yy,

(i=1,2,...,k), wherey; is the point inR at which
Bi(y) achieves its maximum value. Lgt(x) be the
fuzzy membership function corresponding to the if-
part seth;. Clearly, in the SISO case, the fuzzy sys-
tem can be expressed as follows:

& w0 T
Fk(x)—izl[gui(x)]y..
i=1

Therefore, with the kernel (1), the fuzzy system (2)
can be rewritten in the following form:

S xkx=x) T
R0 =y [—z,k_lkxk (X_Xj)}y., )

wherex € U andy; are the corresponding outputs of
X,i=1,...k

Assume thatf € C(U). For simplicity, we intro-
duce some following notations that are used fluently
in the last.

Set(—o,x := {ue U|u<x}. Denote

(2)

1 k
Hi¥) = ¢ _Zi|(foo7x] (%)

X=X
Ok )

1 k
00 = g0 3 T0X(

= [ Hxx-wdH(w).

E[f(X)] :/Rf(u)xk(x—u)dH(u).
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1 k
o(X) = Ko _;X(

:/Xk(x—u)de(u).
JR

X=X
Ok

)

El0)] = [ x(x—wdH ().

3. Approximation property

In this section, by using Fourier analysis technol-
ogy, we explain how the fuzzy systems (3) with the
kernel-shaped if part of fuzzy sets can approximate
for a continuous function. At first, we have follow-
ing lemma, that can be proved similarly to Theorem
3.1.6in%,

Lemma 2. Suppose thafx(c,0),0 > 0} is an ap-
proximation identity kernel, then for anys C(U)
we have

lim [[1(f,0,0) — ()]l =0,
o—0
where

[(f,x,0) = /R f(ux(x—u,o)du.

Following theorem gives the universal approx-
imation of the fuzzy system (3) for any function
feC).

Theorem 3. Suppose that € C(U). Then for every
€ > 0, there exists ple N such that

[Fc(0) = f(o)]l <&

for all k > Np almost sure (a.s.).
Proof. We have

[Fc— flloo < [P — Fclleo + [|Fc = lleo = 124 2.
4)

At first, we considet;. One has

R ElR)

) — R = 109 _ ELIC)

< ]| 0 Bl
E[f)]

m\E[gk(Xﬂ —gk(X)|

Since { xk(x — ), ok}ik:l is an g—partition com-
plete ofU, then we have

lok(X)| = €, VXU, Vk, & > 0.

It follows from (10) that|E [gk(X)]| > & for all x e U
and withk large enough. So we get

1 < i 1 < i VxeU
g ~ & gk [Elgk(]| T &2’ '
)

Because{ xk(x— Xi), 0k} is an approximation iden-
tity kernel andf € C(U), then one gets

11091 = | [ Fxx—wdHk()]

< sugf(u)]| / Xi(X— U)dH(U)] < My.
U R
©)

In the same manner we can see that

[E[fk(®)]] < M2. (7)

It follows from (5)-(7) that
~ 1
[F(¥) — R(¥)] < 8—0| fie(X) — E[f(X)]]
M2
+ 2 1% — E[g(X)]| (vxe U).
0
Therefore
1 Mz
l1 < —|[fk—E[f|lo + = ||k — E w- (8
1 goll k— E[f]ll +ng9“ [GKl[leo-  (8)
It is easy to see that

(9~ ELf(0)) = [ (u)x(x—wd(He(w) - H(W)

X—Uu

_Uik/R(Hk(u)—H(U))d(f(U)Xk(—))-

Ok
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This implies

M3
[ fk(X) — E[fk(¥)]| < ;SUHHk( ) —H(U)],
whereMs is the total variation off.x on U. From

the results of° we have

2kagng
Mg

OkNk

P{suplH(u) - el

H(u)| > < Mgexp(—

)7

where M, is an absolute constant.
N = 2158412 we have

By choosing

logk

% P{suﬂHk —H(x)| > (T)l/z} < +o,

By using Borel-Cantelli Lemma&! we receive

logk

supHk(x) —H(x)| < (=~ )2, (as.)
u

with k is large enough. Hence,

M3 %)1/2 (as.) (9

w0 <
(o) = Blfk(e)]le < -2 (=
Using similar arguments we have
Ms logk
I9(e) ~ Elae)]l= < 2 (52 (@s) (20)

Combining (9), (10) with (8) we get

M3
l1 < [ +
€00k

M5.M2 (|ng)1/2

0, k a.s.).
o) k)0 ko @s)

(11)

According to Lemma 2, sincéxk(X—Xi), ok} is
an approximation identity kernel then we have

lim [1(fh,o,0i) = f(o)h(o) | =0

and
lim 1 (h., 6 ~h(e)] = 0.

That follows
lim [E[f(©)] - F(o)h(e)]l« =0, (12)
lim [E[gk(®)] — h(e) |« = 0. (13)

Rates Approximation of Fuzzy Systems

We have
A9~ 191 = [~ 10
1
< g (|E[fk<x>1 (h()+

[ ()| |E[gk(X)] —h(x)\), vxeUu.

Then by usingf € C(U) and (5)-(7) one gets

’ <8—10(||E[ka— f hilo + M| [EloH —h||oo>. (14)
From (12), (13) and (14) we have
liml> =0 (as.) (15)

Combining (4), (11) and (15) we ha\lgul)itﬁk(o) -

f(o)|le = 0. So that, for everye > 0, there exists
No € N such that

[Fe(o) —

forallk > Ny (a.s.). The theorem is proved. O

f(o)lle < £

4. The uniform approximation rates of fuzzy
systems

As we have shown ift?, in the n-dimensional
case (inR"), the uniform approximation rates of
fuzzy systems had estimated witke LB(R"). How-
ever, this class of functions is a strict subset of the
class of continuous functions but not equal to. So
that there are some parts of the class of continu-
ous functions, although can be approximated by a
fuzzy system, do not have the estimations of the uni-
form approximation rates (section 3). But in one-
dimensional case (ifR), we receive results more
better than those of in the—dimensional. Con-
cretely, the uniform approximation rates of the ker-
nel fuzzy systems for continuous functions are esti-
mated as the rates of convergence of the sequence
(logk/k)B.

In this part of the paper, we introduce two ways
to estimate the rates of uniform approximation of the
fuzzy systems for continuous functions. These base
on two following different methods.
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1. The first method is based on technique of the
test function methods (see 1.5.33f). In
this way, the singular integrals of functions
are used to approximate. And then a kernel
fuzzy system is constructed to approximate
the singular integrals. Our result based on this
method is given in Theorem 4.

2. The second method is based on étih abso-
lute moment of the kernel function. For some
hypotheses of the kernel, the rates of uniform
approximation is equivalent to the rates of
uniformly converge of sequendgink/k)?}.
The main result is given in Theorem 5.

At first, we consider the approach of the first
method. Fo® > 0 arbitrary, the modulus continuity
of f € C(U) is defined

w(CU),f,0) = ‘ﬁlgg\\ flo+h) = f(o)ll

and the generalized modulus continuityfof C(U)
is defined

w*(C(U), f,8) = sup| f(o+h)+ f(o—h) — 2f |.o.
|h|<d

Definition 3. [see in?8] A function f € C(U) is said
to satisfy a Lipschitz condition of order (a > 0),
in notationf € Lip(C(U),a), if

w(CU), f,5) = 0(3%).

A function f € C(U) is said to satisfy a generalized
Lipschitz condition of order (a > 0), in notation
f e Lip*(CU),a), if

W (C(U), f,5) = O(8%).

Theorem 4.Assume that

1. x € LY(R), [rx(t)dt # 0 and x is an even,
positive function ofR,

2. there existsge R such that the singular inte-

gral can be represented in following form
1(U?,%0,0k) = X5+ 3(x0,0k),  (16)

wherelim &(xo, ok) = 0.
k—o0

Then for all fe C(U) there is a fuzzy system
Fk(x), defined in (3), satisfying

Ci  logk
IR fllo < 2 (2292

+£—100(w(c:(U), th, v/3(%, 04)))
" %O(“’(C(U)v h,v/3(x0,04))) (@) (17)

for all k is large enough, where {C, are positive
constants.

Proof. Recall that

IFc= lleo < I|Fic = Pl + [Fc— flleo = 11+ 12
From(11) we have

&(@)1/2

<
I ”

< 18
200 (18)

whereC; is positive number.

In another way, from hypotheses of the theorem
and using Proposition 3.3.1 i## we have for all
peCU)

[1(®,0,0k) — @l| = O(w(C(U), @,/ (X0, 0k))),
whenk — o. Then wherk — o we have

IE[ak(e)] = fh(o)[le = (1 (fh,o, ak) — fh(o)[|e

= O(w(C(U), fh,\/3(x0,01))  (19)
and
IE[G(0)] ~ (o) | = 11 (1,0, 050) — (o)l
= O(@(C(U),h, v/3(x0,0K)))-  (20)
From (14), (19) and (20) we have
12 <5 O(W(C(U), Th,v/50,04))
+20(CU)NVEG0a) (2D
whenk — oo
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Combining (18) and (21) we receive the assertion
of the theorem. O

In second method, we recall the notationagh
absolute moment of a function, it can be stated as
follows.

Definition 4. [see in?®] Let a > 0. Theath absolute
moment ofy is defined by

mix. @)= [ lu°x(ldu
R

if the right integral exists.

Theorem 5.Assume thag € LY(R), [ x(t)dt #0
and x is an even, positive function. Moreover, we
supposex having finiteath absolute momentr(>

0). Then for each £ C(U), there exists a fuzzy sys-
tem K defined by (3) such that

&(@)1/2
k

+ 2o(w' (), fh,ay)
&

G
&

[IFc(0)=F (o)l <

AN
€00k

+—0(w*(C(U),h,0y)) (as.)  (22)

when k— oo, where G,C, are positive numbers.

Proof. From the hypotheses of theorem and Propo-
sition 3.4.1 in*® we have for allp € C(U)

10,9, 0k) — @l = O(e" (C(U), 9, 01)), k— .

By using similar arguments to those of Theorem 4
one gets

IE[ak(e)] = Fh(e)[le = O(w*(C(U), fh,ak)) (23)
and
IE[gk(e)] —h(o)[le = O(w"(C(U),h,0%))  (24)
whenk — c. From (23)-(24) and using (14) we have

lh < —O(w"(C(U), fh, i) +%O(w*(C(U),h, o).

X &
(25)

Combining (18) and (25) we receive (22). The
theorem is proved. O

Rates Approximation of Fuzzy Systems

If the density function is assumed to be uniform
on U then we receive following corollary.

Corollary 6. Assume that (x) is an uniformly den-
sity function on U and the conditions of Theorem 5
hold. Then for any fo) € C(U), there is a fuzzy
system K{x) defined by (3) such that

Cs /logk,1/2
IF©) = Ol < 2 2-(55)

+ iO(w*(C(U), f,ok)) (a.s.)
&

when k— oo, where G is positive number.

Proof. The uniformly density functior(x) on U
has the form

1 if U
hix)= {228 " *€
Oif x¢U.

Then
O(w*(C(U),h,0)) =0,
. 1
O(w"(C(U), fh,ox)) = 7 25
It follows from Theorem 5 that the assertion of
corollary holds. O

O(w"(C(V), f,ok)).

In the class of functions satisfying generalized
Lipschitz condition of orden, a > 0, we receive
better results on the estimation of the rates of ap-
proximation.

Corollary 7. Assume that (x) is an uniformly den-
sity function on U and the conditions of Theorem 5
hold. Moreover, suppose that has finiteath ab-
solute momentQ(< a < 2). Then for all fe
Lip*(C(U),a), there exists a fuzzy systegdefined

by (3) such that

(26)

when k— oo.
Furthermore, wheroy ~ (logk/k)Y/21+a) then
we receive the following estimation

IFc— fllo < O((logk/K)®/2M ) (as)  (27)
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Proof. Sinceh(x) is uniformly density function on
U andh e Lip*(C(U),a) then by Corollary 6 we
receive easily the estimation (26).

For gy ~ (logk/k)}/21+2) in (26) we receive
(27). The corollary is proved completely. O

The rates of uniform approximation are usually
measured in terms of the order of errfpF (o) —
f(o)||lo. The determination of the optimal approx-
imation rates is called the saturation problem. We
remark that classical approximation processes (poly-
nomial, spline, trigonometric ) are saturated with or-
der O(logk/k)? (when f € C[R]), wherek is the
number of basis functions (sé&%3). From346 we
can see that fuzzy systems (3) can be viewed as in-
terpolation functions of input-output data. These in-
terpolation functions are also combinationskdia-

Xi(X=%)
351 Xk(X=Xj)
we can see that the approximation rates of fuzzy sys-
tems are also saturated with ord@flogk/k)“.

k
sis functions{ } . From above results
i=1

5. Numerical example

Example 1.In this example, we introduce some es-
sential functions such as: Triangular set function,
Gaussian set function, Parabol set function, Laplace
set function and Spline set function. These functions
are used to construct approximation identity kernels
and to be input membership functions of fuzzy sys-
tems. Here are some of them:

1. Triangular set function

X+1, —1<x<0,
XT(X)=4¢ —x+1, 0<x<1,
0, Ix| > 1.

0.9+

0.8

07

0.6

05

0.4

03

0.2t

o1t

Fig. 1. Triangular set function.
2 _ [t 21 X=u
We havel (u”,x, 0k) = [, U X7 (%5, )du. By

settingt = X*k“, we have

ok
+o0
I(uz,x,ak):/ (X—tai)2xr (t)dt

0 1
:/ (x—tak)2(1+t)dt+/ (X—tai)2(1—t)dt
-1 0
2

5 O
=X+ —.
* 6

In other wordsm(xT,a) = "o |u|%|xT(u)|du =
2 fo *u”xr(u)du. Settingt = &, we get

400
mixr.@) =20¢ [t (bat
20

1
—2 “/t“ 1-t)dt= — ok
% Jo (1-9 a2+3a+2

2. Gauss set function

0.9+

0.8

07

0.6

05

0.4

03

0.2F

o1t

-3 -2 -1 [ 1 2 3

Fig. 2. Gauss set function.
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By the same arguments we have
I(UZ,X, Ok) = X2+ Okz. I (uz X, Ok) = x2_|_20k2,
ot a+ 1 N
m(Xe,a) =277 T(——)o. m(xL, a) = 20'T (a +1).

whererl (x) = [;*t* tetdt is Gamma integral.

. 5. Spline set function
3. Parabol set function P

3(1-x2 ~1<x<
Xp(X) = a(1=x), tsxst -3
O, |X‘ > 1 07 X < 2
8 3 -3 -3
S(x+3)%, F<x<F,
Xs()=q1-9¢,  F<x<§,
§x—3)% F<x<3
0.7+ 73
7 L0, X> 5
Fig. 3. Parabol set function. ol
| (U?,x, 0k) = X° + 07 /5. "
40‘a(l+(_l)a) -3 -2 -1 0 1 2 3
m(xp, a) = —X -
(a+1)(a+3) Fig. 5. Spline set function.
4. Laplace set function
1 2 2 2
H(X) = S I (U, X, 0k) = X°+ 90 /32.
31+a 22+a —1)g®
m(XSya) — . - ( : ) k )
4% (a3 +6a2+11a +6)
6. Trapezoidal set functions
2x+2,  —1<x< S,
1, S <x< 3,
XH (X) — 12 2
3 2 1 ll) 1 2 3 _2X+27 § < X < 1’
0, x| >1

Fig. 4. Laplace set function.
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0.9+

0.8

07

0.6

05

0.4

03

0.2t

o1t

Fig. 6. Trapezoidal set function.

| (U?,x, 0k) = 507 |24+ X2
(4-2"%)g/

"X )= 07 za 2

It is easy to see that these functions is valued on
[0,1]. So that they all are input membership func-
tions of fuzzy systems. Moreover, by using a trans-
lation and scale transformation, we can construct
approximation identity kernels based on these func-
tions, corresponding.

From | (U2, x,0k) andm(x,a), we can see that
they all satisfy hypotheses of Theorem 4 and Theo-
rem 5. The integral (U2, x, ok) is alway represented
in form x2 4 &(xo, 0k), whered (o, gk) depends only
on okz. So that we can construct a fuzzy system,
based on the kernel constructed on those functions,
such that it can approximate a continuous function
on U with the rates of approximation is estimated
on Theorem 4 or Theorem 5.

On the other hand, all those functions have fi-
nite ath absolute moments and these are repre-
sented byo. Hence, iff satisfies generalized Lip-
schitz condition of ordeor and if we choosegy ~
(logk/k)¥/21+a) then from Corollary 7 we can see
that the rates of approximation of fuzzy systems is
O((logk/k)?/21+@)) for all 0 < a < 2.

Example 2. Consider 6 following functions

inl
1. f1(x) = {)c()smx’ ii 8»

2. f2(x) = 10(e 02 + & 03 e 01 ).
3. 3(x) = 8sin(10x? + 5x+ 1).
4. f4(x) = 5arctar<720)gﬂgﬂx)> where

gl(x) = (x—0.1)(x—0.3)(x—0.5)(x—0.9)(x— 1.1)
g2(X) = (x+0.2)(x+ 0.4)(x+ 0.6)(x+ 0.8)(x+ 1)

5. 15(X) = %350
6. f6(x) = 10[sin(4x+ 0.1) 4 sin(14x) + sin(11x —
0.2) +sin(17x+0.3)];

With following training data

= LV 111800
we approximate functionsfl, f2, f3,f4,f5 and
F6 by fuzzy systems constructed directly as (3)
by using approximation identity kernels from

XT, XG> XP, XL, Xsandxy in Example 1, respectively.
The results are listed below

Fig.

The curve of target function and fuzzy systenMaximum error

7 Functionf1 and triangular fuzzy system

5.641030677038259e-002

Functionf2 and Gauss fuzzy system

1.144553440354985e-00

9 Function f3 and Parabolic fuzzy system

8.442668133852935e-00

10 | Functionf4 and Laplace fuzzy system 2.540585179966536e+000
11 | Functionf5 and Spline fuzzy system 1.626303258728257e-019
12 | Functionf6 and Trapezoidal fuzzy system | 3.157647797971208e-002
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1 8
Triangular fuzzy system
0.8F B 51 b
4+ i
0.6 4
2k i
0.4r q
ok i
0.2 q
2L i
ok i
4t i
-0.21 4 i
—— Target function f4(x)
Laplace fuzzy system
B = = Error function
04 I I I I I I I I I _8 I I I I I I N N N
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
Fig. 7. The curve of the target function, Triangular FS. Fig. 10. The curve of the target function, Laplace FS.
12 T T T 5 10"
aarL?ses‘ ;ﬂ;g"os" ;tze(ﬁz Target function f5(x)
Error functign Y . ne fuzzy system
= Error function
1k i
0.8 q
0.6 q
or - 4
0.4 q
0.2 q
o —mm = Vo A I P P i
‘, \y ‘
1
-0.2 1 1 1 1 1 1 1 1 1 -5 L L L L L L L L L
1 -08 -06 -04  -02 0 02 0.4 0.6 0.8 1 -1 08 06 -04  -02 0 02 04 06 08 1
Fig. 8. The curve of the target function, Gauss FS. Fig. 11. The curve of the target function, Spline FS.
40
8
30 q
6l i
20 q
4 i
101 q
2k i
OF Wemmi=i=im e e el - i
ok i
—10F i
2L i
—— Target function f3(x)
Parabolic fuzzy system -20 = Target function T
-4 — = Error function 7 1 Trapezoidal fuzzy system
+ = Error function
30 i
6 i
. _40 I I I I I I I I I
-8 : : -1 -08 -06 -04  -02 0 0.2 0.4 0.6 0.8 1
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Fig. 9. The curve of the target function, Parabolic FS. Fig. 12. The curve of the target function, Trapezoidal FS.
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Example 3.
Consider x(x) = ﬁe‘xz/“ and regularizing

scale factord oy = %(, k € N}. Itis easy to see that

X(x) is an even, positive function arg € L(R),
Jr X(X)dx = 0. In another way, we get

L [ e ()
%/ du.
\/ETO'k/ue ‘ !

|(U?,x, 0) =
Settingt = é;at‘ with note that
too _¢2 +oo _¢2
/ e Vdt=/m, / te dt=0
[,

| (U2, X, 0k) = X* + 202

and

ST

t2edt =
2 b

we have

That shows the hypotheses of Theorem 4 are satis-
fied with 6(xo, 0k) = 202. Then the fuzzy system
can be stated as follows

1 g (x=X% )?/40%
Vano?

k
Fk(X) = |: ) i,
i; zlj<:1 \/‘%sz e (x=xj)2/40f

(28)

wherey; = f(x) and satisfies the estimation (17).
Moreover, if we assume thdt h satisfy a Lipschitz
condition of ordera, (0 < a < 2) then we receive

Ci_logk

k )1/2 + O(alf’/z) (a.s.)

[[Fc(0) = (o) [l <
whenk is large enough, whertg is a fuzzy system
defined by (28).

In this example we use fuzzy systems (28) in or-
der to show the simultaneously approximation capa-
bility of this fuzzy systems for not only target func-
tion but also its derivative (see Theorem 5.1}

We consider following target function

2
f(x) = 20<x2+1> cos(10x” +20x— 191)

and its first order derivative

A0X(x+ 1) (10xsinu(x? 4+ 1) + cosu(x — 1))

(0 = Ty ,

whereu = 10x? + 20x — 191.

Let & = 0.1 and the input spadé = [—0.9,0.9)].
We uniformly sampled 18001 point of the target
function f on U to give the training datg(x =

0.9+ oo Vi = f (%)) 1890

From Figure 13 we can see that the curve of target functio (the solid line(—)) and the curve of fuzzy
systemF(x) (the circle line(o)) are practically overlapped.

5 T T T

—— Target function
—e— Fuzzy system
4r- — = Error function ¢ B
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Fig. 13. The curve of target functiof(x) and fuzzy system
F(x).
From Figure 14 we can see that, the derivative funcfiovaries very fast wher € U but the curve off’(x)
(the solid line(—)) and the curve oF’(x) (the circle line(o)) are still practically overlapped.

200 T T T T T T
—— Derivative of target function

—e— Derivative of fuzzy system
— = Error function

150

100~

50

-50

-100

-150 -

—-200 I I I I I I I I I

Fig. 14. The curve of’ and F’(x).

Example 4. In this example we will make some By setting

comparisons about the capability approximation of

kernel fuzzy systems with the capability approxima- Xi(X) = x(x+1— jg) i=01,..k
. 7 : ) . j K 3y e
tion of Hermite interpolation polynomial for contin-

uous functions.

Let {(x = —1+ 2.y = f(x))}_o be a training tity kernel onR.
data of functionf onU and From the properties of Spline functions (see in
11 we can see that

.....

0 if x<—2, ixj(x) =1, forall xe[-1,1. (30)
200522 if —f<x<-%, "~

X(x)=¢1-2(5x)2 if —2<x<2Z, (29) So fuzzy systems (3) can be rewritten in reduced
o2y if 2 <xg g form as follows
0 if x>2 k

R0 = 3 X099, (31)
1=

be a central Spline kernel.

Consider the target function

_ 100(x+ 0.95)(x+ 0.6)(x+ 0.4)(x—0.1)(x— 0.4)(x— 0.8) (x— 0.9) _

f(x) X+ L7)(x—2)? ’
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With 100 knots, Figure 15 shows the curve of target function, fuzzy system and Hermite interpolation poly-

nomial.
0.6 T T T T T T T T T
O Target function
/@? — - Hermite interpolation
@' = Fuzzy system
05 | R
s
041 f
0.3 n
0.2 R
0.1F n
0 - -
-0.1F f
-0.2 | | | | | | | | |
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
Fig. 15. The curve of target function, Hermite interpolation
polynomial and fuzzy systems
Set 6. Conclusion

K
Error := ||[f —F|] = Z (yj —F(x)))?,
=1

where Error is the error of approximation methods,
F is the fuzzy system or the interpolation polyno-
mial Hermite. Then the error of fuzzy systems is

Errorgyz,y= 1.407491319767664— 016
and the error of Hermite interpolation is
Erroryermite = 4.278987665021929- 017.

From above results we can see that with the spe-
cial choice of kernel shapes, the error of fuzzy sys-
tems are the same order as the error of Hermite inter-
polation polynomial. While Hermite interpolation
requires the target functions must be continuously
differentiable, fuzzy systems can be constructed di-
rectly from learning data of functions.

By using Fourier technique, we have proved the
capability of approximation of fuzzy systems for
continuous one-variables functions. Moreover, the
rates of uniform approximation is estimated as the
rates of convergence of the sequeréegk/k)“.
Some approaches to deal with this problem are
given. One base on the technique of the test func-
tion methods, another is based on thth absolute
moment of the kernel function. The estimations of
the rates of uniform approximation depend on our
kernel function satisfying what conditions in Theo-
rem 4 or Theorem 5. Further results for continuous
multi-variables functions will be given in our future
works.
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