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Abstract. This paper presents a characteristic test for testing the elliptical distribution of the errors
in the multivariate linear regression model. We obtain the asymptotic spherical distribution of the
transformed residuals of the regression model under the null hypothesis. Based on bootstrap
approximation, an algorithm is given to estimate the critical values of the test. The test statistic
possesses symmetry and then the test power can be enhanced. The test is practical to implement for
arbitrary dimension of the errors.

Introduction
A multivariate linear model describes the relationship between a response vector y and a vector x
of covariables. Let vy,,---, y, benindependent observation vectors inR™, following the model
y; =X B+, j=1--n, (1)
E(¢;)=0,Cov(¢;) =Z, (2
where the prime “'” denotes transpose, the design vectors x; e R” are assumed to be
nonrandom, £ is an unknown pxm matrix of parameters called regression coefficients,
€;,J=1---,n are them - vectors of errors, and X is an unknown mx m positive definite matrix.

The family of elliptically symmetric distributions is a natural extension of the family of
multivariate normal distributions. It contains short-tailed and long-tailed distributions, including
symmetric Kotz type distributions, symmetric multivariate Pearson Types VII and Il distributions.
The errors in a multivariate regression model can be assumed to have an elliptical distribution when
the normality assumption fails.

In this paper, we consider the multivariate linear model with errorse; in (1)-(2) having an

elliptical distribution. To avoid wrong conclusions in regression analysis, the distributional
assumption on the errors should be checked. Let F be the unknown distribution of the errors ¢; and
let F, be the elliptical distribution. We want to test the hypothesis
F=F,. 3)
Gamero, Garcia and Mejias proposed a goodness-of-fit test for any fixed distribution of errors in
multivariate linear models[1]. Su and Yang presented a goodness-of-fit test for uniformity on the
surface of a unit sphere based on generalized inverse, the test possesses symmetry and has nice
properties[2].
LetQ, denote the surface of a unit sphere centered at the origin in R™and let U (€,,) denote the
uniform distribution on Q_ . Letéj be the residuals of the multivariate linear regression model. The

asymptotic null distribution of the transformed residuals is a spherical distribution. Based on a
simple property for the spherical distribution, the goodness-of-fit test for the elliptical distribution
of the errorse;in (1) can be translated into the goodness-of-fit test for U (€ ). We introduce a

characterization-based test for the elliptical distribution of the errorse;in (1). The transformation
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based on Cholesky decomposition leads to the transformed residuals whose joint distribution
asymptotically does not depend on the unknown matrix X_ of the elliptical distribution. Hence, the

critical values can be approximated by Monte Carlo and bootstrap samples.

The paper is organized as follows. In Section 2, we introduce the multivariate linear regression
model and some lemmas. In Section 3, the generalized inverse-based test for the elliptical
distribution of the errors is proposed. The asymptotic null spherical distribution of the transformed
residuals is obtained. In Section 4, the algorithm to estimate the critical values is given. The
conclusion and a possible extension of the obtained results are present in Section 5. The proofs of
Theoreml and Lemma2(b). are postponed to Appendix.

The multivariate linear model and some lemmas
Definition1® LetU™ ~U(Q,_ ). An mx1random vector ¢ is said to have a spherical distribution
d
if ¢ has a stochastic representation ¢=x-U™ for some random variable x>0, which is

d
independent of U™ . Here =signifies that the two sides have the same distribution.
Definition2® Let A'be an mxmmatrix of rankmand £_=AA. An mxZ1random vector 7is

said to have an elliptical distribution with parameters u(mx1)and X if
d '
n=u+KxAU@ (4)

where random variable x >0 is independent of U™ . We shall use the notation 7~EC_ (1,%,,)-
Let | denotes the nxnidentity matrix and let

Y=y, Y,), X=X, X)), e=(&, &) (5)

Then the multivariate linear model (1)-(2) takes the form
Y=Xp+¢, (6)
E[vec(e)]=0, Cov[vec(¢)]=1,®Z, (7)

whereY and ¢ are nx mrandom matrices, X is a known nx pmatrix, and #is an unknown pxm

matrix. Here, the sign ® denotes the kronecker product of matrices.

The multivariate linear model (6) -(7) generalizes the multiple linear model (m =1) by allowing a
vector of observations, given by the rows of a matrixY , to correspond to the rows of the design
matrix X .

Lemmall®! Assume that 7~EC_(u, %, )with E(x?) <o, wherexis defined in (4). LetCov(n)
denotes the covariance matrix of 7. ThenCov(z) exists and

E(n7) = 1, Cov(n) =Z= E(r;(z) Z,.

Lemma2 Let the model Y =X +¢ be defined in (6). Let &, ---,¢,be i.i.d.~EC_(0,X,),
where &,,---, &, are defined by (5) and Cov(g,)=% exists. Let rank (X) = pand let
P, = X(X X)X, (8)
Let 3 be the least squares estimate of 23, i.e., f=(X X)™XY . Let

F=(2,8) =Y-XpB, $=—1 52, limix'X =D, )
n_p n—mn

where D is a positive definite matrix. Then (a).[*
. ~ P
e=(&,&)=01,-P)e, p-o>pn-ox (10)
P
where — denotes convergence in probability asn — o,
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(b). $—>3,n— oo, (11)
Lemma3®! Assume that ~ EC_ (0,2, ) with Rank (Z_)=m , B is anmxm matrix. Then
B~ EC_(0,B%,B).

Lemma4® Let &,i<n be defined in (5). Let &,-,& be iid ~EC (0,2,) and
letE=¢'s/(n—p). Let the Cholesky decomposition of EbeX =[L(Z)][L(Z)], where L(Z) is lower
triangular with positive diagonal elements . Let

W =[LE) s, i=1--n, W=(w,---,W)". (12)

Then the distribution of W does not depend onX .

Lemma5®! If Anmx1random vector ¢ has a spherical distribution then

s/ls|~u(©,).

where|{ denotes the Euclidean norm.

Lemma6!? Let U™ =(U,,---,U ) ~U(Q,)and let G™ =(U2,---,U2), ™ =(@/m,---,1/m) .

LetU™ =U,,---,U,,),i=L1---,n beiid~U(Q,)and let

18, . . .
an:HZszi’J:]_,,,,1m, Vn():(an"“’an)' (13)
i=1
Then
(a). The covariance matrix of G™ isanmxmmatrix o?-(a;) =M with
2 2

ol=—S _ M=(a), 14
m?*(m+2) (@) (14)

a;=m-1 i=1---m, a =-1 i,j=L---mi=]j.
(b). rank(M)=m-landM* = (1/m*)M .
d
(©). R, =Vn(,” - 4™) >N, (0,0°M) (15)
, d ) d
Ro?M R — 42, N—>w,y=R (cm)?MR, — x> ,,n—> o,
d
where — denotes convergence in distribution asn-—>oo, »2 is the chi-squared distribution

withd —1 degrees of freedom.
Remarkl Cov(U™)=m™I_corresponds to the moment of inertia of U™ ~U(, ). Consider a

system of nparticles on Q_ with unit mass. If then particles are uniformly distributed on Q_,
then the moment of inertia of the system about arbitrary unit vector should be nearly the same.

Goodness of fit test for the elliptical distribution of errors

LetS and £ be defined in (7) and (9), respectively. Let the Cholesky decomposition of X ,Sand
T be

T =[LEILE)]. 2 = [LOILE)].Z, =[LELE,)T, (16)

respectively. Let L™ be the inverse of Land let &, be defined in (9). Let
2, =[LE] 6, =10, Z=(z,-,7,), (17)
gi(m) = Zi/”Zi” = (éli’”"é:mi)"i =1---,n, '//(m) = (fl(m)""'frfm))'- (18)

Theoreml Let the conditions of Lemma2 hold. Let the nxm matrix Z and the m- vectors
EMi<n be defined in (17) and (18), respectively. Leta®=m™E(x)witha >0, where « is
defined in (4). Then
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(@). The asymptotic distribution of z is EC (0,1, ) , which we write as

2 ~EC, (0.l ),i=1--n.

(b). z,,---,z, are asymptotically independent and the distribution of Z asymptotically does not
depend on the parameter = _of EC_ (0,X ).

(c). The asymptotic distribution of &™ is U(Q,) and &™,---,E™ are asymptotically

independent.
Let &™ =(&,,--,&,,) be defined in (18) and leto?and M are defined in (14), respectively. Let
1S, o s
Qp =22 &5 =Lem, Vi = Q) (19
i=1
R, =Vn(V," - ™), T=T(£)=R,(om)*MR,, (20)

where ™ is defined in (15).
Remark2 Consider the null hypothesis (3), where F,denotes the EC (0,% ) distribution with the
parameter X_unknown. By Theoreml, the goodness-of-fit test for F,can be translated into the

goodness-of-fit test for &™ iU (Q,),i=1---,n. By Lemma6(c), the elliptical symmetry is rejected
for large values of T(&)in (20).

The algorithm to implement the test statistic
The algorithm to compute the test statistic.
The algorithm to compute T (£) in (20) consists of the following steps:

Compute the values of Zand< in (9), respectively.
Compute the value of Z in (17).

Compute the value of ™ in (18).
Compute the value of V™ in (19).
Compute the values of R andT (£)in (20), respectively.

The elliptical symmetry is rejected for large value of T ().

The algorithm to estimate the critical values.
Let z, be defined in (17) and let

o > wihE

7=z ].i=1--.n, (21)

where | denotes the Euclidean norm. The bootstrap method uses the empirical distribution of
7,,i=1---,n to approximate the distribution of xin (4).
The algorithm to estimate the critical values of T (&) consists of the following steps:
1. Sample z;,---,7, with replacement from the values z,,---,7,.
2. Generate U/,---,U whicharei.i.d. uniformon Q_ . Compute & =7U ,i=1---,n.
3. Lete"=(g,-++,&.) . Compute & =(&,--,&.) =(1,—P,)&", where P, is defined in (8).
4. Compute ='=[&']&" /(n-p), z' =[LE)] & i=1---,n, whereZ =[LE)LEN)]
( the Cholesky decomposition).

5. Compute & =7z /|z]=(&. &) i=1-n.

6. Compute Q~;‘n=%zn:[§;]2,j=l,-~-,m, Vi =@Q,--Q))

in mn
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7. Compute R’ = NV — 1™y, where 1™ =(1/m,---,1/m) .
8. Compute T"=T(&)=[R;](cm)*MR’, where s>and M are defined in (14), respectively.
Doing these N times gives a sample of replicatesT",---, Ty. LetTj,---, T, be the order statistics,

the critical values for T (¢) can be estimated fromTj,,---, T, -

Conclusions

Elliptical distribution plays an important role in generalized multivariate analysis. When the
distribution of the errors ¢, j=1---,n in (1) enjoys elliptical symmetry, the direction vectors

™ in (18) should be, approximately, uniformly distributed on the surface of the unit sphere Q_.

Based on the generalized inverse of the covariance matrix oM of G™ in Lemma6, T(&)in (20) is
constructed which possesses symmetry. Hence, the proposed test statistic T (¢) will have good power

for testing goodness of fit to the elliptical distribution of errors in the multivariate linear model.
The multivariate times series ¢, follows a vector autoregressive(VAR) model, if

p
S = +Z¢|§t—i +a,

where a, is a sequence of i.i.d. random vectors with mean zero and covariance matrixX,. The
goodness-of-fit test for the elliptical distribution of the errors &, in the multivariate linear regression
model can be extended to testing the elliptical distribution of the innovations a, in the VAR model.

Appendix

Proof of Lemma2(b). By (a), we have

A=ié'é=ig'(|n —X (X' X)X e
n-p n-p

=L{ig'g_(ig'xllx'xj (Exéﬂ. (22)
n-p|n n n n

By Lemmal and the law of large numbers,

.op 2
1o SEW) 5 cve(6)0m noo, 23)
n
Let X = (X, X)) 16 = (Egyre1Emy) @Nd X & =(4;) - Then
Ay =Xy& i =L, p, =L ,m.

By Chebyshev's inequality for any A >0,
_ 1 : X('i)X(i) o
P(n 141|>A)SWCov(x(i)gm)=T-T“, (24)
where o ; >0is defined in (23). By (9), we have
p ., P
N4 —0, n"-Xe—>0, n>w, (25)

By (23) and (25), 555 noow.
Proof of Theoreml. By (9) and Lemma2(a),

. . AP
&=Y,~XB—>& N> (26)

Thus, the asymptotic distribution of & isEC,(0,X,),i.e., §& : EC,(0,Z,),i=12,---,n.
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By Lemmal and (16), we have ==a°%_. By Lemma2(b),

~ P
LE)>LE)=aL(Z,),n—> o, (27)
Thus,
~ P
z, =[LX)] '8 > 27 =[aLE, )] g,n—> o, (28)
where g, is defined in (5). Sinces, ~ E_(0,%,,), by (27) - (28) and Lemma3, we have
7 ~EC. (0,a21.), 7,~EC, (0,a?l ), (29)
Thus, the desired results of (a) and (b) are proved. Since Z in (29) has a spherical distribution, we
have by Lemma5
d
EM 7 1|z|~U(©,)n—> .
The desired result of (c) is obtained.
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