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Abstract. Based on the extended Huygens-Fresnel principle, the analytical expressions for the Strehl 
ratio(SR) of Gaussian Schell-model(GSM) vortex beams and Gaussian Schell-model non-vortex 
beams propagating through atmospheric turbulence and free space are derived. The corresponding 
results are also calculated. It is shown that the smaller the structure constant C2 

 n, the inner scale l0 and 
the wave length λ, as well as the larger the outer scale turbulence L0, the lager the SR for the GSM 
vortex beams, and as the spatial correlation length σ0 increases, the SR for the GSM vortex beams 
first increases then decreases. The work will provide theoretical foundation for the practical 
application of GSM vortex beams. 

Introduction 

The propagation characteristics of laser beams are widely used in laser communications, remote 
sensing, aerial mapping and optical radar, etc[1-5]. There has been increasing interest in studying the 
SR in valuing the quality of laser beams[6-9]. Aït-Ameur reported the behavior of SR of Gaussian 
laser beam in characterising a diffracted laser beam[6]. Zalvida introduced the SR using the Wigner 
distribution function[7]. Yang etc. analysed the metrics imprived by the task accounting for the phase, 
spatial  frequency and orientation demands based on the visual SR [8]. Xi studied the SR of partially 
coherent sinh-Gaussian beams in the far field propagating through atmospheric turbulence[9]. 

Based on the extended Huygens-Fresnel principle, the analytical expressions for the SR of GSM 
vortex beams and GSM non-vortex beams propagating through atmospheric turbulence and free 
space are derived, and used to study the influence of atmospheric turbulence parameters (the structure 
constant C2 

n , the inner scale l0, the outer scale turbulence L0), beam parameters (the spatial correlation 
length σ0, the wave length λ). 

Theoretical formulation 
The field of Gaussian vortex beam at the plane z=0 is written as [10] 
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where sgn(·) specifies the sign function, s≡(sx, sy) denotes the two-dimensional position vector at 
the z=0 plane, w0 is the waist width in the Gaussian part, m is the topological charge, set as ±1. 

By introducing the Schell correlator, the cross-spectral density function at the source plane z=0 
is expressed as[10] 
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where σ0 is the spatial correlation length, si≡（six, siy）(i=1,2). 
By using the paraxial form of the extended Huygens-Fresnel principle, the cross-spectral density 

of GSM vortex beam propagating through atmospheric turbulence is expressed as[2] 
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where k specifies the wavenumber related to the wave length λ by k=2π/λ. In Eq.(3) we have used the 
following sum and difference vector notation. 
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where the ρ1 and ρ2 are two arbitrary points in the receiver plane, perpendicular to the direction of 
propagation of the beam. In Eq.(3) the term H(ρd, sd, z) can be written as[2, 11, 12]  
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The Sterhl ratio (SR) is defined as[9]  
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where Imax and I0max are the maximum intensity of a real beam and a diffraction-limited ideal beam, 
respectively. In this paper, the GSM non-vortex beam in free space is taken as the diffraction-limited 
ideal beam. 

Letting ρ1=ρ2=ρ, the average intensity of GSM vortex beams in atmospheric turbulence 
obtained from Eq.(3) is written as 
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with )(κnΦ  being the spatial power spectrum of the refractive index fluctuations of the turbulence, 
and we use the power spectrum[2] 
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to model the Von Karman atmospheric turbulence, where κ0=1/L0 (L0-outer scale of the atmospheric 
turbulence),κm=5.92/l0 (l0-inner scale of the atmospheric turbulence), C2 

n  is the structure constant. 
Substituting Eqs.(7) and (8) into Eq.(6), we obtain 
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For T=0, we get the expressions of A1、B1、C1 from that of A、B、C. Eq.(11) is the 
propagation expression of SR of GSM vortex beam in atmospheric turbulence. 

Letting ρ1=ρ2=ρ, m=0, the average intensity of GSM non-vortex beams in atmospheric 
turbulence obtained from Eq. (3) is written as 
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The values of A,B, A1,B1 are the same as in Eq. (11). 

Numerical calculations and analyses 

Figure1 gives the SR of GSM vortex beams and GSM non-vortex beams propagating through 
atmospheric turbulence versus (a) structure constant C2 

n , (b) inner scale of the atmospheric turbulence 
l0, and (c) outer scale of the atmospheric turbulence L0. The calculation parameters are (a) σ0=1cm, 
w0=3cm,λ=1064nm,L0=10m,l0=1cm, (b) and (c), C2 

n =10-14m-2/3, the other calculation parameters are 
the same as in Fig.1 (a). From Fig.1 (a),it can be seen that the SR of GSM vortex beams and GSM 
non-vortex beams decrease with increasing structure constant C2 

n . From Fig.1 (b), it can be seen that 
the SR of GSM vortex beams and GSM non-vortex beams increase with increasing inner scale of the 
atmospheric turbulence l0. From Fig.1 (c), it can be seen that the SR of GSM vortex beams and GSM 
non-vortex beams decrease with increasing outer scale of the atmospheric turbulence L0.It can be 
seen from Figs.1, the SR of GSM vortex beams propagating through atmospheric turbulence is larger 
than that of GSM non-vortex beams. 
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Figure 1 The SR of GSM vortex beams and GSM non-vortex beams versus structure constant C2 

n  (a), inner scale of the atmospheric 
turbulence l0 (b) and outer scale of the atmospheric turbulence L0 (c) 

The SR of GSM vortex beams and GSM non-vortex beams propagating through atmospheric 
turbulence versus (a) spatial correlation length σ0 and (b) wave length λ are depicted in 
Figure.2(a)-2(b), respectively. The calculation parameters are C2 

n =10-14m-2/3
, the other calculation 

parameters are the same as in Fig1 (a). From Fig.2(a) we see that, when σ0<0.028 cm, the SR decrease 
with increasing spatial correlation length σ0, when σ0>0.028cm, the SR increase with decreasing 
spatial correlation length σ0. From Fig.2(b) we see that the SR increase with increasing wave length λ. 
It can be seen from Figs.2, the SR of GSM vortex beams propagating through atmospheric turbulence 
is larger than that of GSM non-vortex beams. 
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Figure 2 The SR of GSM vortex beams and GSM non-vortex beams versus spatial correlation length σ0 (a), wave length λ (b) 

Conclusion 

In this paper, by using the extended Huygens-Fresnel principle, the analytical expressions for the SR 
of GSM vortex beams and GSM non-vortex beams propagating through atmospheric turbulence and 
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free space are derived, and used to study the influence of beam parameters on the SR. It is shown that 
with the decrement of structure constant C2 

n , the inner scale l0 and the wave length λ, the increment of 
the outer scale turbulence L0, the SR for the SR of GSM vortex beams and Gaussian Schell-model 
non-vortex beams will increase, with the increment of the spatial correlation length σ0, the SR for the 
SR of GSM vortex beams and GSM non-vortex beams first decrease then increase. The theoretical 
analysis presented in this paper can also be used for the practical application of GSM vortex beams. 
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