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Abstract— By introducing the norm x  and two parameters 

,α β , a multiple Hilbert’s type integral inequality with a non-
homogeneous kernel and a best possible constant factor is given. 
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I. INTRODUCTION 
The well known Hardy-Hilbert’s integral inequality is given 

by (see [2, 8]) 
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where the constant factor / sin( / )pπ π  is the best possible.   
Hardy-Hilbert’s integral inequality is inequality with 

homogeneous kernel, it is important in analysis and 
applications. During the past few years, many researchers 
obtained various generalizations, variants and extensions of 
the inequality of (1.1) (see [1, 6, 7, 9-12] and the references 
cited therein). 

Recently, Yang gave a inequality with non-homogeneous 
kernel (see [15]). 
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where the constant factor 1 1
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( )β β β
γ α α+ +

 
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 is 

the best possible.  
At present, because of the requirement of higher-

dimensional harmonic analysis and higher-dimensional 
operator theory, multiple Hilbert’s type integral inequalities 
have been studied. Y. Hong, B. Yang and J. Kuang etc. 
obtained some multiple Hilbert’s type integral inequalities (see 
[3, 4, 7, 13, 14]). 
   The main objective of this paper is to build multiple 
Hilbert’s type integral inequalities with a non-homogeneous 
kernel and a best constant factor of (1.2). For this reason, we 
introduce signs as  
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II. LEMMAS      
 
Lemma 2.1.([14]) If 0, 0,p α> >  ( )f τ  is a measurable 
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Lemma 2.2. If 1 1 , 1,n nα γ β− < < − + > − Define the 
weight function ( )w y  as: 
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Proof. By (2.1), (2.2), 
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The lemma 2.2 is proved. 
 

Lemma 2.3. If 1,1/ 1/ 1,p p q> + =  
1 1 , 1,n nα γ β− < < − + > − , 0,n ε∈ >  then  
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Proof. By (2.1), (2.2), 
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We have (2.5). The lemma 2.3 is proved. 
                          

III. MAIN RESULTS 
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Proof.  By Holder ’s inequality, one has  
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