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ABSTRACT
The CANDECOMP/PARAFAC (Canonical Decomposition /
Parallel Factor Analysis, ab. CP) decomposition of a higher-
order tensor is a powerful multilinear algebra, thus denois-
ing observed data and identification of multiple sources can
both be accomplished by the CP decomposition. In this pa-
per, images are used to illustrate the denoising effect of CP
decomposition. To identify sources, the number of senors af-
fects the accuracy and convergence of algorithm greatly, es-
pecially, if the angle difference is smaller the problem would
be worse. So, we concern to improve the accuracy of the
identification of close sources with CP decomposition. By
searching for the optimal number of sensors and denoising
the original data by CP beforehand, the fewer number of sen-
sors could be used and the accuracy is improved. Simula-
tion results show that our technique outperforms good per-
formances in both denoising data and identification of close
sources.

Keywords: CP Decomposition, Noise Reduction, Mul-
tiple Sources Identification, Identification, Optimal Number
of Sensors.

1. INTRODUCTION

In the last 10 years, interest in tensor decompositions has
expanded to many fields, such as signal processing [1], nu-
merical linear algebra [3], computer vision [4], numerical
analysis [5], data mining [6], graphic analysis [7], neuro-
science, communication and so on. Moreover, the adaptive
algorithms to track CP decomposition is also researched.

The distinguishing characteristic of CP is its uniqueness
properties, that is to say that low-rank CP decomposition can
be unique for rank higher than one, and this is a key strength
of CP. Our approach herein is to verify that CP model can be
used to denoise color images and the denoised results show
the promising prospects of this algorithm in this field.

Estimation of Direction Of Arrival (DOA) is the key
problem in emitter localization and is central to the identi-
fication of multiple sources in a sensor array system. Like
MUSIC (Multiple Signal Classification) [13] and ESPRIT
(Estimation of Signal Parameters via Rotational Invariance
Technique), CP analysis has been successfully introduced to
DOA estimation in sensor array processing [8] and applied
in detection and localization of multiple sources in a MIMO
radar system [9]. But for close sources the accuracy and
the convergence of algorithm would be affect greatly by the
number of senors, especially for the small angle difference
such as 1◦. For improving the accuracy of the identification
of close sources with CP algorithm and reducing the numbers
of sensors, we denoise the observed data by CP model in ad-
vance so that the SNR can be ameliorated, then the fewer

number of sensor could be used to get the same accuracy
or the better accuracy will be gained with the same number
of sensors. The simulation results show our technique does
good job in this field.

The rest of this paper is structured as follow. Some multi-
linear algebra prerequisites are introduced in Section 2. Sec-
tion 3 introduces the CP decomposition and describes how
this model denoises data, to visibly illustrate the denoising
effect some color images are applied. Whereas Section 5
illustrates the numerical results of the identification with op-
timal number of sensors and the improvement after CP de-
noising. Conclusions are drawn in Section 6.

Notation: An N-way tensor of size I1 × I2 × . . . IN is de-
noted by a calligraphic letter X and its elements are denoted
by xi1,...,iN , i1 = 1, . . . , I1, i2 = 1, . . . , I2, and iN = 1, . . . , IN . A
italic capital letter X denotes a matrix and a italic lower-case
letter x a vector. The transpose is denoted by XT. ∥X∥ is
the Frobenius norm of X . The Kronecker product is denoted
by ⊗. The Khatri-Rao product (or column-wise Kronecker
product) is denoted by ⊙.

2. MULTILINEAR ALGEBRA PREREQUISITES

2.1 Rank-one tensors

N-mode tensor X ∈ RI1×I2×...×IN being rank 1 means that it
can be written as the outer product of N vectors, i.e.

X = a(1) ◦a(2) ◦ . . .◦a(N) (1)

So, each element of X is the product of the corresponding
vector elements:

xi1,i2,...,iN = a(1)i1
a(2)i2

. . .a(N)
iN for all 1 ≤ in ≤ In (2)

2.2 Tensor multiplication

We consider only the tensor n-mode product here, i.e., mul-
tiplying a tensor X ∈ RI1×I2×...×IN by a matrix (or a vector)
U ∈RJ×IN in mode n. It is denoted by X ×n U and is of size
I1 × . . .× In−1 × J× In+1 × . . .× IN . Elementwise, we have

(X ×n U)i1...in−1 jin+1...iN =
In

∑
in=1

xi1i2...iN u jin (3)

In terms of unfolded tensors the idea can also be expressed
as:

y = X ×n U ⇐⇒ Y(n) =UX(n) (4)
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2.3 Matrix Kronecker and Khatri-Rao products
The Kronecker product of matrices A ∈ RI×J and B ∈ RM×N

is a matrix of size (IM)× (JN) and defined by

A⊗B =


a11B a12B · · · a1JB
a21B a22B · · · a2JB

...
...

. . .
...

aI1B aI2B · · · aIJB


= [a1 ⊗b1 a1 ⊗b2 · · · aJ ⊗bN−1 aJ ⊗bN ]

(5)

A column-wise Kronecker product of two matrices is
called the Khatri-Rao product [10]. The Khatri-Rao prod-
uct of matrices A ∈ RI×M and B ∈ RJ×M is a matrix of size
(IJ)×M and defined by

A⊙B = [a1 ⊗b1 a2 ⊗b2 · · · aM ⊗bM] (6)

3. CP DECOMPOSITION

CP decomposition relies on the definition of rank of the ten-
sor : each rank R tensor X ∈ RI1×I2×...×IN can be a sum of
rank-1 tensors

X =
R

∑
r=1

Xr =
R

∑
r=1

u(1)
r ◦ . . .◦u(N)

r (7)

where ∀r = 1, . . . ,R, Xr ∈ RI1×I2×...×IN is rank 1 and ∀n =

1, . . . ,N, u(n)r ∈ RIn is a base vector of the n-modal space of
X .

The rank K approximation of a rank R is :

X̂ =
K

∑
r=1

Xr =
K

∑
r=1

u(1)
r ◦ . . .◦u(N)

r (8)

while minimizing the square error ∥X − X̂ ∥2. Using
Khatri-Rao product, (8) can be written ∀n = 1, . . . ,N as :

X̂ =U (n)(U (1)⊙ . . .⊙U (n−1)⊙U (n+1)⊙ . . .⊙U (N))T (9)

where U (n) = [u(1)
1 , . . . ,u(N)

K ]. Thus, the minimization of
∥X −X̂ ∥2 comes to find U (n) which makes the square error
the minimum:

e(U (1) . . .U (N)) = ∥X̂ −U (n)(U (1)⊙ . . .⊙U (n−1)

⊙U (n+1)⊙ . . .⊙U (N))T∥2
(10)

An ALS process [11, 12] can solve such a problem.

4. DENOISING BASED ON CP DECOMPOSITION

4.1 Denoising process
Given that observed data X ∈ RI1×I2×I3 consist of a sig-
nal tensor S ∈ RI1×I2×I3 and an additive noise tensor N ∈
RI1×I2×I3 :

X = S+N (11)

If the rank of S is K and equals to the rank of X , the
K-approximation of X will be (8). According to (10) ∀n =
1, . . . ,N, we can write:

U (n) = XnZ(n)
(

Z(n)T
Z(n)

)♯
(12)

where Z(n) is the Khatri-Rao product of all matrixes U with-
out U (n) described in CP ALS algorithm [11]. Then, (12) can
be introduced in the flattened expression:

Ŝn = X̂nP(n)T
(13)

where P(n) = Z(n)T
(

Z(n)Z(n)T
)♯

Z(n). Thus, a CP decomposi-

tion can be denoted by {P(n)}n=1,...,N , which is a set of linked
projectors. Here P(n) (of rank K) is applied in the transposed
n-mode flattening matrix of the tensor. So the previous K-
approximation of the noisy tensor X can be written as:

Ŝn = X̂nP(n)T
= SnP(n)T

+NnP(n)T
(14)

Those P(n) perform function of rank reduction on each
signal. If it has full rank, the noise signal will be generally
decreased when K < max(I1, I2, I3). As a result, a low rank
CP approximation of a noisy tensor reduces noise and esti-
mates the signal.

4.2 Denoising results

As visible examples, we apply the CP algorithm into the de-
noising of two color images. In the first case, four kinds of
different noises, i.e. Gaussian, Poisson, Salt & Pepper and
Speckle noises, are add to the original image respectively.
Next, to evaluate quantitatively the results obtained by CP
model, the signal to noise ratio (SNR) is defined as

SNR = 10log10
∥S∥2

∥N∥2 [dB] (15)

And six values of SNR (0, 5, 10, 15, 20 and 25dB) are fixed
to each noisy image. Then, to evaluate the quality of the es-
timated signal tensor, the normalized quadratic error (NQE)
criterion is calculated by

NQE(X̂ ) = ∥X̂ −X ∥2
/∥X ∥2 (16)

In the end, the optimal rank is selected at each SNR accord-
ing to the minimum NQE, as shown in Fig.1.

It is clear in Fig.1 that the optimal rank of CP denoising in
Mondrian noisy image is much lower than Lena two image at
the same SNR, because there are 2 distinct orthogonal direc-
tions in the original Mondrian image and the CP denoising is
to decompose the high-order tensor to rank-1 ones, they are
consistent in the sense of low-rank decomposition.

Fig.2 shows the denoising result of images with Gaussian
noise at SNR of 10 dB and the optimal rank and NQE of CP
denoising are illustrated in Table 1.

Table 1: Optimal rank and NQE
Image Optimal rank NQE (×10−2)
Lena 40 6.28

Mondrian 11 5.65

In the next section we give identification results concern-
ing the localization of the narrow-band sources.
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Figure 1: Optimal rank of CP denoising results. (a) Lena
color image, (b) Mondrian color image.

(a) (b) (c)

Figure 2: CP denoising results. (a) are the original im-
ages; (b) are the noisy images with the Gaussian noise of
SNR=10dB; (c) are the denoising results with CP model. The
rows show the results of Lena and Mondrian color images re-
spectively.

5. IMPACT OF THE OPTIMAL NUMBER OF
SENSORS IN MULTIPLE SOURCES

IDENTIFICATION

5.1 Optimal number of sensors
Suppose that the number of sources is known and satisfies
the uniqueness of CP decomposition of X , different sources

could be identified by estimating their DOA [8]. Given the
received signal is:

X̂ = (A⊙S)ΦT +Z (17)

where X̂ is the receiving data of sensor array, A is subarray
response, the diagonal of Φ depends on source parameters, S
is the source signal matrix and Z is the noise matrix. Accord-
ing to the CP model, we can get matrix A and Φ and further
DOA.

If the angle difference is small, for instance 1◦, the results
will not be so stable. Increasing the number of sensors is a
solution to the problem. Another way to solve it is to select
the optimal number of sensors when doing CP decomposi-
tion so than the localization accuracy of close sources could
be further improved. That is to say, with the optimal number
of sensors, the close sources (the smallest angle difference
is 1◦) could be well separated and localized at the best ac-
curacy. At different SNRs, the optimal numbers of sensors
with angle difference from 1◦ to 5◦ are showed in Fig. 3,
here A and Φ (which are described in the next subsection)
are extracted from the response array [8].
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Figure 3: Optimal numbers of sensors to identify close
sources by CP. (a) optimal numbers of sensors from A of CP
decompostiion, (b) optimal numbers of sensors from Φ of CP
decompostiion.

5.2 Impact of the optimal number of sensors
To further improve the accuracy or decrease the optimal
number of sensors, we can denoise the observed data with
CP model beforehand to ameliorate SNR.
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Table 2: Identification results of angle difference being 1◦
From A From Φ

N.S. Estimated
angles

Error =
| θA−θ |

Estimated
angles

Error =
| θΦ −θ |

∥Xd∥2

∥X ∥2
SNR(dB)
after de-
noising

45.44 0.44 45.39 0.3910
46.46 0.46 46.43 0.43

7.51 7.25

45.30 0.30 45.29 0.2915
46.51 0.51 46.53 0.53

9.00 8.28

45.05 0.05 45.04 0.0416
46.10 0.10 46.10 0.10

0.91 19.25

45.03 0.03 45.05 0.0517
45.69 0.31 45.68 0.32

5.49 15.46

45.19 0.19 45.19 0.1920
46.39 0.39 46.36 0.36

2.33 13.11

In simulation, two sources of 45◦ and 46◦ (denoted by θ )
are identified at SNR=5dB and the results are listed in table 2
(here N.S. means number of sensors, X is the tensor of ob-
served data and Xd denotes the tensor after denoising). From
Table 2 we can know that the estimated angles gained from
16 sensors are more accurate than those gained from more or
less than 16 sensors. That is to say, the errors between orig-
inal and estimated angles verify that the identification could
be more accurate with the optimal number of sensors. And
in Table 2, it is distinct that the SNR has been improved after
CP denoising, so we can use fewer sensors to get the same
accuracy of identification or obtain better accuracy with im-
proved SNR.

For other array processing methods such as MUSIC al-
gorithm the two sources with 1◦ angular difference cannot be
identified and only one angle is obtained around 45◦. More
importantly, CP performs well even the noise is specially cor-
related while MUSIC cannot get the useful results with un-
known noise.

6. CONCLUSION

CP analysis has been well applied in DOA estimation in sen-
sor array processing and in detection and localization of mul-
tiple sources in a MIMO radar system. But when angle dif-
ference is small the number of senors affected the accuracy
of the results and the convergence of CP greatly. To improve
the accuracy of the identification of close sources,we search
for the optimal number of sensors with fixed SNR. And we
further decrease the numbers of sensors and improve the ac-
curacy by denoising the original data by CP model so that to
improve the SNR. In this paper, to demonstrate the denois-
ing effect of CP we take two color images as examples. The
detection of multiple sources in a sensor array system shows
the exact localization of CP and two close sources of 1◦ an-
gle difference are well identified after CP denoising. Our
approach herein is to prove that the accuracy of identifica-
tion could be gained by selecting optimal number of sensors
and could be further improved by CP denoising in advance.
Through the application in images we demonstrate the ex-
cellent denoising capability of CP model and the results of
localization and identification also show it is preferable in
identification in sensor array processing.
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