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Abstract—The purpose of this paper is to present an 
iterative algorithm for a system of generalized mixed 
equilibrium problems(for short, denoted by SGMEP) in 
Banach space. We prove strong convergence theorems 
of the iterative algorithm for finding a common element 
of the fixed point set of relatively nonexpansive 
mappings and the solution set of the SGMEP in Banach 
space under some suitable conditions.  
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I.INTRODUCTION 
The equilibrium problem, which was first introduced by  

Blum and Oettli[1], provides a unified model of many 
problems such as optimization problems, variational inequality 
problems, complementarity problems, fixed point problems 
and so on. And the equilibrium problem is the special case of 
the generalized mixed equilibrium problem. The generalized 
mixed equilibrium problem plays an important role in 
economic, management and engineering. Iterative methods for 
nonexpansive mappings have recently been applied with 
generalized mixed equilibrium problem. In this paper, we 
introduce an SGMEP and an iterative algorithm for the 
SGMEP is suggested for finding a common element of the 
fixed point set of relatively nonexpansive mappings and the 
solution set of the SGMEP in Banach space under some 
suitable conditions. The results obtained here extend and 
improve the corresponding results of [2-4]. 

In this paper, we consider the SGMEP of finding x C∈  
such that  
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where ( ) ( ) ( ) ( ), , , , , 1, 2, ,i iF x y f x y x y x x i Nφ φ= + −  = 

. The solution set to 
the SGMEP  is denoted by ),,,( 21 NFFFSGMEP ⋅⋅⋅ .  
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II.PRELIMINARIES 

Let E  be a Banach space whose norm is denoted by ⋅ . Let C  
be a nonempty closed subset of E . Let J  be the            
normalized duality mapping defined by 

{ }: , , ,Jx x E x x x x x x x E∗ ∗ ∗ ∗ ∗= ∈ = = , ∈  

where E∗  denotes the dual space of E and ⋅⋅,  is the 
generalized duality pairing between E and E∗ . It is also known 
that if E  is uniformly smooth, then J  is uniformly norm-to-
norm continuous on each bounded subset of E . Let :A C E∗→  
be nonlinear mapping. Let RCCF →×: be a bifunction. We 
know the following: If E  is smooth, then J  is single-valued; 
If E  is reflexive, then J  is surjective;If E  is uniformly 
convex, then it is reflexive; If E  is a reflexive and strictly 
convex, then 1J −  is norm-weak-continuous; E  is uniformly 
smooth if and only if E∗  is uniformly convex; If E∗  is 
uniformly convex, then J  is uniformly norm-to-norm 
continuous on each bounded subset of E . If E  is a smooth , 
strictly convex and reflexive Banach space and C  is a 
nonempty closed convex subset of E . we denote by φ  the 

function defined by .,,,2),( 22 EyxyJyxxyx ∈∀+−=φ  
Following Alber [8], the generalized projection :C E C∏ →  is a 
map that assigns to an arbitrary point x E∈ the minimum point 
of the functional ( ),x yφ , that is, 

C x x∏ = , where x  is the 
solution to the minimization problem ( ) ( ), inf , .

y C
x x y xφ φ

∈
=  

Existence and uniqueness of the operator 
C∏  follows from the 

properties of the functional ( ),x yφ and strict monotonicity 
of the mapping J . It is obvious from the definition of function 
φ  that 

.,,)(),()( 22 Eyxxyxyxy ∈∀+≤≤− φ  

Define a function :V E E R∗× →  as follows 

.),(,,2),( **2**2* EExxxxxxxxV ×∈∀+−=    

Then, it is obvious that ( ) ( )( )1, ,V x x x J xφ∗ − ∗=  and 

( )( ) ( ), , .V x J y x yφ=   If E  is a Hilbert space, then 

( ) 2, .x y x yφ = −  If E  is a reflexive, strictly convex and 
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smooth Banach space, then for all ,x y E∈ , ( ), 0x yφ =  if and 

only if x y= . It is sufficient to show that if ( ), 0x yφ = , 
then x y= , thus x y= . This implies that 

2 2,x Jy x Jy= = . From the definition of J , one has 

Jx Jy= . Therefore, we have x y= (see [2, 3] for more 
details). In order to obtain our main results, we need the 
following definitions and lemmas.    

Definition 2.1 Let : C C Eη × → , and ∗→ ECA :  be 
mappings, A  is η - monotone mapping if  

( ), 0, ,Ax Ay x y x y Cη− − ≥  ∀ ∈ . 

Definition 2.2[2] A point x C∈ is a fixed point of a 
mapping :T C C→ if .Tx x=  The set of fixed points of 
T is denoted by ,FixT that is, { }.FixT x C Tx x= ∈  =  

Definition 2.3[2] A point p in C  is said to be an 

asymptotic fixed point of T  if C  contains a sequence{ }nx  

which converges weakly to p  such that lim 0,n nn
x Tx

→∞
− =  

the set of asympotic fixed points of T is denoted by ˆ .FixT  

Definition 2.4[2] A mapping T  from C  into itself is said 

to be relatively nonexpansive if F̂ix FixT T=  and  

( ) ( ), ,p Tx p xϕ ϕ≤  for all x C∈  and FixP T∈ . 

Lemma 2.1[6] Let E  be  a  reflexive, strictly convex, and 
smooth Banach space, let C  be a nonempty closed convex 
subset of E  and let .x E∈ Then 

.),,(),(),( Eyxyxxxy CC ∈∀≤∏+∏ φφφ  

Lemma 2.2 Define CETr →:  as follows: 

( ) ( ) ( ){
}

, , , ,

1 , 0.

rT x z C F z y y z Az

y z Jz Jx y C
r

η= ∈ + +

− − ≥ ∀ ∈
 

Then for all ,)(),( ETxp Fixr ×∈  

).,(),(),( xpxxTxTp rr φφφ ≤+  

where ( )r Fix
T denotes the fixed point sets of rT . 

Lemma 2.3[6] Let C  be a nonempty closed convex subset 
of a smooth Banach space E , and x E∈ . Then, 0 Cx x= ∏  
if and only if  

0 0, 0,x y Jx Jx− − ≥ y C∀ ∈ . 

Lemma 2.4[7] Let E  be a strictly convex and smooth real 
Banach space and let { }nx  and { }ny  be two sequences of 

E . If ( ), 0n nx yφ → , and either { }nx  or { }ny  is 

bounded. Then .0→− nn yx For solving SGMEP, 

let :F C C R× →  be a bifunction, : C C Eη × →  be a 
mapping and : C Rφ → be a convex and lower semi-
continuous function satisfying the following conditions: 

(A1) ( ), 0,F x x = for all x C∈ ; (A2) F is monotone, 

i.e., ( ) ( ), , 0F x y F y x+ ≤ ,for all ,x y C∈ ; (A3) For each 

, , ,x y z C∈ ( )( ) ( )
0

limsup 1 , ,
t

F tz t x y F x y
↓

+ − ≤ ;  

(A4) For each ,x C∈ ( ),y F x y is convex and lower 

semicontinuous;  (A5) ( ) ( ), , , ,x y y x x y Cη η= −  ∀ ∈ ; 

(A6) For y C∈ , ( , )x x yη  is continuous nonlinear 
mapping; (A7) For x C∈ , ( , )y x yη  is continuous 
mapping.   

III. MAIN RESULTS 

Theorem3.1. Let E  be uniformly convex and uniformly 
smooth Banach space, let C  be a nonempty closed convex 
subset of E . Let :iF C C R× → and : C C Eη × →  

satisfy (A1) - (A7) with 1, 2, , .i N=  Let ∗→ ECAi :  

( )Ni ,,2,1 = be continuous and η - monotone 
mapping, J be uniformly norm-to-norm continuous on 
bounded set. And let T S, be a relatively nonexpansive 
mapping from C into itself such that 

( )1 2, ,Fix Fix NS T SGMEP F F FΓ = ≠ ∅  

. Let { }nx be a 
sequence generated by 1x x C= ∈ and 

0 ,C C=  
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for n N∈ , where CΠ is the generalized projection from E  

onto .C The coefficient sequences { } { } [ ], 0,1n nγ β ⊂  

satisfying lim sup 1n
n

β
→∞
 < . If ,T S  are uniformly continuous, 

then the sequence { }nx  converges strongly to 0xΓΠ . 

Proof.  we first show that { }nx is bounded.  Let  

( )1 2, ,Fix Fix Np S T SGMEP F F F∈Γ =   
. 

From Lemma 1.2, we can have  ( ) ( )1, ,n np u p xφ φ≤ . 

So we get     

( ) ( ) ( ) ( )1 1, , , ,N N
n n n np u p u p u p xφ φ φ φ−≤ ≤ ≤ ≤

, 

Which implying that   
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By the definition of the functionV  and the latter inequality, 
weget

( ) ( )( )( ) ),(1,, 1
nnnnnn xpJSzJxJpwp φββφφ ≤−+= −

 

Hence, for 0n∀ ≥ , we get 1np C +∈ , and also { }nx  is well 

defined. From Lemma 2.3 and 0nn Cx x= ∏ , we have  

0

0

, 0, .

, 0, .
n n n

n n n

x z Jx Jx z C

x p Jx Jx p C

− − ≥ ∀ ∈
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From Lemma 2.1, one has  
( ) ( ) ( ) ( )

( )
0 0 0 0

0

, , , ,

,
n C nx x x x p x p x

p x

φ φ φ φ

φ

= ∏ ≤ −

≤
 

For all np C∈Γ ∈  and 1n ≥ . then, the sequence 

( ){ }0,nx xφ is bounded. Since ( ) ( )2
0 0,n nx x x xφ− ≤ . 

It implies that { }nx  is bounded. Also know { }nz , { }nw  

{ } { }1 , , N
n nu u are all bounded. Since 0nn Cx x= ∏  and 

11 0 1nn C n nx x C C
++ += ∏ ∈ ⊂ , we have  

( ) ( )0 1 0, , ,n nx x x xφ φ +≤ n N∀ ∈ . 

Therefore ( ){ }0,nx xφ  is nondecreasing. Hence, the limit 

of ( ){ }0,nx xφ exists. By the construction of nC ,one has that 

m nC C⊂  and 0mm C nx x C= ∏ ∈  for any positive integer 
m n≥ . It follows that  

( ) ( )
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( ) ( )

0

0 0 0
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Letting ,m n → ∞ in the latter inequalities, we get 

( ), 0m nx xφ → . It follows from Lemma 2.4, that 

0m nx x− →  as ,m n → ∞ . That is , { }nx  is a Cauchy 

sequence. There exists a sequence { }inx  of { }nx  such that 

.lim Cuxnn
∈=

∞→
 Next we show .Fix Fixu T S∈  By the 

construction of nC ,  we know  

( ) ( ) ( ) ( ) ( ), , 1 , , .n n n n n nz w z x z z z xφ β φ β φ φ≤ + − ≤  

So ( ) ( ) ( ) ( )1 , 1 , .n n n nz z z xβ φ β φ− ≤ − For ( )0,1nβ ∈ , 

one has ).,(),( nn xzzz φφ ≤  For 
11 0 1nn C nx x C

++ += ∏ ∈ , 

we have ).,(),( 11 nnnn xxzx ++ ≤ φφ From 

( )1lim , 0n nn
x xφ +→∞

= , we get ( )1lim , 0n nn
x zφ +→∞

= .From 

Lemma 2.4, we have 1lim 0n nn
x z+→∞

− = . Since J  is 

uniformly norm-to-norm continuous on bounded set, noting 
that .0lim 1 =−+∞→ nnn

zJxJ For 

( ) ( )
( ) .2
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nnnnnn

nn

JxJzpxzxz
xpzp

−⋅++−≤

−φφ

           

It follows from the latter inequality, we obtain that 
( ) ( )( )lim , , 0.n nn

p z p xφ φ
→∞

− =   And thus we have 

( ) ( ) ( ), , ,N
n n np z p u p xφ φ φ≤ ≤ . 

So ( ) ( ) ( )lim , lim , lim , .N
n n nn n n

p z p u p xφ φ φ
→∞ →∞ →∞

= =   And 
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Thus lim lim .N
n nn n

u x
→∞ →∞

= Implying  that 

lim lim lim .N
n n nn n n

x z u u
→∞ →∞ →∞

= = =  Furthermore,  we get  
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( ) ( ) ( ) ( ) ( ), , 1 , ,N N N
n n n n n np z p u p Tu p uφ γ φ γ φ φ≤ + − ≤       

From { } [ ]0,1nγ ⊂ and as n → ∞ , noting  

( ) ( ) ( ) ( )
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lim , lim , lim 1 ,

lim , .

N N
n n n n nn n n
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nn
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p u

φ γ φ γ φ
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→∞ →∞ →∞
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≤ + −

≤
       

Which means that ( ) ( )lim , lim , .N N
n nn n

p u p Tuφ φ
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From above inequality and J  is uniformly norm-to-norm 
continuous on bounded set, we get 

lim 0, lim 0.N N N N
n n n nn n

u Tu Ju JTu
→∞ →∞

− =   − =  

By the definition of T  and ,N
nu u as n→     → ∞ , 

we have Tu u= , which implies that Fixu T∈ .  From the 
definition of φ  and definition 2.4, we have 

( ) ( ) ( )lim , lim 1 , 0.n n n n nn n
x w x zφ β φ

→∞ →∞
≤ − =  

So  lim 0.n nn
x w

→∞
− =  And  

.)1( 111 +++ −−−−≥− nnnnnnnn JxJxJSzJxwJxJ ββ  

Hence ( )1 1 1
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1n n n n n n n
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Jx JSz Jx Jw Jx Jxβ
β+ + +− ≤ − + −

−
.      It 

follows from  limsup 1n
n

β
→∞

< that 1lim 0n nn
Jx JSz+→∞

− = .        

Since J  is uniformly norm-to-norm continuous on bounded 
set,  we have .0lim 1 =−+∞→ nnn

Szx  Note that                   

,11 nnnnnn SzxxzSzz −+−≤− ++  So ,0lim =−
∞→ nnn

Szz  

Which in turn means that .0lim =−
∞→ nnn

Sxx By the definition 

of S  and nx u→ , we have Su u= . This implies that 

Fixu S∈ . Hence .FixFix STu ∈  Next we show that 
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From the above inequalities  and J  is uniformly norm-to-norm continuous 
on bounded set, we get 
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From the latter equation and A  is η - monotone mapping , we abtain that  
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    Let 0t → , then  , 1, 2, , .i
ty u C i N= ∈ =  So we get 

.1,,0),,(),( NiCyuAuyyuF ii ≤≤∈∀≥+ η  

Thus we obtain ).,,( 1 NFFSGMEPu ⋅⋅⋅∈  Finally, we show that 

0u xΓ= ∏ .From Lemma 2.3 and 0n Cx x= ∏ , Noting 

0 , 0n nJx Jx x z− − ≥ , nz C∀ ∈ . Since nCΓ ⊂ , we also have 

0 , 0n nJx Jx x p− − ≥ , p∀ ∈Γ . Letting n → ∞ ,we obtain 

0 , 0Jx Ju u p− − ≥ , p∀ ∈Γ . By again Lemma 2.3, we can 

conclude that 
0u xΓ= ∏ . This completes the proof.   
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