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Abstract—The purpose of this paper is to present an
iterative algorithm for a system of generalized mixed
equilibrium problems(for short, denoted by SGMEP) in
Banach space. We prove strong convergence theorems
of the iterative algorithm for finding a common element
of the fixed point set of relatively nonexpansive
mappings and the solution set of the SGMEP in Banach
space under some suitable conditions.
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I.INTRODUCTION

The equilibrium problem, which was first introduced by
Blum and Oettli[1], provides a unified model of many
problems such as optimization problems, variational inequality
problems, complementarity problems, fixed point problems
and so on. And the equilibrium problem is the special case of
the generalized mixed equilibrium problem. The generalized
mixed equilibrium problem plays an important role in
economic, management and engineering. Iterative methods for
nonexpansive mappings have recently been applied with
generalized mixed equilibrium problem. In this paper, we
introduce an SGMEP and an iterative algorithm for the
SGMEP is suggested for finding a common element of the
fixed point set of relatively nonexpansive mappings and the
solution set of the SGMEP in Banach space under some
suitable conditions. The results obtained here extend and
improve the corresponding results of [2-4].

In this paper, we consider the SGMEP of finding X € C
such that

F(x, y)+(n(y,x), AX)>0,vy eC,
R (%, y)+(n(y,x), A,x) = 0,vy eC,

Fu(x y)+(n(y, x), A;x)=0,vy eC,
where F(%Y)=f (% Y)+6(%Y)=$(xX),i =12+, N - The solution set to

the SGMEP is denoted by sGMEP(F,,F,, - F,)-
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I1.PRELIMINARIES

Let E be a Banach space whose norm is denoted by |||| Let C

be a nonempty closed subset of E . Let J be the
normalized duality mapping defined by
Jx ={x* cE* :<x, x>=||x||||x||||x||= X }, x eE,

where g+ denotes the dual space of E and (,) is the

generalized duality pairing between Eand E-. It is also known
that if E is uniformly smooth, then J is uniformly norm-to-
norm continuous on each bounded subset of E. Leta:c - E°
be nonlinear mapping. Let F:CxC — Rbe a bifunction. We
know the following: If g is smooth, then J is single-valued,;
If E is reflexive, then J is surjective;If £ is uniformly
convex, then it is reflexive; If g is a reflexive and strictly
convex, then J is norm-weak-continuous; g is uniformly

smooth if and only if E* is uniformly convex; If E* is
uniformly convex, then J is uniformly norm-to-norm
continuous on each bounded subset of . If E is a smooth ,
strictly convex and reflexive Banach space and C is a
nonempty closed convex subset of E. we denote by ¢ the

function defined by #(x,¥) =[X|" = 2(x,3y)+[y|’, ¥x,y < E.
Following Alber [8], the generalized projectiony_:g —»c isa

map that assigns to an arbitrary point x e E the minimum point
of the functional ¢(x,y), that is, [ x=X where X is the

solution to the minimization problem¢(m)=iﬂ£¢(y'x)_

Existence and uniqueness of the operator 1. follows from the
properties of the functional ¢( X, y)and strict monotonicity

of the mapping J . It is obvious from the definition of function
¢ that

(vl =Ixp* < eCy. x) < ([ +[Ixp*. vx,y < E.
Define a function v :exE* R as follows

V(x,X) = HXH2 —2<x, x*>+Hx* Z,V(x,x*) cExE".

Then, it is obvious that V(x,x*)=¢(x,J’1(x*)) and

V(xJ(y))=¢(xy). I E
#(x,y)=|x—y| . If E is a reflexive, strictly convex and

is a Hilbert space, then



smooth Banach space, then for allx,y e E,¢(x,y)=0 if and

only if x=y. It is sufficient to show that if ¢(X, y): 0,
then X =Y, thus ||x|| :||y|| This implies that

<x,Jy>:||x||2 :||Jy||2. From the definition of J , one has

JXx=Jy . Therefore, we have X =Y (see [2, 3] for more

details). In order to obtain our main results, we need the
following definitions and lemmas.

Definition 2.1 Let :cxC—E , and A:C —>E" be
mappings, A is 77 - monotone mapping if
(Ax—Ay,n(x-y))20,Vx,yeC.

Definition 2.22 A point xeC is a fixed point of a
mapping T :C — C if TX=X. The set of fixed points of

T is denoted by T, that is, T, {x eClTx = X}.

Fix
Definition 2.3%¥) A point p in C is said to be an

asymptotic fixed point of T if C contains a sequence {X, }

which converges weakly to P such that lim ||><n _Txn” =0,
the set of asympotic fixed points of T is denoted by 'I:Fix.

Definition 2.4 A mapping T from C into itself is said
to be relatively nonexpansive if T, =T, and
@(P, TX)<@(p,x) forall xeC and P e Ty, .

Lemma 2.1 Let E be a reflexive, strictly convex, and
smooth Banach space, let C be a nonempty closed convex
subset of E and let X € E. Then

#(y, Ile x) +@(I1c x,x) < g(y, x), vy € E.
Lemma 2.2 Define T, : E — C as follows:
Tr(x):{zeC,F(z,y)+<77(y,z),Az>+
%(y—z,Jz—Jx)zO.VyeC}
Then forall (p,X) € (T,)q, X E,
¢(p. T.x) +4(T, X, X) < ¢(p, X).

where (T, )_, denotes the fixed point sets of T,.

Lemma 2.3 Let C be a nonempty closed convex subset
of a smooth Banach space E , and X € E . Then, X, =[] X
if and only if
(X, =y, Ix—=Jx%,)>0, VyeC.

Lemma 2.4 Let E be a strictly convex and smooth real
Banach space and let {X,} and {y,} be two sequences of
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E. if #(X,,Y,)—>0, and either {x } or {y,} is
bounded. Then ||Xn—yn||—>0. For solving SGMEP,

let F:CxC — R be a bifunction, 7:CxC — E be a

mapping and @¢:C — R be a convex and lower semi-
continuous function satisfying the following conditions:

(A1) F(X,X)=0, for all xeC ; (A2) F is monotone,
ie,F(xy)+F(y,x)<0forall X,y eC; (A3) For each
X,y,2€C, limsupF (tz+(1-t)x,y)<F(x,y);

tlo

(A4) For each xeC, y > F(X,y)is convex and lower
semicontinuous; (A5)77(X,y)=-7(Y,X),VXx,yeC;
(A6) For yeC , x> n(X,y) is continuous nonlinear
mapping; (A7) For XxeC , yr>n(X,y) is continuous
mapping.
1. MAIN RESULTS

Theorem3.1. Let E be uniformly convex and uniformly
smooth Banach space, let C be a nonempty closed convex
subset of E . Let F:CxC >R and 7:CxC > E

satisfy (A1) - (A7) with i=1,2,---,N.Let A :C > E"
(i =12,---, N) be continuous and 7 - monotone
mapping, J be uniformly norm-to-norm continuous on
bounded set. And let T,S be a relatively nonexpansive
mapping from C into itself ~ such that
=S, NT, NSGMEP(F,F,,--F,)=& . Let {x} be a
sequence generated by x, =xeCand ¢, =c,

1
y—u,

n

Ju; —Jx,) > 0,vy e C,

0
+(ly. ) Ag?)

+i2<y—u,f,Ju§ —Juﬁ> >0,Vy eC,
r

n

u} e CR(uly)+ (nly.u) A1Uﬁ>+%<
)2

u? eC,Fz(unz,y)

ut e C, Ry y)+ (ly.uy ) Ay +

riN<y—unN,JunN —JunN’1> >0,y eC,

2, =1 3y, dul +(L-y,)aTul)
= JB,Ix, +[1-B,)3z,),
{zeC,:4(z,w,)< Bz %)+
(L-B,)(z.2,)< ¢z, %, )}

o = e, %, VN 20,%, € C.

W,

=

C

n+l



for n e N, where I1 is the generalized projection from E
onto C. The coefficient sequences {y,},{5,}<[0.]

satisfying limsup B, <1.1f T, S are uniformly continuous,

n—w

then the sequence {Xn} converges strongly to IT.X, .
Proof. we first show that {Xn} is bounded. Let
pel =S, NTg, ﬂSGMEP(Fl, F,-Fy ) .
From Lemma 1.2, we can have g (p,u})<4(p,x,).
So we get

s(p.uy )<p(pud )< <g(puy)<g(p.x,),
Which implying that

#(p.2,) = #(p.T1c 3 (r,ul + (- ,)3Tul))
< g,y duy +1-y,)aTul))
<glp.uy)<d(p.x,)
By the definition of the functionV and the latter inequality,
weget

0. w,)= (0.3 (8, 3x, + (-, 352, ))<4(p. )
Hence, for YN >0, weget peC,,,,andalso {x,} is well

defined. From Lemma 2.3 and X, = ch X, » We have

(X, —2,3% —Ix,)=0,vVzeC,.
(X, = P, % —Ix,)=0,VpeC,.

From Lemma 2.1, one has

(% %) =8I X, %) <B(P. %) = #(P. %)
<¢(p.%)

For al pel'eC, and n>1. then, the sequence
{gﬁ(xn,x0 )} is bounded. Since (”Xn”—”XO”)2 < (X %)
It implies that {Xn} is bounded. Also know {Zn} ,{Wn}
{u

X

1
n

},'--,{unN} are all bounded. Since X, =[]. X, and
=11. % €C,,,=C,, wehave

B (%11 % ) S P(Xp %), YNEN

Therefore {¢(X,, X, )} is nondecreasing. Hence, the limit

n+1

of {(X,, X, )} exists. By the construction of C, one has that
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C,cC, and x, =[I. %, €C, for any positive integer
m = n . It follows that

¢(Xm’xn):¢(xm’HCn XO)

S¢(Xm’X0)_¢(HCnXO’X0)
= (X, % )= 4(X,. %)
Letting M,n — oo in the latter inequalities, we get
#(X,,%,)—>0 . It follows from Lemma 2.4, that

||Xm —Xn||—>0 as M,N—>oo. That is , {X,} is a Cauchy
sequence. There exists a sequence {Xni} of {Xn} such that
limx, =ueC. Next we show ueT., Sg,. By the

n—o0

construction of C, we know

é(z,w,) < Bp(z,%,)+(1-B,)#(2.2,) < ¢(Z.X,)-

so (1-8,)¢(z,2,)<(1-B,)#(z.x,).For B, €(0,1),
one has ¢(z,2,) <¢(z,X,). For X, =11c X% €C.,,
¢(Xn+l’ Zn) < ¢(Xn+l’ Xn)'
!]ilzlo¢(xn+l,xn)=0 , we get !ilpo¢(xn+l,zn)=0 From
-z,[|=0".

uniformly norm-to-norm continuous on bounded set, noting
that lim||J x,.,, —Jz,|=0. For

n—o0

¢(p’ Zn)_¢(p’ Xn)

<20 = oo+ )+ 2] |92, = 3x, |

It follows from the latter inequality, we obtain that
rI]irg‘(qﬁ( p.z,)—¢(p, Xn)) =0. And thus we have

we have From

Since J is

Lemma 2.4, we have Iim”XrHl
n—oo

#(p.z,)<g(p.u) )<g(p.x,)-
So limg(p,z,)=limg(p,uy')=limg(p,x,). And

#(p.ul')-4(p.x,)

= o[ =l ~2(p. 3uy - 3x,)
< o | I 20l oo -,
<ot = - (o ) + 20 ]-ou = % |
Thus !]m ul'll= rIII_TOHX”” Implying that
LL@;”X” ||:!m||zn ||:!ETO10 u | =u. Furthermore, we get




#(p.z,) <7 8(p.u) )+(1-7)8(p.Tu) )< g(pu))

From {y,} =[0,1]and as n — oo, noting

limg(p.z,)<limy,¢(p.uy)+lim(1-7,)¢(p.Tuy)

<limg(p,uy).

Which means that |im¢(p,unN)= |im¢(p,Tu:‘)_ Thus
#(p.uy) = 4(p.Tuy')

s‘u,']\‘ ~Tu '(‘

From above inequality and J is uniformly norm-to-norm
continuous on bounded set, we get

ul —Tu

N
uﬂ

+ HTunN

) +2|p|- HJunN ~JTu)

lim =0.

n—oo

=0, lim

n—oo

oy — aTuy

By the definition of T and fju"

— |uf, asn— o,

we have Tu = U, which implies that U € T, . From the
definition of ¢ and definition 2.4, we have

limg(x, w,)< !ilpo(l—ﬂn)¢(xn,zn):0.

n—oo

So !m”xn —w,|=0. And

H‘] Xns1 — JWn H 2 (1_ﬁn )H‘]Xm—l - ‘]SZn H _ﬂn H‘]Xn —JX

n+1j
1
Hence |3 — sz | < - (9%, = 3, [+ B, 3%, = Ix,) - 1
follows from limsup S, <1that lim||Jx,,, — JSz,[=0.
n—o0

nN—o0
Since J is uniformly norm-to-norm continuous on bounded
set, we have |imen+1 -Sz, H = 0. Note that
nN—o0

Hzn _SZHH < Hzn —X

+[x,,, — Sz,

n+l n+l

, Solim|z, - sz, | =0,
Which in turn means that |imen —SXnH = 0. By the definition
n—oo

of S and X, > U, we have Su=u . This implies that

ue SFi)( Hence u eTFix ﬂsFix'
ue SGMEP(F,, -+ Fy).

Next we show that

Note that

Fulyud )+« (nfut y) g ) <y -] ot - 3%
Folyu2)+ (mlu?, y) Aw2) < r—lzuy —u[-[auz = aul,
Fuly e ol b < - ot -9}

n
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From the above inequalities and Jis uniformly norm-to-norm continuous
on bounded set, we get

. _ N-1
lim = i

n—0o0

HJuﬁ - JX,

= lim|Ju? - Ju}

nN—o0

o= limf9u) = Ju

nN— ool

From the latter equation and Ais 1] - monotone mapping , we abtain that

F.(y,u)+{n(u,y),Ay)<0,vy e C1<i<N.
Lett, € (0,1]2<i < N),y e C. Noting

yi =ty +(L—t)ueCL<i<N. wehave
0=F(yL,y)+(n(yl,y). A YY)
<F L+ (v, A YRS <N).
Lett —0,then Y\ =UeC,i=12,-,N.soweget
F.(u,y)+(n(y,u), Au)>0,vyeC1<i<N.

Thus we obtainu € SGMEP(F, -+, Fy, ). Finally, we show that

u= Hr X, .From Lemma23and X, = HC X, » Noting
<JX0 —JX,, X, — Z> >0,VzeC, since ' = C,, wealso have
<JX0 - JX,, X, — p> >0,Vp el . Letting N — 00 we obtain

<JX0 —Ju,u— p> >0,Vp eI . By again Lemma 2.3, we can
conclude that y = Hr X, - This completes the proof.
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