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Abstract. Functions are the important fundamental concepts in mathematics and the key research object in
mathematical analysis. Convex function is a class of very important functions which is widely used in pure
mathematics, functional analysis, optimization theory, mathematical economics. This paper firstly introduces a
definition of convex function, and then gives properties of convex function and its judging theorem, finally, gives
examples which show how to prove more complex inequalities using Jensen inequality of discrete form.

Introduction

Since the beginning of twenty-first Century the establishment of the theory of convex functions, the concept
of convex function has been widely used in many branches of mathematics, for example in mathematical
analysis, function theory, functional analysis, optimization theory and so on. Many authors [1-11] studied
properties and applications of convex function.

Definition (see [1]) Let f (x) be a function defined on interval I. If

f(AX +A-A)%,) S AF (%) +(A-A) F(X,), Vx,X, €l,41€(0]). (1)

Then, f (x) is called a convex functiononinterval I, and f (x) is called a strict convex function on interval
I when the inequality (1) is the strict inequality.

Lemma 1 (see [2]) Suppose that f (x) is a continuous function defined on the closed interval[a,b], and is
differential on the open interval (a,b) . Then f (x) is a convex function on the closed interval[a,b] when and

only when
f'"(x)>0,xe(a,b). 2
f (x) is a strict convex function when and only when
f"(x)>0,xe(a,b). (3)

Lemma 2 (see [3]) (Jensen inequality of discrete form) Suppose that f (x)is a convex function on

interval[a,b]. Then, for any vx; €[a,b],i=12,---,n, 4, € (O,l),Zﬂ,I =1, the inequality

i=1

FA%) < D41 (). @

holds.
This paper discusses how to prove more complex inequalities using Jensen inequality of discrete form.

Application of Jensen inequality of discrete form

In many problems, we often encountered in the proof of some inequalities. Proof of inequality often requires
some high skills. Proof process can be made to be simple and clear using Jensen inequality of the discrete form
of a convex function. But the key of this method is constructing appropriate convex functions

Example 1 (see [4]) Prove the inequality
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Proof: Let f(t)=e', we have f''(t)=e' >0, then
f (t) is a strict convex function on interval (—oo,+o0) . From (1), we have

X+y

e"+e’ T
>e 2.

Example 2(see [1]) Prove the inequality

a+b+c
(abc) * <a’b°ct. (6)
where a, b, ¢ are positive real numbers.
Proof: Let f (x) = xIn x,x >0, then

f'(x)=1+Inx, " (x) :1>O.
X
By Lemma 1, we see that f (x) is a convex function on interval (0,+o0) . From (4)in Lemma 2,we have
20 @)+ )+ F (),
3 3
ie.
a+b+c In a+b+c

3 3

. a+b+c Y™ L.
It implies that 3 <a®b’c’.

<%(aln+bln b+clinc).

Since 3/abc < a+2+c , we have

a+b+c
(abc) * <a’b°ct.
Example 3(see [5]) Prove the following inequalities
(a)arctan(4a, +---+4,a,) > A arctana, +---+ A, arctan a, ; (7)
(0) 22y + A, ++ o+ Ay 28 @l oy ®)
wherea; 20,4, 20, j=12,---,n, 4 +4,+---+4, =1
Proof: (a) Let f (x) = —arctan x, x € (0,4) , then

1 2X
f'(X)=———, f"(X) =——>0,x € (0,+0).
(== 0= (0,40)
Using Lemma 1, we see that f (x) is a strict convex function on interval (0,4+<c) . From Jensen inequality (4), we

get
—arctan(4,a, +---+4,a,) <—(4 arctana, +---+ 4, arctan a,) .

It implies the required inequality arctan(4,a, +---+ 4,a,) > A, arctan a, +---+ A, arctan a,, .
(b)Let f (x) =—In x, x € (0,+) ,then

f'(x) =—1, f"(x) _ 1 >0, x € (0,+0).
X X,
We see that f (x) is a strict convex function on interval (0,+c0) . By Jensen inequality (4), we obtain
ﬂn

—In(Aa, + Aa, ++Aa)<—(4Ina+4,Ina, +--+4,Ina,) =—In(aj*-a’-----ar),

2

ie. La +4a,+--+4a, Zafi.ajz ..... ah
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Example 4(see [6]) Suppose that a.,b, € R* (i :1,2,---,n),znlai = Zn:bi,then
i=1 i=

n a_2 1&
i >"3'a. 9
i;aﬁbi 2,Z ' ®)
n n n a 1
Proof. LetS =) a ,thenS=> b, Y 4 =1.Letf(x)=——,xe (0,0
Z . Z . ZS ()= xe0),
thenf'(x):—%, f'(x)= 2 =>0,xe(0,0). So f(x) isastrict convex function on
(1+x) (1+x)
b i n n
interval (0,+ Let x, =—,i=12,---,n. Since b, =S, we have
(0,400). 2 Z Zl‘,
$ A _gya L =sZ 'f(x)>Sf(Z—x)
i & +h iz S 1+
1 S S 1

na = iy 2525.7 i1
1+) Ix 1+ ) & =1
Lsh T2

ie.
n

> Ao2lYa,

|1a+b i=1

Example 5(see [7]) Suppose that g(x) is a integrable function on interval[a,b] with ¢ < g(x) <d, f(y) is
a convex function on interval[c,d], then

1 b 1 b
f(m j g(x)dxj S j f[g(x)]dX . (10)

Proof: Since f (y) (or g(x)) is integrable function on interval[c,d] (or on interval[a,b]), we have

. b-a.\b-a 1 b
f(EAmZg[a+le - j_f(m_[ag(x)dxj,
:l‘ﬂlif[ ( ‘Db_a:biaf:f[g(x)}’x-

n
Lety, = g(a+b_—ai}i =1,2,---n. Since f (y) isaconvexfunctionon interval[c, d], using Jensen inequality
n

(4), we have

b Gt

Limiting on both sides of the above inequality, we have
. 1 < b-a.\b—a b-a.)\b-a
im f| — a+——i <I|m— f a+——i||—.
N> (b—a;g( n j n n—o [y — aZ g( j

Since f (y) is a continuous function, we obtain

1 b-—a.\b-a 1 . b-a.\\b-a
fl ——1Iim a+ i < lim f at+——1||——.
(b_anawzg( n j n b_anAmZ g( j
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By the Integrable property of f and f o g, we have proved the required inequality
1 1 b
f(ﬁ j g(x)dxj < j f[g(x)]dx .

—a

Summary

In many problems, we often encountered in the proof of some inequalities. Proof of inequality often requires
some high skills. Proofprocess can be made to be simple and clear using Jensen inequality of the discrete form
ofa convex function. But the key of this method is constructing appropriate convex functions. This paper gives
examples which show how to prove more complex inequalities using Jensen inequality of discrete form.
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