International Symposium on Knowledge Acquisition and Modeling (KAM 2015)

A Low Order Nonconforming Mixed Finite Element Scheme for Nonlinear Integro
differential Equations of Pseudo-hyperbolic Type

Xianzhi Li, Kaiguang Zhang, Hongling Meng
Mathematics College, Zhengzhou normal University, Zhengzhou, china

Abstract—In this paper, a low order triangular nonconforming

mixed finite element (R *R*R) scheme was studied for the
nonlinear integro-differential equations of pseudo-hyperbolic
type. By utilizing the properties of the interpolation,
mean-value and derivative delivery techniques, the
corresponding convergence analysis, the optimal error
estimates of the original variable in -norm and intermediate

variable P in L’ -norm are obtained.

Keywords-nonlinear pseudo-hyperbolic integro-differential
equation; triangular nonconforming finite element; new mixed
finite element scheme; optimal error estimate.

. INTRODUCTION

In recent years, along with the widely application in
viscoelastic mechanics, nuclear reaction Kkinetics and
biomechanics, the research of the integro-differential
equations with pseudo-hyperbolic type attracts mach
attention. We consider the following integro-differential
equations with pseudo-hyperbolic type on a convex bounded
region @ with continuous boundary 2,

U, — V- (Vu, +b(X,t)Vu +_[;c(X,t,s)Vu(X,s)ds) =f(u,X,t),(X,t)eQxJ
u(x,H)=0,(X,tyedxJ
u(X,0) =u, (X),u,(X,0) =u,(X),X eQ

@)

Where @=Rr* I=OTl for Arbitrarily 7, T<©=) The
functions ~ PXY  and  SXtS) respectively  satisfy
0<b0§b(x,t)sbl<oo’ 0<c0§c(x,t,s)scl<oo,where bo’ bl’ % and

% are constants, b, ¢, f Yand “ are known smooth

functions. f“XY s a nonlinear function with Lipschitz
continuation  about Y [1] gives a significant
Sobolev-Volterra projection of equation (1), proves its
existence and uniqueness as well as error estimate. [2] uses
the method of H1-Galerkin mixed finite element discuss the
existence and uniqueness of finite element solution, as well
as its error estimate, proves the feasibility by numerical
computation. [3] uses the method of mixed finite element
give the semi-discretized optimal error estimate on the
integro-differential equations of pseudo-hyperbolic Type. [4]
uses the method of splitting positive mixed finite element
give the semi-discretized and discretized optimal error
estimate.

When using finite element to solve some problems, the
critical function of original variation requires too high
smoothness, making the structure of conforming finite
element space requiring more degree of freedom. [5-8] using
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the intermediate variables to decrease the smooth degree of
finite element space in order to solve these problems, but the
two approximation space used by these methods need satify
B-B needs satisfaction needs satisfaction condition. For
second order elliptic problem, elliptic problem [9,10]
propose a new scheme which means when the two finite
element spaces satify a simple inclusion relation, B-B needs
satisfaction needs satisfaction condition is certainly true.
[11,12] using the high precision technique, for second order
elliptic problem and linear elastic problem, study the

overconvergence property on (Qu*QuxQu)  conforming
finite element space, these methods is applied to Sobolev
equation in [13]. Using nonconforming linear triangle
element Crouzeix-Raviart, [14] applies these methods to
hyperbolic type integro-differential equation to obtain

optimal error estimate. Using nonconforming EQ™ element,
[15] applies these methods to parabolic type equation to
obtain overconvergence property and extrapolation. Using
triangle conforming element, [16] applies these methods to
parabolic type integro-differential equation to obtain
overapproximatiom and overconvergence property.

This paper applies the scheme in [17] to formulation(1),
by using the properties of the interpolation, mean-value and
derivative delivery techniques, to analyze the convergence
property, the optimal error estimates of the original variable
U in H'-pnorm and intermediate variable P in L -norm
are obtained.

I1. MIXED FINITE ELEMENT FORMULATION

Assume [ is a regular triangular subdivision to domain
@, for arbitrary <" the coordinates of three vertices are
atoy) 1=123 regpectively, the three edges are 1=%%

L=aa l=aa N"=mx.f resnectively, where M is the
longest diameter of the unit K. Define the finite element

h

spaces v and M respectively are
V"=V e R(K), [ [V'1ds =0,F K, wKer} and
M ={P"P" | e R(K)xR(K)LVK e} \yhere R(K)=span{lxy}

R(K)xR(K)  =span{l}xspan{l} ~ 'ljs 5 jump value of edge F .

. . . 1 2 .
Define the interpolating operators " and ' respectively
are

I,f:ueHl(Q)—>I,fueV",J.l(u—I;u)dS:O,i:l,Z,?»

and 17:P= (P p) € (L(Q)° > 1P eM", [ (P—17P)dxdy =0 .



It is obviously """ is the module on V', and where V =H(@.M=(L(@)°
PeR, = (3 [of )é The corresponding finite element approximation is
S i ueH' @ for arbitrary ¢ <M we have extracting (" P'XOTI=VI<M" 45 satisfy
> jKV(u — lju)g"dxdy =O,VK eT',. uh "y = (P", Wy = (F (", X, t),v"), W' eV tel
- s @ (P“-qh)+(VU,“,Q“)+(bVU“,q“)+(LIC(X,t,s)vu“(X,s)ds,q“):0, v eM" ted
According to [19,20], for arbitrary P<H (@) andv'ev" U (X,0)= Iy, 0 (X,0) = 1w, XeQ
the following inequality is true @)
%LKP -nv'ds<ch|PPV'R,, VK e, @) [Il.  ERROR ANALYSIS
where ©is a positive constant, and independent of 1. Let vu-v'=u-huthu-u'=gen  P-PU=P-LP+IP-P'=p+0
According t(? [2], the foIIovylng inequality is true Theorem 1 assume ©P) and ©".P" respectively are the
[ 1w F dsde<c[ |y (s)F ds @ solutions of the problem (6) and the problem (7), as

. . . . U e HA(Q PR e(H'(®)? e HY(Q
where “is an integrable function on Y for arbitrary nu e @), (7 wel® - we have

tefotl, PU" ~uR, <ch(ul, +(PE +[(ul +]u,E +IP F)ds)?) @®)
For constructing the mixed finite element scheme of ‘ l ' R
problem(1), we introduce the adjoint vectors function of Y, PP = PPy o <Ch([ 1P ds+(PE+[ (Ul +u f +IRE +PE)ds)?) ©)
P=-Vu VU= [X LIVUX, ) o then the problem could Pap, = ([PeR):
rewrite as the following first order system, where - rere o . o
U +V-P=FUX,1), (X.t)ex, Proof For the first equation and the second equation in
P +Vu, +bVU+ [S(X,LIVUX Hds =0, (X, eQxJ, (5) are acted by V' V) and 9@ <M gn the two sides
ux,t =0, (X.0)co0x7T, respectively, using Green formulation, we have
u(X,0) = u,u, (X,0)=u,, X eQ. 5) (u“,v")—(P,Vv“)+z'|.EKP~nv”ds=(f(u,X,t),v”),Vv” ev"
Its weekly formulation is extracting {PHOTI=V=M g (P.q")+(Vu, 0" + (bVU,q") + ([ c(xt,5)Vu(x,5)ds,q") = 0, V" € M" (10)
satisfy . . .
) — (P9 = (£ (0. X000, Wevted According to (7), we have the following error equation
(P.@) + (Vu, @) + (07U, ) + (LG, LVU(X $)ds, ) =0, VaeM,ted,
u(X,0) =uy,u,(X,0)=u, XeQ. (6)
(17,V") = (0,VV") = —(& V") + (p,Vv")—ZLKP-nv"ds+ (f(u, X, t)y= f@u", X,t),v"),vv"ev"
©.0")+ (V,0") + 0V 7,0") + (] oV 7ds,0") = ~(p,0") - (V&,0") - (BV £,") - ([ eV Eds,q"), Vg" e M" (11)
Taking note of Y'and 9 are constants in every unit, |([[eveds, V) =1 Y (] (e ~T)VEds, V) [<ch [ |u ds + sPF, (15)
(W'p)=0 (p,q")=0 (V&,q")=0 i o . . .
d rewr ’ , and hence, the error equation On the basis of Schwartz inequality, we obtain
could rewrite as [(0,Vn) |<PORPPVR,<CPOF; +ePnF;, 16
(nﬂ,v")—(H,Vv“):—(én,v”)—ZJ"KP-nv“ds+(f(u,X,t)— (U™, X,t),v"), " eV . ( )
< [ As ¢—0 it becomes
0.4+ (Vi 6") + OV 7,0") + ([(cV s, o) = =0V £,0") - (] eV edsa”), Vo e M 28 pe,<cni(up: +[,luR)+cPOF;
2dt 0 ) 17)
(12) Integrate two side of (14) , and pay attention to 7X:0=0
Let 9 =V7  the second equation in (12) becomes we have P
V1,V + 0V, n) + ([cV nds, ¥ ) = ~(0V £,V ) - ([[ev £ds, V') - (8.V 1) (13) Prff,<ch’ [ uf +cf POR; ds (18)

In the first two equation of (12), respectively set
V'=mand 9'=¢ then add them,we obtain
(7,m) +(6,0) = (f (U, X, 1) - f(uhvX,t),m)*(anﬂ)*(Iu‘cVndSﬂ)*(bVéﬂ)

~(leveis.a) - m)+ X[ R -mds— L3 Ponnds=3 A

obviously,

t 1d
(V. V) + OV, V) + ([ cVnds Vi) = Z—

2dt
For estimating the every term in the right set of (13), for
arbitrary ?0<W”(©@ - define its mean in the unit K as

0] =L
PO 1 [ o(x)0x.

t
PiF, +b, P1F, *LCU Py, ds

(19)

fand Young inequality, the

Using the properties of

estimate of A is
| A <cPu—Uu"RPry R<cPU—~LLUPR, +PyR)’ + & Py B<ch? |uf +cPyP +& Py B

and then we have ?~¢k="PPR. ysing
the mean technique and Y°U"9 inequality, be aware of
(bve vy =0 , (cvé,vn)=0 we have
[(BVE V)= D (b-D)VE V), Isch’ |uf; +6PrF, On the basis of interpolation theory, Schwartz inequality
‘ ' (14) and Young inequality, we obtain
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t
| A ISCPYF, +6,POF; |A3|50J0P77and5+gspgpg,|A)|Sch2|u“|f+gBPz7(F§.

For V¢ 0=00Va0)=0  gmilar to(14) and (15), we
have
| A FI1 Y (b-b)VE,0), [sch® |uf} +&,POR

|A =1 Y ([ (e~ T)veds,0) <ch' [ Ul +¢, POF:
K
On the basis of (2), we have
| A, [<ch|R PR, <ch?|R | +€7P?7th_

Put them into (19), and thus the formulation (19)
becomes

1d
Sar MR POR <cPyR, o[ PR, ds+ch® (Ul +|uf +]u, [ +|RE -+ |uf)

d
+CcPnP +sPy P —EELKP -npds

Integrate two side, and pay attention to 7(*:9=n(X.0=0

PyP< (' Py B .
mR<Pa ° we obtain

t t t
PP +[ POFE ds<ch? [ (Ul +|uf +|u, f +|R [)ds+c] Py P ds
+cJ'O‘Pr7Ff_" ds+ch®|P [ +cePp Py

According to Gronwall lemma, we have
[(PoR ds<ch?(PE +[ (U +1uf +]u,  +IR [)ds) + [ Py, ds+caPyF, (20)

as 20, using Gronwall lemma , (15) and (17), we
obtain

PR, <ch® (P +[ (Ul +[uf +]u, [ +]R F)ds) 21)

P9PL2(O‘T.L2)Sch2(|P[f+I;(|u\§+|u\f+|u“|f+\R\f+|P|f)dS) 22)

On the basis of triangle inequality and interpolation
theory, we obtaion (8) and (9) are true.
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